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PREFACE, 


The Figure and Dimensions of the Earth have been determined in this country by the 
labors of G. B. Airy, Esq., Astronomer Royal of England,* but, on the completion of 
the Principal Triangulation of the United Kingdom, we gave the Figure and Dimensions 
as derived from our own geodetic operations, and also the result derived from the combina- 
tion of all the separate measurements of Arcs of Meridians in Peru, France, Prussia, 
Russia, Cape of Good Hope, India, and in the United Kingdom.t From which we derived 


the following dimensions :— 


Equatorial semi-diameter ... «1... wee ws 20926330 

Polar semi-diameter  ... ww. ww. eee ewe = 20855240 
bcc fuke 1 

Ellipticity Bs Ie SR ae! RS 9, EE er Se ag 


We also published in 1858 Geodetical Tables based on the above elements of the 
Figure of the Earth, but these numbers being dependent upon old comparisons, must now 


be slightly modified in conformity to the results of the comparisons now made. 


In computing the Figures of the Meridians and of the Equator for the several 
measured Arcs of Meridian, it is found that the equator is slightly elliptical, having the 
longer diameter of the ellipse in 15°- 34’ east longitude and the shorter in 105°: 34’ east 
longitude. In the Eastern hemisphere the meridian of 15°-34' passes through Spitzbergen, 
a little to the west of Vienna, through the Straits of Messina, through Lake Chad in North 
Africa, and along the west coast of South Africa, nearly corresponding to the meridian 
which passes over the greatest quantity of land in that hemisphere. In the western 
hemisphere this meridian passes through Bering’s Straits, and through the centre of the 
Pacific Ocean, nearly corresponding to the meridian which passes over the greatest quantity 


of water in that hemisphere. 


The meridian of 105°-34’ passes near North East Cape in the Arctic Sea, through 
‘Tonquin and the Straits of Sunda, and corresponds nearly to the meridian which passes 


over the greatest quantity of land in Asia, and in the western hemisphere it passes through 





* Incyclopwdia Metropolitana. Art. Figure of the Enrth. 
¢ Account of the Principal Triangulation, pp. 733—778. 


vi 
Smith’s Sound in Bering’s Straits, near Montreal, near New York, between Cuba and 


St. Domingo and close along the western coast of South America, corresponding nearly to 


the meridian passing over the greatest amount of land in the western hemisphere. 


These meridians therefore correspond with the most remarkable physical features of 
the globe. 


Feet. 


The longest semi-diameter of the equatorial ellipse is... ... 20926350 
and the-shortest sce. ste:) gan eWeek odie. lane. eed aes 20919972 
giving an ellipticity of the equator equal to... ws aioe 

The polar semi-diameter is equal to... 1. nae cee nee 2085 3429 


The inaximum and minimum polar compressions are... 285 97 and ct 


I 


Or a mean compression of very closely ou. eee see nee 300 


The Specific Gravity of the Earth was determined by Dr. Maskelyne in 1774 from 
observations on the attraction of the mountaia Schehalien in Scotland, and was found to 
be 4-90, and in 1855 I had observations made at Arthur’s Seat near Edinburgh, and the 
Specific Gravity of the Earth obtained from the attraction of that mountain was found to 
be 5. 316.* 


The Principal Triangulation of the United Kingdom was finished in 1851, and the 
Triangulations of France, Belgium, Prussia, and Russia were so far advanced in 1860, that, 
if connected, we should have a continuous Triangulation from the Island of Valentia on the 
south-west extremity of Ireland, in north latitude 51° 55’ 20” and longitude 10° 20’ 40” 


west of Greenwich, to Orsk on the River Ural in Russia. 


It was, therefore, possible to measure the length of an arc of parallel in latitude 52° of 
about 75°, and to determine, by the assistance of the electric telegraph, the exact difference 
of longitude between the extremities of this arc, and thus obtain a crucial test of the 
accuracy of the Figure and Dimensions of the Earth as derived from the Measurement of 
Arcs of Meridian, or the data for modifying the results previously arrived at. 


The Russian Government, therefore, at the instance of M. Otto Struve, Imperial 
Astronomer of Russia, invited in 1860 the co-operation of the Governments of 
Prussia, Belgium, France, and England to effect this most important object, and to their 
great honor they all consented, and granted the necessary funds for the execution of 
the work. . 


* Philosophical Transactions, 1856, page 591. 
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The portion of the work which was assigned to me was the conncction of the 
Triangulation of England with that of France and Belgium, and I published the results 
of this operation in 1862.* But this work has been done in duplicate, for when applica- 
tion was made to the French Government to permit the necessary observations to be made 
in France, they not only consented tu allow this, but at the same time volunteered to join 


in the labor and expense of the work itself. 


It would obviously have been wrong to mix up observations made with different kinds 
of instruments, and on different principles, and, therefore, it was agreed that the work 
should in fact be made in duplicate, both the French and English geometricians using the 
exact same stations. , 


The results obtained by the French geometricians is published in the Supplement to 
Vol. IX. of the “Memorial du Dépét Général de la Guerre,” 1865, and the agreement 
with the results obtained by the English is truly surprising. 


But however accurately the trigonometrical observations might be performed, it is 
obvious that without a knowledge of the exact relative lengths of the Standards used as the 
units of measure in the triangulation of the several countries, it would be impossible 


accurately to express the length of the arc of parallel in terms of any onc of the Stanuards. 


It was, therefore, necessary that a comparison of the Standards of Length should be 
made, and as we had a building and apparatus expressly erected for the purpose of com- 
paring Standards at this office, the English Government, on my recommendation, invited 
the Governments of the several countries named to send their Standards here, and we 


have had the following compared with the greatest accuracy :— 


Russian Standard double Toise P. 

Prussian Standard Toise. 

Belgian Standard Toise. 

Platinum Metre of the Royal Society, compared with the Standard Metre of 
France, by M. Arago. 

. English Standard Yards, A, B, C, 29, 47, 51, 55, 58- 

» Ordnance Survey 1o-feet Standard Bar. 

Indian 10-feet Standard Bars, new and old. 

Australian 10-feet Standard Bars. 

In addition to the above, the 1o-feet Standard Bar of the Cape of Good Hope 
was compared here in 1844. 


why = 


Oey ay 


* “Extension of the Triangulation of the Ordnance Survey into France and Belgium.” London, 1863. 
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We have invited the Governments of Austria, Spain, and the United States of 
America, also to send their Standards. We have been promised that of Austria, and but 
for the unfortunate war in which she has been engaged we should have received it 
before this. 


I have entrusted the execution of the work of comparison, and the drawing up of the 
results, to Captain Alexander R. Clarke of the Royal Engineers, who also designed the 
greater part of the apparatus used. The numerous comparisons to be made entailed 
a great amount of labor upon him, and his assistants, Quartermaster Steel and Corporal 
Compton of the Royal Engineers. 


Before the connection of the Triangulation of the several countries into one great net- 
work of triangles extending across the entire breadth of Europe, and before the discovery 
of the Electric Telegraph, and its extension from Valentia to the Ural Mountains, it was 
not possible to execute so vast an undertaking as that which is now in progress. It is in 
fact a work which could not possibly have been executed at any earlier period in the 
history of the world. The exact determination of the Figure and Dimensions of the Earth 
has been the great aim of Astronomers for upwards of two thousand years, and it is 
fortunate that we live in a time when men are so enlightened as to combine their labors to 


effect an object desired by all, and at the first moment when it was possible to execute it, 


HENRY JAMES, 
Ordnance Survey Office, Colonel Royal Engineers. 
Southampton, roth August 1866. 


I. 
DESCRIPTION OF THE COMPARING APPARATUS 


AND OF CERTAIN 


STANDARD BARS. 


1. 


The room especially designed and built for the purpose of comparing standard measures 
is situated in one of the angles of the boundary wall of the grounds of the Ordnance Survey 
Office, Southampton. The situation has two advantages; it is sheltered in some measure 
from the mid-day sun by a high house immediately on the souch side, and the direction of 
the room is very nearly perpendicular to the meridian. The bar-reom proper is built inside 
of an outer building, aud partly sunk below the level of the ground. This will be under- 
stood by a reference to Plates [. and II. 


FFF ..... is the old boundary wall. 

SSG fi viva the walls of the outer building. 
HHHHA ... the walls of the inner, or bar-room. 
PPP wove a clear passage round the inner room. 
ee the concrete roof of the room. 

WWW ws ee the windows of the outer room. 
WW..... the two windows of the inner room. 

S82 nate eS steps down to the floor of inner room. 
DDD, .... the double door of inner room. 
‘wu’... .. strong wooden shutters of windows W. 
PPP” .... stone piers for carrying microscopes. 
BB ...... a hollow beam of mahogany for carrying the bars. 


ce ....+.++. two strong fir ra(ters resting on 

SS....... two stones, deeply sunk, carrying one end of each rafter. 

q.+.+.++.+.a small block of stone supporting the other end of each rafter. 

dd....... two oak posts fixing the ratters, and transferring any upward pressure 
to the ceiling. 

ee .......two blocks of wood firmly screwed to the rafters cc, and which imme- 
diately reccive the hollow beam B. 

Brice iacts a gas burner; one opposite each window W. 

On -the two sides on which the wall ff is in contact with the boundary wall, it 
is in a series of arches as shown on the left of Plate II. ‘he walls of the inner 
room will be seen from the plates to be dowble; the outer is two teet in thickness; 
then a space of three inches of air; then an inside wall of four inches or a single 
brick. The passage p is of sufficient breadth to permit one to pass round, ‘Lhe 


11423, Wt, 2308, A 
fa 
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roof of the bar-room is supported by three iron girders, which carry on their lower 
flanges large slabs of slate covering the whole room; on these again is laid concrete, one 
foot in thickness. There are three orifices in the roof of this room; two conical, over 
the two gas burners, and one cylindrical, for the passage of a stove pipe through the roof. 
The conical openings are in the middle of the breadth of the room, and about four feet 
from each end of the room; the upper and outer diameter of the orifice is three inches, 
the lower and inner about 12 inches. The cylindrical orifice is in the centre of the length 
of the room, but near the side of the room furthest from the piers PP’P’”. No stove is 
ever now used; but after the room was first built a stove was kept burning for some 
months for the purpose of drying. The gas burners are sometimes used when there is no 
work going on, to promote ventilation, and carry away any dampness. The room, 
however, is generally free from damp, and it is very desirable to keep it so. 


The foundations of the walls H are strongly built. The flooring consists, first, of low 
brickwork arches, running the length of the room ; then on these is laid concrete, forming 
a plane floor, interrupted by a space around the microscope piers PP’P”, and the stones S, S. 
On the concrete floor, again, is laid a board flooring in three pieces, as seen in Plate I. ; 
each of these is framed with rafters underneath (see Plate III. 777.) These three pieces 
of flooring are disconnected with the walls of the room, and cach rests on four blocks 
of india-rubber which lie between the woodwork and the concrete. By this means a steady 
bearing was obtained, and any jar or shake communicated to the boards of the floor is 
deadened in its transmission to the concrete. Thus the vibration caused by any person 
moving about on the floor is not sensibly transmitted to the picrs PP’P”, which are entirely 
disconnected from the concrete floor, and have a foundation of their own. 


The fir rafter ce, which measures nine inches square in section, is bolted down to the 
stone 8, which is sunk four feet deep in the earth. The rafter has no contact with the 
concrete floor ; its second point of support is at its further extremity where it rests on 
a small block g, and is kept down in its place rigidly by a post of oak, which is jammed 
against the roof. Neither the board flooring ner the walls have any contact with ce, 
and the stone S has no contact either with the piers P or the concrete floor. The hollow 
mahogany beam BB is entirely supported by the overhanging part of ce. It will be seen 
by this, that changes in the weight supported on BB will not affect the piers PP’P’; so 
that if we remove a light bar, and replace it by a heavy one, the microscopes will not be 
affected. 


The windows WW are opposite to two of the windows ww of the outer building. 
The room is but moderately lighted by daylight, the points of the bars being always 
illuminated by the flame of a candle condensed. The windows are closed by thick wooden 
doors on the outside. The floor of the bar-room being two feet beneath the surface of 
the external ground is reached by the steps s,s. The room is entered by the folding 
doors D’D’ on the outside, and the door D on the inside. A person entering the room 
has sufficient space to close the door D’D’ after him before he opens the door D. Thus 
very little of the external air is brought in. 


The object of the different arrangements so far, it will be seen, is to provide a room 
which shall not be subject to any sudden changes of temperature, and which shall afford 
three entirely independent foundations for, (1) the observer, (2) the bars compared, 
(3) the micrometer microscopes. 

The dimensions (internal) of the bar-room are—length 19-7 feet, breadth 11-5, and 
height 7-7 feet. 

Plate ITI. presents a front view of the apparatus, with a ten-feet bar under comparison. 
The flooring is shown in section, and the front side of the box containing the bar is 
supposed removed. Plate IV. is an end view of the same, and shows the ten-feet bar and 
the standard yard; the end of the box being supposed removed. Originally, the outer 
piers were square in plan as shown in Plate L., but were subsequently altered to the shape 
shown in Plate IIT. in order that a double toise might be compared. 
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pppp .... is the centre stone pier, 4 feet in length. 
ppp .... is the left stone pier. 
ppp’ ...~is the right stone pier. 


CCC.... is the concrete flooring cut away from below ¢c. 

JDJ vv eee the joists of the board flooring resting on india-rubber blocks. 
BBB.... the hollow mahogany beam. 

Uv vces slips of mahogany screwed to the upper surface of BB. 

OE wkig. rails of cast-iron, planed. 

gg, gg’ .. carriages running on the rails. 

000 ..... the box containing the bars, having a double bottom o’’. 
bb... . the bar resting on the eight rollers rrr... 

i thermometers whose bulbs are bent down into wells in the bar. 
nnun.... Microscopes for reading the thermometers. 

Mn vwse. micrometer microscopes. 


We shall now describe more in detail the different parts. 


The Mahogany Beam. 


Great rigidity is here requisite, so that no flexure shall be perceptible under the weight 
of the bar. ‘The four planks of mahogany of which this beam is built were very carefully 
selected from well-seasoned timber. The upper and lower planks are 14 inches wide by 
2 inches thick ; the two sides are 3 inches thick by 5 inches wide. These four, being very 
truly planed and fitted, were fastened together by copper screws. On the upper surface of 
the mahogany beam, and running its whole length, are planed cast-iron rails «’a (each in 
two pieces, seven feet long). As the beam BB may naturally be expected to be liable to 
warp in course of time, two strips of mahogany a, are screwed along the whole length of 
the beam, and their upper surfaces very carefully planed, to receive the planed iron rails. 
If the beam BB be found to warp, the upper surface of the strips 2a, can be planed true 
again. It will be observed that the inner and outer rails differ in section. The beam BB 
rests upon the blocks ee (which are strongly fastened to the rafters cc). It simply rests 
by its own weight, which is considerable, and is not fastened. Great care is taken that 
it is (1) horizontal, and (2) has a perfectly steady bearing on its supports, which are seven 
feet asunder. 


The Carriages. 


The two carriages marked gg, g’g’, which support the box that holds the standard 
bars in Plate III., will be seen in more detail in Plates [V. and V. Tg. 3, Plate V., is 
an isometric projection, which serves to give a general idea of the carriage as it stands on 
the rails. It consists essentially of four parts, (1) a lower carriage ’k, which runs on 
three wheels, along the rails aa; (2) an upper carriage /7, which runs on three wheels on 
rails planed out of the upper surface of the lower carriage perpendicular to the direction 
of the iron rails aa ; (3) a clamp ss, with slow motion screw ¢ and a T-shaped piece ¢t?’. 

The lower carriage is a brass casting, strongly ribbed on the under side, and haying 
bearings for the three wheels m, m, m,; on the upper side are left three rails, 7,7, 75, for the 
wheels of the upper carriage, and two grooved rails s,s, for the clamp. These rails are 
very carefully planed. The wheels m, m, m, have axles fitted to the bearings. The wheels 
m, m, are grooved to run on the angular rail a’, and m, is plain, running on the flat rail «. 
By this arrangement it will be seen that the carriage cannot take a faulty bearing. The 
wheel m, is provided with a brake xx, y, which acts as a clamp, and prevents the carriage 
running on the rails aa. i ‘ 

The motion of the upper carriage is perpendicular to that of the lower. The body of 
this carriage is a casting somewhat similar to the lower, strongly ribbed below, and provided 
with bearings for the three wheels 7, , 5. These three wheels are all grooved, running 
upon the angular rails planed on the upper surface of the lower carriage. In order to 


a2 
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ensure a perfect bearing upon the rails at all times, one of the wheels, 2,, admits of a very 
small play in a transverse direction, that is, its axle can slide parallel to its own length in 
its bearings. By this means a perfect bearing is secured on the supposition of there being 
any defect of parallelism in the rails 7,7. Screwed to the upper surface of the upper 
carriage are two bearings ¢, ¢,, which receive the turned pivots or arms of the piece ¢t/’. 
The boss w receives the box which carries the bars. The extremity ¢’ of the ‘T-shaped 
piece rests upon the top of a screw g, which is screwed up from below through the body of 
the upper carriage. By means of this screw the piece ¢¢¢’ is made truly level in a direc- 
tion perpendicular to the rails a’a. It will be seen that there can be no shake in the 
piece ¢ét’, but it must present a perfectly steady basis for the bar box to rest upon, 
while motion is communicated to it in two directions, and these with perfect smoothness. 

It is necessary to be able to communicate a slow motion to this upper carriage, and for 
this purpose a clamp s is provided, running upon the grooved clamping rails s, s.. Upon 
these grooved rails slips of brass are screwed, upon which the clamp bites. The mode of 
clamping will be understood best perhaps from I‘igure 4, Plate V. ‘The screw s’ serves to 
draw together the piece s and a lower plate c which slides in the grooves, Thus s 
becomes a fixture at any required part of the rails, and the slow motion screw o, working 
in a female screw y attached to the upper carriage imparts to it a fine motion. The screw 
o has a ball joint at 5, and is kept in its socket by a small plate ee above. This small 
plate may be screwed down with more or less pressure, as may be required. The play of 
the upper carriage on its rails is about three inches ; it is prevented running off behind by 
stops v, v,. 

To support the box containing the bar two of these carriages are required. They are 
precisely similar, with the exception that while the cross piece ¢¢’ in one has a single boss 
in its centre, that of the other has two bosses, one at each extremity. Thus the box is 
supported on three points; by the one carriage it is supported on two points near the 
outer edges of the bux, and by the other carriage it is supported in one point at the 
centre of its breadth. ‘The carriage seen in Plate IV., and in Figures t, 3, Plate V., is 
that one which has the single boss; but besides this single boss w two smaller ones, w, t,, 
will be seen. ‘These, however, are not rigid; they are pressed upwards by a spring, and 
merely serve to relieve u of part of the weight of the box. 


Bar Boxes. 


In Plate IV. we have an end view or section of the box containing the ten-feet bar O14. 
Its length is 10-6 feet. The mahogany of which it is made is one inch in thickness. The 
internal breadth is six inches, and depth six and a quarter. In order to rigidity, which is 
very necessary, there is a double bottom o o’, a space of half an inch being left between 
the planks. ‘The standard yard being of smaller dimensions than the bar Oj, a strip of 
mahogany fis fastened to the inside of the box along its whole length. To the bottom 
o’ of the box are strongly screwed down (Plates IIL, 1V.) brass pieces dd, which carry 
the axles or pivots of the cradles which support the bar. Inside of each of the upright 
pieces dd, as seen in the end view, Plate IV., is a plate of brass fitted to slide vertically 
up and down ; in these pieces are the Y’s or bearings which take the pivots of the axles of 
the cradles. ‘The sliding pieces are moved up and down by the thread of a vertical screw, 
which has a fixed shoulder at the top of the upright d. The upper parts ‘4 of these screws 
are filed sguare (that is in section), so that they may be turned by a key similar to a 
watch key. It is of course necessary that the two extremities of the axle of the cradle be 
raised together, or that the screws k be always turned cxactly the same amount and 
simultaneously. To effect this a key shown in Figure 6, Plate VI., is used. Here, by a 
system of three toothed wheels, when the milled head m is turned, it will be seen that the 
keys k, k’ (which fit on to the screw heads kh, Plates III., 1V.) are necessarily turned 
together. 
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The cover of the box is provided with apertures for permitting (1) the reading of 
the dots on the bar; (2) the thermometers; and (3) the use of the levelling key, so that 
the bar can be adjusted to focus without opening the box. 


The Cradles. 


In Plate IIT. it will be seen that the bar 40’ rests upon eight rollers, which are framed 
in two systems of levers. £6’ is one lever, moveable round an axis through its centre, which 
axis is held in the support d. Inside (Plate IV.) of this lever are two smaller Ievers 45, each 
carrying at its extremity a roller +; the pivots of these inner and smaller levers are seen at 
iandi. In the construction care is taken that all the levers balance accurately on their 
pivots or axles, and that the rollers revolve with the least possible amount of friction. 

It will be seen from this lever system that the pressure upwards of each roller upon 
the bar is the same. Thus the bar is supported by eight equal pressures, and applied at 
equal intervals. The proper interval between rollers of such a system is investigated by 
Mr. Airy, in a paper which will be found in the fifteenth volume of the Memoirs of the 
Royal Astronomical Society. 

Each of the systems of levers 88’, yy’, can, as we have scen, be independently raised 
or lowered by the key (Figure 6, Plate VI.) Thus the bar 4d’ may be levelled, or either 
extremity adjusted to focus under the microscopes mm. 

Of the eight rollers supporting the bar one only is a true cylinder; the remainder are 
slightly convex or barrel shaped. By this means a proper bearing is ensured. If the 
rollers were all true cylinders there would be a great probability of some of the contacts 
being at the outer edges of the bar. With the convex form the contact cannot be far 
from the centre of the breadth of the bar. 


Suppore of the Standard Yard. 


This is shown in end view, f, in Plate IV. and in side view, 50’, in Plate VL, Figure 5. 
It is a heavy cast-iron frame, upon which are screwed the brass supports dd (IV.) or ce’ 
(VI.) These carry two rollers rr, (I1V.), which can be elevated or depressed by means 
of a key similar to that shown in [igure 6, Plate VI. ‘The rollers, of which one is a 
cylinder, and the other slightly convex or barrel shaped, are 18 inches apart. 

In the standard yard the lines marking the measure at either extremity are drawn on 
the surface of a gold pin at the bottom of a circular hole or well, drilled half way through 
the bar. In order to illuminate the lines properly for observation it is necessary to incline 
the bar slightly, as shown in the end view 6 (Plate IV.) It is kept in this position by 
tivo small pieces of brass, one of which will be seen in the drawing, placed between the bar 
and the rollers. The measure of the inclination is the fraction 4 or the angle tan™ §. 


Micrometer Microscopes. 


The two principal ones, marked H and K, and seen in the front view in Plate HI, 
are shown in more detail in Plates IV. and VI. Figure 3, Plate VI., shows one of these 
with its turned collars cc, and attached level’. The length of the tube from the diaphragm 
to the object glass is 12 inches, from the object glass to the external focus 3 inches. The 
magnifying power is about 60, and the value of a division of the micrometer about the 
thirty-five thousandth part of an inch. 

The microscope 1s leld by its collars in a gun-metal holder ¢s, Plate VI., Figures 
I, 2, 4, and Plate [V. This holder is a hollow cylinder, having three arms ¢,s,2, at the 
middle of its Jength, and at either extremity internal bearings eee, Figure 4, for receiving 
the microscope collars. The microscope is pressed, above and below, into its bearings, by 
a piece 7, which is urged by a spring $, which can be drawn back at pleasure by the 
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small milled head at The microscope is tree to revolve in its bearings, but there is 
no shake. The bearings, as will be seen in ligure 4, are segments of circles. 

This gun-metal holder is again supported on a cast-iron plate aaa, which rests, 
having three bosses on its under side, on the stone pier. Three screws 688 are bolted 
into the cast-iron plate, and firmly fixed, so as to be truly vertical when the plate is placed 
on a horizontal plane. On each of these screws are two brass nuts 7,7’, and between them 
are held the arms of the gun-metal holder, which have holes through which the three 
screws pass. If the upper nuts y'7‘y' be released, the weight of the microscope and its 
holder is supported by the three lower nuts y,y7, and by them the microscope may be 
levelled to any degree of nicety, and then by a gentle pressure of the upper nuts held 
down in its place. The iron casting aaa is provided with a hole 43 through which the 
gun-metal holder (with the lower spring ) passes. 

It will be seen that by this arrangement a very important point is secured; namely, 
that the microscope is held in its holder without a strain, and the holder is itself held on 
the iron casting without a strain; while by means of the attached level, the microscope, 
revolving in its bearings, can be made vertical. Further, the means is supplied of raising 
or lowering, by the nuts, the microscope, when it may be required to bring it to focus over 
a given point. 

The upper collar c’ is furnished with a flange f, which takes a bearing on the upper 
edge of the gun-metal holder, and gives the microscope a definite position vertically. 

Besides these microscopes there are smaller ones, of which one, A, is shown in Figures 
5,6, 7, Plate V. They are held in almost exactly the same manner as has just been 
described for the microscopes H and K. 


Illumination. 


The divided surface under observation is illuminated by the light of a candle CC, 
Plate IV., passing through a lens /’ three inches in diameter; the lens is set in a brass cell, 
fitting into a corresponding circular orifice in the cast-iron stand. Thus the light of the 
eandle is condensed on the point under observation (Fig. 5, Plate V.) The candle itself is 
contained in a brass tube which has a spring in its bottom continually pressing up the 
candle as it burns; thus the position of the flame is invariable, and when once lighted and 
placed in the proper position it does not require any further attention. The light of the 
candle illuminates also the micrometer head. 

The light thus thrown on the divided surface of the bar is excellent, and leaves nothing 
to be desired. The heat of a candle is considerably Jess than the heat of gas or even of an 
oil lamp. Also the position of the flame with respect to the bar is favourable, for being 
above it, the air immediately heated by the candle ascends. A sheet of plate glass is 
always placed in a vertical planc immediately in front of the candle, between it and the 
microscope ; this partly intercepts the heat of the candle, and prevents any currents of air 
(caused by the movements of the observer) from causing the flame to flicker. 


Thermometers. 


The thermometers which are used to indicate the temperatures of bars under comparison 
have their bulbs at right angles to the tubes; the bulbs passing downwards into circular 
wells drilled into the bar, while the tube or stem, which is mounted on a metallic plate, lies 
on the surface of the bar. ‘The metallic plate is six inches in length by three quarters of an 
inch in breadth. The tube of the thermometer is five inches long; and the length of one 
degree Fahrenhcit is about one fifth of an inch. The tube is divided to tenths of degrees. 
Four of these thermometers extend from 30° to 50°, four from 50° to 70°, and four from 
70° to go’. Some of the thermometers were made by Messrs. Troughton and Simms, 
and some by L. Casella of Hatton Garden. The thermometers, when lying in the bars, 
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are read by microscopes nnn, Plate ILI., whose axes are vertical ; the lower part of each 
of these microscopes is set in a brass slide, whereby it is permitted to traverse the whole 
length of the thermometer; the corresponding opening in the cover of the box being six 
inches long by an inch broad. The magnifying power of the microscopes is about ten 
times, so that the thermometer reading can be estimated to ;}, of a degree Fahrenheit ; 
and the field of view is sufficiently large to permit the reading of at least one of the numbers 
on the scale marking the degrees. 

Besides these thermometers with bent bulbs there are some similar thermometers with 
straight bulbs, which, in the case of standard bars which have no wells, are simply laid upon 
the surface of the bars. 

The errors of the working thermometers (as these may be called) are obtained by 
comparison with Standard thermometers which have both the boiling and freezing points 
marked on their scales. The following Standards are twenty-four inches in leugth :— 

“Casella, No. 3241,” from 0° to 220° Fahrt. : 1° = 0'0987 inches in length. 


* 3951, 4, 20 to2Is? 4, 2: 1° = 01025 ” 


and the following, twenty-two and twenty-three inches long :— 


“ Kew, No. 26,” from 20° to 220° Fahrt. : 1° = o'0962 inches in length. 


+ 36, » 20 to2zz0 ,, +: 1° = o'1000 is 

In addition to these, reference has been made to some of the standard thermometers 
constructed with such very great care and skill by the late Mr. Sheepshanks, during hia 
labours in the construction of the New National Standard Yard and its copies. Those 
examined have the distinctive marks C,, A,, R, and L. These last two are the 
thermometers which were inserted in his quicksilver trough, and on which in fact almost 
the whole of Mr. Sheepshanks’ operations in the comparison of his own standard depend. 
The freezing points of L and R, and all the errors of calibration, were detcrmined by 
Mr. Sheepshanks, but the tubes do not extend to the boiling point. The scale on these 
thermometers is a scale of tenths of inches. The valucs were determined by Mr, Sheep- 
shanks in 1850 by comparison with five of his own original thermometers. 


Apparatus for Comparison of Thermometers. 


Very numerous comparisons amongst the thermometers just described have been made. 
The apparatus for the comparisons will be seen in Plate VII., Figures 2, 3, 4. It consists 
essentially of a water trough mm, and a bracket BB carrying a microscope which is so 
held as to be free to slide in two directions at right angles to one another. The bracket 
is fastened to the wall W of the bar-room (its position, T, is shown in Plate I.), and 
supported by the prop P; or when the comparisons of thermometers have to be made at 
high temperatures, the bracket is fixed in another room which is heated by a stove. To 
each end of this platform an iron plate is screwed, for the purpose of holding the two 
parallel cylindrical iron rods 22’, which are raised about half an inch above the surface of 
the platform. On these two rods there slides a block of mahogany C. This block grasps 
the rods by means of three rings on its under surface. Thus it slides with a very even 
motion in a direction parallel to the length of the water trough mm. The brass pieces zz, 
screwed to the upper surface of the block C, form a groove or slide in which the arm yy of 
the microscope slides in a direction perpendicular to the length of the water trough. The 
rods w.c’ are fixed in an accurately horizontal position. 

Into the extremity of the arm yy is screwed the tube $8, in which, again, the tube of the 
microscope AA’ slides. The length of the microscope tube from the object glass to the 
diaphragm is two feet, and from the object glass to the external focus about the same. In 
the diaphragm there slides a small rectangular piece of plate glass aa, having on its surface 
a series of eleven converging lines. These are for the purpose of subdividing the spaces on 
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the long thermometers (where a degree is about one tenth of an inch long) into tenths. The 
lines are made to converge slightly so as to suit different thermometers, the lengths of a 
degree being slightly variable. The diameter of the object glass is 1°25 inch, and the 
magnifying power of the eye piece about 8 times. ‘The tube AA’ is very accurately 
vertical. 

The water trough is a wooden box whose internal dimensions are, length 29 inches, 
breadth 9 inches, depth g inches; about the centre of its depth are fixed four bars of wood, 
vy, upon which lie the thermometers #/, the box being filled with water. 

To secure uniformity of temperature in the water, it is agitated by fans rr’, two of 
which are fixed to each of the vertical rods nn’. ‘The lower extremities of these rods 
revolve in pivots, and an upper bearing for them is formed by the brass pieces opg, o'p'/. 
The rod mn is made to rotate by the handle s, and its rotatory motion 1s communicated 
to the other rod 2’ by means of the elastic band wu. ‘Thus on the turning of the handle s 
the four fans are set in motion. 

In order to prevent the water or thermometers being disturbed by the presence of the 
observer, a wooden screcn, EE, intervenes. This screen is attached to a platform D, on which 
the observer stands while reading the thermometers; the handle s is within convenient 
reach of his Jeft hand. 

In Figure 1 is shown the apparatus for examining the errors of division or of calibration 
of the long thermometers. On the heavy brass plate 60’ are crected the uprights ¢,ec’, which 
are joined by two parallel brass rods ee’. On these rods slides a brass platform, f; which 
holds the rod e in two places, or by two bearings, and the rod e’ in a single bearing. This 
platform can be fixed in any required position by the screw g. The platform carries a 
transverse sliding piece 7, into which is screwed a vertical cylinder /. In this cylinder the 
microscope a slides vertically, and so is capable of focal adjustment over the thermometer 
tt’. On the plate 56’ there slides longitudinally a narrow rectangular plate of brass, dd’, 
having a close-fitting bearing at either end. The longitudinal motion is communicated 
by a micrometer screw m. On the upper side of dd’ there are two small pieces 44’, each 
provided with a spring whereby the thermometer is gently but firmly held in a horizontal 
position. The micrometer of the microscope is here made no use of; the transverse wire 
is left as a fixed point of reference in the centre of the field, and all measurements are 
made by the microineter screw m, which communicates a small motion to the thermometer 
in the direction of its axis. 


Boiling-point Apparatus. 


The apparatus for the determination of the boiling point is shown in Figures 5 and 6, 
Plate VII. Figure 5 is a perspective view of the apparatus supported on a stool at one 
end, and on a small gas stove at the other. Figure 6 is a section by a vertical plane 
through the centre. It may be taken asunder into three parts, the boiler a, the tube dd, 
and the plate ff ‘The boiler is a cubical vessel (side six inches) having five faces of copper 
and one 4b a plate of thick brass; towards the upper part of the face is a rectangular 
aperture through which the thermometer tubes pass. The copper tube dd is soldered at 
the one end to the rectangular brass plate ce, and at the other to the rectangular brass 
plate ve. Both these plates have apertures corresponding to that in 64; the apertures are 
rectangular, 2°75 inches in breadth, by 1°25 inch in height. Inside of the tube dd is a 
second copper tube (Fig. 6) soldered at one extremity to the plate ec, but open at the 
other ; falling short of the plate ee by half an inch. ‘he transverse section of these two 
tubes would be simply represented by two similar concentric rectangles. The steam 
arising from the boiling water in a, passes along the inner tube, and then returns along the 
outside of that tube, escaping by means of the raised part g through an aperture in the 
plates cc, bb. It does not escape finally by this aperture, but spreads over the upper 
surface of the boiler a, being confined by a copper covering. ‘The object of this is to keep 
the top of the boiler hot, and so prevent any condensation over the bulbs of the thermometers, 
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‘The steam escapes finally by a cock s, whose aperture is under control. ‘The manometer 
hh, supplied with a small quantity of zufer, indicates the pressure; the vessel is filled by 
means of the funnel &. The aperture in the brass plate ee is closed by means of another 
plate /f, having four small circular holes half an inch apart from centre to centre, through 
which the thermometer tubes pass. ‘To make the fitting of the thermometer tubes steam- 
tight, they are caused to pass through small holes in a sheet of vulcanized india-rubber, 
This piece of india-rubber is kept in its place against the plate /f by means of another 
smal! plate screwed to //: this last plate having, of course, four circular holes correspond- 
ing to those in the plate /f Thus the thermometer tubes pass through the circular holes 
in the india-rnbber without coming into actual contact with cither of the two brass plates. 
At the extremity next the boiler the tubes simply rest upon a piece of wire stretched 
horizontally across the aperture in the plate cc. The plane joining the upper edges of the 
plates ec, ee is by construction parullel to the tubes of thermometers held as described: by 
this means, laying a level across the upper edyes of ec, ee from one to the other, we can, 
with the assistance of the wedge w, render the tubes of the thermometers accurately level,— 
a very needful adjustment. ‘Che water in the boiler is about an inch below the bulbs of 
the thermometers. The height of the water in the vessel is indicated in the ordinary manner 
by a small glass tube (which does not appear in the drawing). The water is heated by 
means of a small gas stove, which is very convenient, as the aniount of heat supplied is thus 
under ready control. The water used in @ is from the condensed steam of a large boiler 
used for other purposes. By means of the small screws shown in the drawing, c d ef may 
be detached at pleasure from a; and so also can the plate /f, holding the thermometers, be 
detached from ee. In order to render these joints steam-tight, a sheet of vulcanized india- 
rubber (with a central rectangular aperture) is placed between the plates 4, ce, and another 
between the plates ee, ff A very small portion of the tubes of the thermometers projects 
beyond /f, only as much as is required to enable one to read the 212° division line properly. 
The apparatus is placed beneath the long microscope AA’, which is used to read the 
boiling point. 


Supports of the Prussian or Belzian Toises. 


These bars have, in all comparisons, as far as is known, been supported on four 
rollers at a given distance apart and in a straight line. The mode of effecting this, as 
followed in the present operations, will be understood from Figures 1 and 2, Plate VIII. 
Tigure 1 shows a plan of the box which contains the Prussian and Ordnance ‘Toises 
when under comparison. ‘The top of the box is removed, and the Prussian ‘loise is also 
removed, showing its supporting rollers. ‘T’l is the Ordnance Toise resting on its cradles. 
Figure 2 shows a side elevation of the supports of the Prussian Toise; and the dotted 
line indicates the box. The box 0000 containing these bars is of mahogany, an inch in 
thickness ; the internal breadth is six inches and depth five inches; there is a double 
bottom o’o’ for rigidity, and also partly to bring the bars to the proper height. ‘The four 
rollers eee’ are carried by a cast-iron bar aaa. This bar is traversed by two short steel 
cylinders ec, Figure 5, which serve as arms or axes, whereby it is held; they have their 
bearings in brass plates which slide with a vertical motion in the uprights bb. These 
sliding picces receive their movement upwards or downwards by vertical screws, which 
are filed square at their upper extremities kk. The screws are simultaneously turned by 
the key, Iigure 6, Plate VI. The uprights bd are strongly (but removeably) screwed 
to the bottom of the box. In order to avoid the strain which might occur were no 
provision made for the relative expansion and contraction of the iron bar and the mahogany 
box, the holes or bearings in the sliding plates, which at one end of the bar receive the 
pivots c¢, are slightly clongated. It will be scen, then, that we have the means of raising, 
lowering, or levelling the bar aa by means of the key, while the bar itself’ is held very 
firmly, and yet altogether free from strain. 

‘The manner in which the bar aa holds the rollers or rather the roller frames will be 
understood by Vigures 4, 7, 8. The frame, of brass, dd, fits closely wpon the iron bar, 
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being bolted through by the bolt #; but the hole through which / passes is slightly 
elongated in a vertical direction, so that the frame dd may be moved upwards or down- 
wards, but the movement is purposely stiff, and not easy. By driving the little screws 
Sf, whose points rest on the upper surface of the bar aa, the frame, with the roller it 
carries, is raised. On unscrewing ff’, and relieving thus their puints from contact with 
the bar, the frame, with its roller, may be pressed down (requiring some force) by the 
hand until the points of f and f’ again come into contact with the bar. Thus it will be 
seen that we have the power of raising or lowering the rollers; but this applies only to 
the two central rollers ee; the extreme rollers ee have no vertical adjustment; it is 
sufficient that the other two ee can be brought into a straight line with ee’. One of the 
extreme rollers e, is capable of a slight transverse motion by means of the slow motion 
screw g'; the other roller e’ has no adjustment. Two of the rollers ee’ have flanges; the 
other two, ee, have not; one of the central rollers, Fig. 8, is a cylinder; the others are 
all slightly convex or barrel-shaped. The object of this is to secure for the Toise an 
unconstrained bearing; were the rollers all cylinders there would be a danger of sub- 
mitting the bar to a small torsion force. In Figure 2 ¢¢ is the Toise resting on the four 
rollers. To the extremities of the bar aa are fixed the horizontal brass plates hh, which 
carry the two parts of— 


The Contact Apparatus. 


This is shown in plan in Figure 3, with the Toise lying in between; and in per- 
spective, mounted on its stand in Figure 6. It will materially simplify the explanation 
of this apparatus if we first explain that the two flat semi-cylinders pp’ are the essential 
parts; the remainder of the screws, &c. merely afford the adjusting power whereby we are 
enabled to place these semi-cylinders in any required position. ach of the semi-cylinders 
has a fine line on its surface (parallel to its base or diameter), and about the hundredth 
part of an inch from the circumference ; so that when the two semi-cylinders are in contact, 
as in Figure 6, these form a pair of parallel lines; parallel to, equidistant from, and on 
opposite sides of the line, which is then a common tangent to the two semi-cylinders. 

When under comparison, the Toise lies between the two parts or halves of this appa- 
ratus; one half being fixed on each of the plates /h (Figures 1, 2) at the extremities of the 
bar aa. During the comparisons the semi-cylinders are in contact with the terminal 
polished disks of the Toise; so that if « be the distance between the parallel lines on the 
semi-cylinders when they are in contact as in Figure 6, the distance between the same lines 
when the two semi-cylinders are mounted on the plates i and in contact with the Toise, 
whose length is tr, iso +7. Strictly speaking, the pieces we have called semi-cylinders are 
not so. They are formed thus:—A cylinder is turned of steel 0-75 inch in diameter and 
o* 12 inch thick ; its cylindrical surface is then made slightly convex, so that the solid 
becomes a sepment of a prolate spheroid contained between two planes perpendicular to the 
axis of revolution, and at equal distances on either side of the centre of the generating 
ellipse. The radius of curvature of this ellipse at the extremity of its transverse axis is 
about two inches. The surface of the steel is before removal from the lathe very highly 
polished, all the marks of turning being worked out. The piece of steel is then cut 
in halves along a diameter. When the two halves are laid upon a horizontal plane surface, 
and their curved edges brought into contact, it is clear that their common tangent plane is 
vertical, This may not be true if through any imperfection in the turning, the solid 
produced is a segment of an ellipsoid contained between two planes at not cxactly the 
same distance on opposite sides of the centre, unless the faces which are uppermost 
formed originally the same plane, that is before the cylinder was cut. 

It will be scen by this that the semi-cylinders have contact with the vertical terminal 
steel disks of the Toise, not over their whole surface but in a point only. This has the 
advantage that there is the less chance of any particle of dust, &c. making the contact 
false. It would have been casier to have made an apparatus which should have presented a 
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plane surface to be brought against the terminal disks of the ‘Toise, but there would have 
been greater risk of imperfect contact. 

It is necessary to the perfection of the comparisons that we have perfect control over 
these semi-cylinders. Now, in order that the position of a body in space be fixed, six 
quantities are required to be given. For instance, suppose a sphere, and let there be two 

oints marked on its surface P,Q. Its centre is fixed by three rectangular co-ordinates, 
be it is still free to revolve in any manner round the centre. But if we have the altitude 
and azimuth, so to speak, of that point in which the line joining the centre and P meets 
the celestial sphere, the body is now free only to revolve about a fixed line; and one 
more quantity given will fix its position absolutely. And it will be found that the same 
number of quantities are required whatever may be the method of fixing the body. 

Now, in adjusting the semi-cylinder to contact with the plane terminal circular disk of 
the Toise, there are six things to be considered :— 

1. The diameter or base of the semi-cylinder must be horizontal : 

2. The radius drawn on the surface perpendicular to this diameter must be 

horizontal : 

3. The contact with the disk of the Toise must be at the proper altitude, that is, on 

the horizontal diameter of the disk : 

4. The contact must also be on the vertical diameter of the disk : 

5. The contact must not be intercepted by any particle of dust or other matter : 

6. The fine line (parallel to the base or diameter) which is drawn close to the circum- 

ference of the semi-cylinder must be parallel to the terminal disk of the Toise. 

Of these conditions the first and second secure the horizontality of the plane faccs of 
the semi-cylinder; the third and fourth secure a contact at the centre of the disk of the 
toise ; the fifth, an unintercepted contact; and the sixth provides that the actual contact 
shall be at that point of the convex surface of the semi-cylinder in which the vertical 
tangent plane is parallel to the fine line on the surface. 

We now proceed to explain Figures 3 and 6. The semi-cylinder p is firmly screwed 
to the rectangular steel plate—we shall call it the steel needle, 4. This stecl needle slides, 
without any looseness or shake, between the brass pieces AkA‘k’ which are screwed to the 
piece ggg. It is urged forward by the spring point , the spiral spring urging » being 
contained in the small cylinder m. The force of the spring can be regulated by the screw 
p; the cylinder m is fixed to the piece ggg. This piece ggg is also made to slide, between 
JS fand ff’, on the plate dd; the motion is communicated by the screw y, which has a 
shoulder at / fixed to ggg, and works in the female screw /’, which is connected with the 
plate dd. This last plate, again, slides between the pieces 6d, on the lower plate aaa. The 
motion is communicated by the screw 3, which works in a shoulder attached to the plate 
aaa. The screws y 4 then communicate longitudinal and transverse motion to the semi- 
cylinder p. 

The plate aaaa rests upon either the plate h, Figures 1, 2, or upon the stand AAA; the 
contact being on the points of the four screws ccc’c’. By these screws we may either level 
or raise bodily the plate aaa. ‘Io support a body on four points is generally objectionable ; 
but in the present case not the slighest difficulty arises from this cause, as the very minutest 
amount of shake is readily discovered on slightly tapping the head of either of the screws 
cc’, Finally, the plate aaa is held down, either to the stand AA or to the plate A, Figures 
I, 2, by the shoulders of the screws ee,e,, which pass through holes (without threads) in the 
plate aaa. 

For the purpose of levelling, a small but very delicate level stands upon the needle J. 

The holes in the stand AAA for the three screws ee,c, of each half of the contact 
apparatus, are so cut by the maker, that the directions of the sliding motions of the two 
needles shall be exactly parallel. In order to draw the lines on the steel cylinders, small 
pieces of’ platinum are inlaid in a groove on their upper surfaces. ‘The two parts are then 
mounted on the stand, and the semi-cylinders being brought lightly to contact, the trans- 
verse slow-motion screws 6 are turned until the common tangent line at the point of contact 
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is perpendicular to the line of motion of the needles. Lines are then drawn, as in the 
accompanying Figure 1. 


Fig. 1, Via. 2. 





The dotted line joining the centres ct’, Fig. 2, corresponds with the line of motion 
of the necdles, and the lines ad, ab’, necessarily broken, are drawn parallel to and equally 
distant from ce’. Then perpendicular to these and parallel to the common tangent line 
are drawn the lines hh’ kk’. If, however, the semi-cylinders be not accurately opposite 
to one another when the lines are drawn, and thus thcir centres describe, not the same 
straight line, as in igure 2, but parallel lines as in Figure 1, at a very small distance 
apart, and if the lines a6 a’b’ be then drawn, neither of them equidistant from either of the 
dotted lines, then the distance of the transverse lines hh’ kk’ can be increased by adjusting 
the two centres cc’ into coincidence with the line of motion of the needles. But this 
maximuin distance is the quantity absolutcly required to be known, as will be scen if 
we suppose the semi-cylinders in contact with the vertical parallel terminal disks of the 
Toise, the lines Ai’ kk’ being parallel to those disks. 

We may correct for this error in the relative position of the semi-cylinders when 
the lines are drawn, in the following manner. Let ¢ be the radius of either semi-cylinder, 
¢—a,g—A, the distance of hh’ and kk’ from the centres cc’ x, the distance apart of the 
parallel lines through cc’, also let 4 be the distance apart of the parallel lines AA’ kk’ when 
the cylinders are in contact asin the figure. Now, (1) by the motion of the transverse 
adjusting screws let the semi-cylinders, maintaining their parallelism and contact, be so 
placed that ab’ shall fall into one and the same straight line; in this position let the 
distance of hh’ from kk’ be 0’: (2), let, similarly, a and b be made to fall into one and the 
same straight line, and in this position let the distance of hh’ from kk’ be 4, Then we have 
the following equations : 


(9 +2¢e—-a—nv) + (+27 = 4¢ 
(,+2¢~a—2v)? + (¢—2z)? = 4¢ 
(6 +2¢e~a—avyP4+xe= 4¢e 
Where ¢ is the distance apart of the parallel lines ab a’b’. These equations becoine, 
siuce i and wv are very small compared with ¢ 
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consequently 2 becomes known by the measurement of 6, — 4’, aud we have 
yo @ ~ wr 
At” = ibaa =F) 


The parallelism of the lines 1h’, kk’ when the apparatus is mounted on the stand AAA 
is very perfect, as is easily verified by the motion of the transverse wire of a micrometer 
Taicroscope. 


2 
National Standard Yards. 


The various copies of the National Standard Yard, constructed of different metals, as 
cast steel, cast iron, Swedish iron, bronze, &c., are all one inch square in section. ‘Towards 
the extremities of one face of the bar, and thirty-six inches apart from centre to centre, 
two cylindrical wells are sunk to the depth of the centre of the bar; in the centre of the 
bottoms of the wells gold pins arc inserted, and upon the prepared surface of! cach, three 
equidistant parallel lines perpendicular to the length of the bar are drawn, The distance 
apart of these parallel lines is one hundredth of an inch (very approximately). “They are 
crossed at right angles by a pair of parallel lines 0-02 inches apart, parallel to the leneth 
of the bar. ‘The puint to be measured from on each gold pin is that point of the middle 
transverse line which lics midway betwcen the longitudinal parallel lines. There are four 
wells in the upper surface for receiving the bent bulbs of thermometers ; these wells (in 
those copies distributed to the Ordnance Survey Office) are at five and fifteen inches from 
the centre on either side. 


Ordnance Survey Standard. 


This Standard was constructed for the Ordnance Survey in 1826-7 by Messrs. Troughton 
and Simms; it is of wrought iron 122-15 inches in length, 1-45 in breadth, and 2-50 inches 
in depth. It is supported on two rollers at one fourth and three fourths of its length. The 
ends of the bar are cut away to half its depth, so that the dots marking, on platinum ping, 
the measure of Io feet, are situated in the neutral axis of the bar. On the upper surface, 
40 inches from the middle of the bar towards either extremity, are two wells for 
thermometers. This bar has been always designated O,. 


Ordnance Intermediate Bar. 


In order to make a comparison between the lengths of the two bars just described, that 
is, to obtain the length of the Ordnance ten-feet Standard in terms of the standard yard, it 
was necessary to construct an intermediate bar of ten feet, subdivided into yards and feet. 
This bar has its scction in the form of a girder, with equal flanges above and below, as 
will be seen by referring to Plate IV. It is of wrought iron, carefully planed. ‘The 
breadth is 1-53 inches, and depth 2-48 inches. A groove half aninch in breadth, and 
about an eighth of an inch deep, is planed out through the whole length of the upper 
surface. In the centre of the breadth of this groove seven holes were drilled, about. a 
tenth of an inch diameter, one at the centre of the bar, and three on each side of’ the 
centre, namely, at onc foot, two feet, and five feet from the centre; thus dividing the bar 
into six spaces, viz., onc yard on the left, four contiguous spaces of one foot cach, in the 
centre; and one space of a yard on the right. Into the holes just described were screwed 
small cylindrical iron plugs, whose heads were afterwards filed off level with the upper 
surface of the bar, but raised above the bottom of the groove. The tops of these plugs 
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were then with some considerable difficulty and labour filed down, until they appeared 
to be in true horizontal line—the bar resting on eight rollers; that is, no one above the 
level of the others. This was tested by a delicate level, and a pesinet pin was then 
inserted in the centre of each plug. A fine thread was then stretched along the length of 
the bar over the centres of the platinum pins, and on each pin was drawn a pair of parallel 
lines, one on either side of the thread, and so about 0-02 inch apart. Finally, on each 
pin was drawn a single transverse line, perpendicular to the parallel lines. ‘The measures 
are taken from that point of the transverse line which is midway between the longitudinal 
parallel lines. 

In the upper surface of the bar are four wells for thermometers, one in the centre of 
each of the extreme yard spaces, and one in the centre of each of the spaces of one foot 
adjacent to the centre ; so that the wells are, six, and forty-two, inches from the centre bar 
towards cither end. 

This bar is designated Ol.. 

Similar, except in the disposition of the subdivisions, are the bars Ol, Ol, Ol,: the 
last two are the Australian Standards. All these have been invariably supported on the 
cradle system of eight rollers. 


Ordnance Toise. 


As in the bars just described, the section of this bar is that of a girder with equal 
flanges above and below; the exact section is shown in Figure 8, Plate VI. It is of cast 
steel, carefully planed. The points are inserted in the same manner as in the bar O1; 
they are four in number, subdividing the bar into three spaces, namely, two consecutive 
yards, and a space of 4-74 inches, so that the distance between the extreme points is 
76-74 inches. On each of the four platinum pins are drawn, not one transverse line, as 
in O8,, but, as in the standard yards, a system of three parallel equidistant transverse lines, 
the central line being that used in the measurements. The distance apart of the parallel 
transverse lines is, as in the standard yards, one hundredth of an inch. The breadth 
of this bar is 1-00 inch, and its depth 1-50 inch; the extreme length 78-0 inches. 
Through the upper surface are drilled two wells for thermometers, 22-5 inches on 
either side of the centre. ‘The bar rests on a cradle system of eight rollers. It is 
designated OT. 


Ordnance Metre 


Is a bar the same in section, material, and general construction as the preceding, but 
has only three points on its surface, subdividing the length into two spaces, one of which 
is a yard, and the other 3-37 inches, so that the distance of. the extreme points is 39-37 
inches, The extreme length is 41 inches; the thermometer wells are 11-75 inches on 


either side of the centre of the bar. The bar rests on a cradle system of four rollers. It is 
designated OM. 


Ordnance Foot. 


This is a bar of wrought iron, an inch square in section and thirteen inches in 
length. The lines marking the inches into which the foot is divided are drawn on 
platinum pins, which are flush with the upper surface of the bar. ‘The extreme inches 
are divided on inlaid strips of platinum into tenths, and two of the tenths in each inch into 
hundredths. ‘There are two wells for thermometers, three inches and a half’ on either side 
ot the centre of the bar. It is designated OF. 
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Prussian and Belgian Toises. 


These are flat bars of cast steel, similar in all respects. The breadth is 1-70 inches, 
depth o-39 inch; terminating at each end in a cylinder 0-56 inch long, as shown in 
Figure 3, Plate VIII., the diameter of the cylinder coinciding with the depth of the bar. 
At the extremity of each of these cylinders is affixed a smaller cylinder of tempered 
steel, having its axis coincident with the axis of the bar; its diameter is 0-12 inch, its 
length only 0-016 inch. The faces of these small cylinders, which are perfect planes, 
beautifully polished, and at right angles to the axis of the bar, form the terminal planes 
(les bouts) of the measure. ‘The Prussian bar has the distinctive mark No. 10.; the 
Belgian is marked No. 11. They were made by M. Baumann of Berlin, and are copies 
of the Toise of Bessel, preserved in the Observatory at Kénigsberg. 


The Prussian bar bears the following inscription :— 

1852. Dieser Stab in der Warme von 16-25 graden des hunderttheiligen thermo- 
meters, in der Achse seiner gedrehten enden gemessen, ist 0.00019 linien kiirzer als die 
der Konigsberger Sternwarte gehérige copie der toixe du Pirou. 

No. 10. Baumann, Berlin. 

The Belgian bears the following :— 

1852. Dieser Stab in der Warme von 16-25 graden des hunderttheiligen thermo- 
meters, in der Achse seiner gedrehten enden gemessen, ist 0.000202 linten kturzer als die 
der Kénigsberger Sternwarte gehérige copte der toise du Pérou. 

No. 11. Baumann, Berlin. 


These bars are supported each on four points adjusted into a straight line, the distance 
apart from one to another being 21-5 inches. 


16 


II. 
ON THE SOURCES OF ERROR 


AND 


THE METHODS OF COMPARING. 


1. 


The elasticity of the material of which standards of length are constructed rendering 
them to a certain degree susceptible of change of' form, it is of the utmost importance that 
a standard bar be so held as that the strain to which it is subjected be the least possible. 
Moreover, it is absolutely necessary that the free expansion and contraction of the bar be 
not impeded. By the cradle system of lever rollers these points are both secured, for when 
the friction of the rollers is reduced to a minimum the bar moves with a very slight 
pressure. Thus the ten-feet bar Ol,, weighing 81 lbs., when resting on its eight rollers is 
moved by a force of 4:40 lbs. ; and the bar OT, weighing 22 lbs., when on its cight rollers 
is moved by a force of 1-03 lbs. 

The standard yard being a comparatively short bar, has been, in the present com- 
parisons, supported always on two rollers at one fourth, and three fourths of its length, care 
being always taken that the rollers were free to revolve with the least force. It was satis- 
factorily proved by the late Mr. Sheepshanks that the length of this bar is not affected 
by the mode of support; the reason being that the lines are engraved on a surface 
coinciding with the neutral axis of the bar. 

It is of much importance that the supporting apparatus upholding the bars under com- 
parison he strong, weighty, and free from shake; it should also be as far as possible from 
possessing any clasticity, and should be not liable to be disturbed by the presence of the 
observer or his necessary movements. In the present operations this point has been care- 
fully studied ; the beams which support the travelling carriages have a foundation entirely 
separate from the flooring ; and the travelling carriages are so constructed that any shake is 
next to impossible, nor can it be introduced by wear. The boxes which contain the bars 
are very strongly put together, and have considerable rigidity; they are, moreover, 
supported on three points. The boxes always are supported at the same parts of their 
bottoms, brass plates being attached below, which plates come into immediate contact with 
the bosses on the carriages, 

The room in which the comparisons are made is specially adapted to exclude sudden 
changes of temperature. A change of more than one degree Fahrenheit in the course of 
24 hours is not very common, and sometimes there has not been a change exceeding one 
degree for weeks. Still there is even in this room caution required, especially when the 
general state of the weather has changed suddenly from warm to cold, or vice vers ; for in 
this case it would appear that the stone pillars which carry the microscopes are slower to 
acquire the change of temperature than the air of the room. Here then the two bars which 
lie in the box under the microscope are dissimilarly situated ; the one is nearcr the stone 
picrs; the other is nearer the centre of the room; and there exists a slight difference of 
temperature between them, some one or two tenths of a degree. ‘The remedy for this is to 
observe with the bars in alternate positions, that bar which is nearest the piers one day 
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being put nearest the observer the next day. By this means we climinate, or very nearly, 
at any rate as nearly as possible, the effect of slight difference of temperature between the 
bars ; but it is to be noted that the computed probable error of the results in such a case 
will be greater than it should be. When the temperature of the two bars differs, as just 
described, the thermometers do not «always indicate the difference ; its existence is rather 
inferred from the results of the comparisons. 

Another evil not easily remedied is that the bars compared are not all of the same 
section, and consequently not all equally sensitive to changes of temperature, the more 
massive bars being slower in taking up a change of temperature than the lighter ones. 

A slight disturbance and rise of temperature is almost inevitably caused by the 
presence of the observer when making the observation, and also partly, perhaps, by the heat 
of the two candles, which are then lighted, one at each microscope. The effect has seldom 
amounted to 0-06 on the mean of the four thermometers. ‘The box remains covered during 
the comparisons. 


2 

The method of adjusting the different parts of the apparatus for the comparison of 
two bars is as follows :—The box which is to carry the two bars is placed on the carriages, 
and the bars then placed on their supporting rollers in the box. The box being run in 
close to the piers until the wheels 2,2; Plates [V., VI. of the upper carriages are within an 
eighth of an inch of contact with their stops v,v,, ope of the bars, that nearer the observer 
(or the outer bar), is carefully levelled by means of a long level laid on its surface. 

The microscopes H and K are then placed in the cast-iron stands over the extremities 
of the bar which has just been levelled. ‘The axes of rotation of the two microscopes are 
made approximately vertical, by revolving them in their gun-metal holders; they are then 
by means of the lower nuts 7,7,7, Plate VI., Figure 1, brought as nearly as possible to 
focus over the lines on the platinum disks on the bar. The verticality of the axes of the 
microscope is then again corrected, and the microscopes brought by the sliding of the 
cast-iron stand (on the stone piers) to bisect approximately by their cross hairs (which 
are set to zero in the collimation centre of the field) the lines on the bar. These 
different operations, necessarily interfering with one another, may have to be gone over 
separately several times before they all stand perfect together. When two bars are 
compared, whose lengths, as is usually the case, do not differ more than from five to ten 
micrometer divisions, the microscopes are generally so placed (the micrometer-heads being 
outwards, as shown in Plate IIT.) that each line on the bars will read a small positive 
number of divisions; that is, supposing the centre of the field to read zero; but if the 
difference be large, as in the comparison of the Ordnance and Prussian Toises, where 
it amounts to upwards of 500 divisions, then the microscopes are so placed that the 
distance of their zeros is a mean between the lengths of the bars; thus in each micro- 
scope cqual quantities are measured on each side of the zero or collimation centre. 
In this case the collimation centre is supposed to read 10 revolutions, so as to avoid 
changes of sign in the readings. 

‘The microscopes being brought into adjustment, the upper nuts 77’ are brought 
down gently, so as to clamp the arms of the gun-tnetal holder firmly. ‘This is liable to 
disturb some of the preceding adjustments, which are therefore aguin examined and 
corrected. The box is now run out from the piers, until the clamp s comes to about the 
end of its slide; in this position the second or inner bar will be found under the micro- 
scopes ; and either of the upper carriages being run in or out small quantitics; and the 
whole box run longitudinally a small quantity if necessary, by the motion of both carriages 


on the rails aa, the divided disks are brought into the centres of the fields of the 
11428, c 
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microscopes. In this position the upper carriages are clamped, and the slow-motion screw 
of each, worked until the intersection of the cross-hairs of the microscopes are found 
midway between the parallel longitudinal lines on each disk. A small motion is then 
communicated by hand to the box longitudinally, until the lines to be observed are uvearly 
bisected. This being done, the bar, which was not previously levelled, has to be brought 
to focus under the microscopes (which remain fixed). This is done by raising or lowering 
the cradles by means of the levelling key, Figure 6. Plate VI. 

Thermometers are now laid on the bars, their bulbs being inserted in the wells, and 
the cover placed on the box. On the cover are then fastened (over the thermometer 
openings) the small brass slides by which the reading microscopes nnnn, Plate III, are 
held, and permitted to run up and down the length of the thermometer tubes. 

It is usual to arrange a pair of bars for comparison, in the afternoon or evening of one 
day, and to commence the observing the nextday. The bars are visited three or four times 
each day ; a series of comparison has generally consisted of ten visits or comparisons ; and 
the bars are then dismounted, to be compared, if necessary, another time. It is desirable 
to have the comparisons of a given pair of bars to extend over as many days as possible, 
and the comparisons to be broken up into series, so that one series cannot have errors 
common to the preceding or following series. If a pair of bars be adjusted under micro- 
scopes for comparison, then as long as all, or only some, of the adjustments are not interfered 
with, there may be a constant error; but if the whole be dismantled, and the comparisons 
recommenced after some days, and so on, we are much more certain of arriving at the 
truth. There is little use in multiplying observations within a short space of time during 
which none of the circumstances of the observations are changed. When observations are 
made in this manner the results may apparently be very excellent, but they are very liable 
to be affected by some constant error. It is rather required to bring out all the discrepancies 
in the observations that can be legitimately brought out, by varying, as much as possible, 
the circumstances of the observations ; in each case, of course, taking care that no known 
error of adjustment is left, nor any known cause of error in action. If, therefore, two bars 
have to be compared, it is desirable to break up the comparisons into detached series. If 
anything should prevent this, the different adjustments must be at least renewed as frequently 
as possible, no one being left undisturbed. 

In the comparing of two bars it is most desirable that the majority of the comparisons 
be made within a few degrees of 62°, this being generally the standard temperature of 
reference. A smaller number of comparisons at a low temperature, as 30° or 40°, will then 
enable us to reduce all the other comparisons to 62°. 

It is assumed in the reduction of the observations that the temperatures of the two 
bars lying side by side in the box are the same. We might have taken them to be of’ the 
temperatures indicated by the thermometers, and thus small differences would be found; 
but it is a question whether the thermometers, do indicate the temperature of the metal with 
such precision as that these differences of reading might be taken to represent the actual 
differences of temperature of the bars. It has been considered safer to assume the bars to 
be generally of the same temperature—with the precaution of causing them to exchange 
positions. 


3. 


The errors of the short working thermometers are obtained from time to time by com- 
parisons with the Standard Thermometers at the temperatures at which they have stood 
while in the bars. To explain the manner of comparing, suppose two working thermometers 
are to be examined ; they are laid by the side of two Standards in the water trough, which 
is filled with water of the requisite temperature, and with their bulbs as nearly as 
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possible occupying the same part of the water. While so arranged they are at the 
mid-depth of the water, being covered by about four inches of it. Suppose the 
thermometers have to be compared at 62°, and the temperature of the air in 
the place where the water trough stands is at 60°; the water in the trough is made 
63°, by the addition of a little warm water, and during the course of, say six hours, 
it may fall from 63° to 61°, during which time many comparisons may be made. A 
single comparison is made as follows:—the water being first agitated by the re- 
volving of the handle; the thermometers are read by means of the long microscope 
AA', first in the direct order A, B, C, D, and immediately after in the reverse 
order D, C, B, A. The mean of these two readings of cach thermometer is taken 
as the result of this comparison. The errors of observation in this operation are 
very small; all the thermometers are read to one hundredth of a degree. Four 
comparisons are generally made at a visit; the water being stirred immediately 
before each. 


In order to the obtaining of good results, it is necessary that the temperature of the 
room be not more than a very few degrees different from that of the water in the trough. 
Otherwise the water cools too quickly. 


With respect to the long standard thermometers which are divided to half degrees 
Fahrenheit, the errors of the division lines, as subdividing into parts of egual capucity the 
tube from the line 32° to the line 212°, have been determined (to a certain extent) by the 
process of calibration. ere it is to be remarked that these thermometers having already 
gone through this process at the hands of the maker, or at Kew Observatory, before the 
lines were finally drawn, the residual errors to be determined are very small. First, to 
determine the error of the division line marking 92°; from 32° to 92° should be one third 
of the capacity of the tube from 32° to 212°; a column of about 60} degrees is accordingly 
broken off and run along the tube until its extremities slightly overlap the lines 32°, gz’. 
The one extremity will lie between 31° and 32°; the other between 92° and 93°. The 
thermometer is now laid on the supports, where it is held by two small springs. The 
microscope is caused to slide along its supporting rods until the fixed wire is uearly 
bisecting the line 31°, where it is clamped. It is impossible to have both the column 
of mercury and the divisions on the glass tube in focus at the same time, and the 
adjustment must be divided between them; this is an unavoidable source of’ error. 
Care is taken that the wire in the micrometer is parallel to the lines on the thermo- 
meter. Now by the movement of the micrometer m, Tig. 1, Plate VII. the thermo. 
meter is drawn along longitudinally, and, first, the reading of the micrometer is 
noted when the line 31° is bisected; second/y, when the extremity of the column of 
mercury is bisected; and thirdly, when the line 32° is bisected. The difference of 
the second and third readings, divided by the difference of the first and third, gives the 
fraction of a degree by which the extremity of the column lies beyond the line 32°. 
Taking care that the thermometer is not shaken, the microscope is run along its 
supporting rods until the fixed wire arrives at the line g2°, when it is clamped. 
Then by the micrometer m, the line 92°, the end of the column, and the line 93°, 
are successively brought into coincidence with the fixed wire in the microscope. The 
difference of the first and second readings, divided by the difference of the first and 
third readings, gives the fraction of a degree by which the column lies beyond 92’. 
Let the sum of this fraction and that previously obtained, for the other end of the 
column, be s, Now tilting up the frame, Fig. 1, Plate VII., without touching 
the thermometer, the broken column is made to slide along until its ends overlap, by 
nearly equal quantities, the lines 92°, 152°. The fractions of degrees which these quan- 
tities measure are then found as before; let their sum be s,. Again, the column is 
made to slide along the tube until its ends slightly overlap the lines 152°, 212°. Let the 


sum of the fractions in this case be s;. Now, if we by [a-6] mean the capacity of 
c2 
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the tube between the two lines a and b, and if C be.the volume of the column of 


mercury : 
d Cc = [3292] + 5, 
C == [92152] + 5: 
C = [152°212] + 5 
".C = 4 (32:212] + a 
[32°92] = § [32-212] + a 
[92°152] = 4 [32212] + eat 


[152°212] = 4 [32°212] + S t+ — 25, 


3 
1. [g2trg2) = 3 (32°212) + area + 2S 
Therefore the errors of the division lines 92°, 152°, are— 
OF oaten Gs An Pare 
i ee ee atid oe 2 $y 


It is almost unnecessary to say that this operation will have to be repeated several 
times before the exact truth can be arrived at. 

Again, breaking off a column of thirty degrees, we may, by making it lie first between 
32° and 62° and then between 62° and g2°, so obtain the error of the line 62°. Then by a 
column of 20 degrees we can get the errors of the lines 52°, 72°; and measuring from 62° 
get the errors of 42° and 82°. ‘Thus we have errors for every ten degrees from 32° to 92°, 
and it is only a matter of time and labour to continue the investigation to any extent; but 
the work is very tedious, and each part must be frequently repeated, as in spite of all 
precautions that can be devised discrepancies will present themselves. 

By this process we find the errors of the different divisions with reference to the lines 
32 and 212. It remains to ascertain the accuracy of these two lines redatively to one 
another. Tor this purpose the thermometer is boiled at the standard barometric pressure, 
and within a few minutes afterwards, placed with its bulb in melting pounded ice, or snow. 
Let the readings be 212 + 6 and 32 +f, then the correction to the reading of the Standard 
Thermometer at the temperature ¢ is 


The correction for the error of the absolute position of the line 32 is determined from 
time to time, inasmuch as it is in all thermometers a somewhat variable quantity. At any 
given time, let 32 -+//" be the reading of the Standard Thermometer when placed in 
melting pounded ice, or snow, then the total correction is 

t— 32 
Sf easy ts 
where s is the correction resulting from the process of calibration. 

It is almost unnecessary to remark that if the thermometer be boiled at a barometric 
pressure differing from the standard pressure, the reading of the thermometer is corrected 
accordingly. 
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III. 
ON THE CHANGES OF FORM OF A BAR OF METAL 
CONSIDERED AS AN ELASTIC BODY, 


If we suppose a bar of iron, steel, or any other suitable material to have a fine dot 
engraved upon one of its surfaces and close to either extremity, the distance of these 
dots from one another depends not only on the temperature of the bar, but on the 
magnitude and directions of the forces by which the bar is held in its position under the 
microscopes which view the dots. These forces, or, in other words, the supports of the bar, 
may be varied, and hence a variation of length will result from the change of form due to 
the elasticity of the metal. The mode of supporting a measuring bar becomes, therefore, 
a matter of great importance. A considerable number of experiments on these variations 
of length were made by the late Mr. Baily, as recorded in the “ Account of the Construction 
of the new National Standard of length and its principal Copies” pages 16 and 17, and it 
has been considered desirable to obtain further information on this point by very carefully 
conducted comparisons, and to compare the results obtained from such observations with 
those obtained from the ordinary theory of the flexure of elastic rods. 


1. 


Imagine an elastic rod or bar whose surfaces are perfect planes and its section a rectangle 
whose breadth is / and depth k; let also a be the length and w the weight of the bar. 
As only small forces are to be here considered, we shall assume that the extension and 
compression are equal for the same absolute amount of force. Let a be the extension of 
the bar when directly extended by a force equal to its weight w. So that « also representa 
the compression of the bar when compressed by a force equal to w; then ¢« will be the 
extension or compression resulting from an extending or compressing force ¢ t. 

Let AA’, BB’ (tig. 1) represent the side 
elevation of a small portion of the bar when 
Fia. 1. lying on a horizontal plane. PQ, P’Q’ 
represent two planes very close to one another 
perpendicular to the bar's length, and parallel 
to one another; CC’ represents a horizontal 
plane equidistant from the planes AA’ BB, 
| the parallel lines pp’ define a portion of the 
ee ie solid or a lamina contained between two 
- ae horizontal planes indefinitely close together, 
the two vertical planes PQ, P’Q’, and the two 

Fic. 2. vertical bounding surfaces of the bar. 

Figure 2 represents the same portion of 
the bar when curved in a vertical plane. We 
suppose the forces which produce the flexure 
to act upon the upper and under surfaces 
perpendicularly to those surfaces and equally 
over the whole breadth of those surfaces, a3 
for instance, if the bar be resting on two hori- 
zontal cylinders, whose axes are perpendicular 
to the direction of the bar’s length. As the 
flexure of the bar is always a very minute 
quantity, the force of gravity will alas act in 
O a direction sensibly perpendicular to the bar. 
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Take a point z on the surtace of the bar, and suppose a plane to pass through this point 
pene to the bar when straight. Then it is assumed that all the particles of the 
body which lie in this aa will, when the bar is curved, continue to lie in a plane passing 
through z, and perpendicular to the four surfaces of the bar. Consequently the particles 
of the body which in figure 1 lie in the planes PP’ QQ’ will, when the bar is curved, figure 2, 
lie in the two planes PP’ QQ’ which converge to the centre of curvature O of the bar. The 
lamina pp’ (figure 1) will become (figure 2) part of a cylindrical shell, and will be in a 
state of tension while any lamina q/ (figure 1) will become also a part of a cylindrical 
shell (figure z), but in a state of compression. As a necessary consequence of the assump- 
tion that extension and compression are equal for the same amount of directly applied force, 
it follows that the extension of the upper surface PP’ and the compression of the lower 
QQ’ are cqual, and also that a lamina occupying the central position CC’ the neutral sur- 
face is neither extended nor compressed. 

If ¢ be the radius of curvature of CC’, wu the distance of pp’ from CC’, then the extension 
of pp’ is 
: exo ( 1) 

8 

where o@ is the original length of pp’ or the distance of the parallel planes PP’, QQ, 
figure 1. This formula evidently includes the case of compression for negative values of w. 
It is further assumed that the elastic forces developed in the plane P’Q’, and acting per- 
pendicularly to this plane, are just such as produce the extensions expressed in formula (1). 
These forces are estimated as follows: Since the force w extends the bar whose length is 
a aud area of section Ak to the amount a, it would extend a lamina whose thickness 1s 3 w, 
breadth /, and length ¢ to the amount 


o k 
a’ bu* 
Consequently the force necessary to extend this lamina to the amount « is 


Wa eé 5 
koa °™% 


and substituting from (1) the value of «, we get— 


wa 


eak 





udu (2) 


for the force brought into play at p or p’ in the direction of the bars length. The resultant 
of these parallel forces or their sum over the whole sectional surface P’Q’ is 
k 
wa {? 


ga ke udu=o (3) 


wl 


and this result is necessary for the equilibrium of the portion of the bar to the right of 
P’Q, as the only forces by which it is solicited are perpendicular to its length. Further it is 
necessary for the equilibrium of the same portion of the bar that the sum of the moments of 
the applied forces with respect to C’, should be cqual to the sum of the moments of’ the 
elastic forces in P’'Q’ round C’. This latter sum is 


: 
wa JS : wak? 
u, du = —-— 
ga k x ° 12 ag (4) 





so that when the forces which act perpendicularly upon the bar are given in magnitude and 
position, the radius of curvature of the neutral axis at any point will follow from (4). 
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2. 


Let us now investigate the form assumed by an elastic rod resting upon two supports in 

a horizontal line. Let AB be the rod 

A Cc B whose length isa and weight w, PP’ the 

P q Pr points of support at distances 4 and &' from 

the centre C of the bar. Let the equation 

of the curve be expressed in rectangular co-ordinates x y, the axis of x passing through the 

points of support, and 2 = o corresponding to the centre of the bar. Now consider any 

point g of the bar between C and I” and let Cg = 2, the forces acting upon the portion 

qB of the beam are, 1st, the reaction of the support P’; 2d, the system of parallel forces 

constituting the weight of gB, and which may be replaced by their equivalent the weight 

acting at the middle point of ¢B, and the elastic forces brought into action in the section of 
the bar at g. The sum of the moments of the former forces round the point g is— 





eT 
Now the reactions at P and P’ are 
ow bw 


consequently the sum of the moments in question 


~ 648 2a \2 
_wp2bs a,b—6b, + 
=o {ee itse Gh (5) 


and this is equal to the sum of the moments of the elastic forces at the section q, 
consequently 


ad oi 266 ca ht 
a bee GS Uae °) 


The right hand member of this equation iy equivalent to 
2 Vad eae (7) 
2 +6 (b + bf 


In order, therefore, that there be any points in the bar of no curvature, we have 


a 
L(« a ¥ —by\? nD 


a 


bE ee 
2 


that is unless the points of support are further apart than half the length of the bar, the 
whole bar will be convex upwards. 

If one support be under one extremity of the bar and the other support at one third the 
bar's length from the other extremity, the bar will, for one half of its length, be convex 
upwards, and for the other half concave upwards; for if 6 = - v= 5 a the expression (7) 


becomes— 
a 2 
(+ 9'-% 


which is manifestly negative from 2 = oto z = — : and positive from 2 =o for any 
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positive value of 2. It is, however, to be remembered, that the equation (6) represents 
only that part of the bar which lies between the points of support PP’. For any point 
in P’B the moment of the forces is simply 


a 2 us 
— SS Jee es 
( 2 ) 2a 
consequently the equation of P’B is 
ak a : 


ee cae 
62 o a a (8) 


As the co-efficient of + in this equation is of frequent recurrence, we shall put 
8 
ak? _ | 


én ne (9) 


Returning now to equation (6), and substituting for the radius of curvature its expres- 
sion in a and y, we have 








ay 
dv 2bb' a ,v—b Fg 
ee a Se 
ty? 3 (5 +b 4 ’s+e a 
(1+ Fs) 
dy 
dx A rc 266 a v—b 2 2 : 
a ae (ee gle eae aes CO) 
(r+ 3) 


3 ee, dy*\-+ 
h the value of the quantity “Y oY \-? when « = o. 
where 218 the vaitue 0 ne quan iby ap (1 + a) when v oO 


From (10) we can express oe as a function of x, but it will be impossible to integrate 


the equation, ‘This, however, is of no practical consequence for a is so small a quantity 


that its cube may well be neglected, and we may put 








1 dy _ it 2b a bo —b x 2 
pdx u (4 re ae caren ar 3a ey) 
YD piggy (a aya ab 
mae at ae et ee 2) 
where ¢ is the value of y, when « = 0, 
If in this equation we make first « = 0’, then « = — 0, the corresponding values of 


y are each = 0. Hence two equations from which 3 andi may be expressed in known 
quantities; the results are 














Or rc ca ec ohh iw a — <I 

ae ae 30+) Oo 4 (13) 
Sa SE es ee 

Ta 2 { 3 (04 0) 6a i (14) 
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Let p’ be the value of at P’, then from (11) and (13) we obtain, eliminating i, 


ae tv _ | 
ph ay oo 2 6a + 3 4 (15) 
Integrating twice equation (8) we have— 
l dy _ qa, # vo 
ede mS an (16) 
Y_w ‘ ais zw a 5 
Loe TOL ye ee aay (17) 


putting in these equations a = 4’, the left hand members will become 7 and o; thus we 


have two equations for determining C and C’, and the values are 








~. Vo bpe 4st al eb 
a ee a 
/_ oe gh tb a | EE 
7 2 { 3 4 6a } (19) 


And finally the equations of the two curves are 
ist for PP’— 











¥__ Siete eae St | 
B 2 3(6+ 0) 6a 4 
bbe ee ele 
aa { 3 (6 +0) 6a ae (70) 
by ad, 1h mb 1 
+{epu7 she +oliqale- me 
2d for PB— 
as ee) 
Bo 2 3 6a 4 (21) 
vb [Ph + bh — 0? B+ a ee re ee ee 
tT { Say) (nen a Be ee 


It is almost unnecessary to remark that this last equation will, with the proper inter- 
change of symbols, express the curve of AP. 


3. 
Let us now consider two particular cases ; and first, when b = 4’ = 0: the case of 
bar supported at its centre. The equation is (21) 


JY _ 7%, Tis 1 os 
: ge +g? aa (22) 


This curve is wholly convex upwards. In order to ascertain how much the projection 
of the neutral axis upon a horizontal plane is shorter than the neutral axis itself, we must 


put 
ss aft (14 Las 


nso a=Z? WY de (23) 
@. ° x 
11423. D 
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Now 
dy_ (4,4 lei iy 
ae (— fet Fat — 22) (24) 


a — wf’ ;_%, Mises 0D agg 
wes a= if ( gee 3a) 


pra’ 
14:128 





— _36 ata? 


~ 14-128h4 
_— 9 aba? 


= 448 (25) 


To take a particular example: Suppose a bar of iron 40 inches in length, an inch 
square in section, and weighing 10 lbs. The force necessary to extend such a bar the 
millionth part of its length is about 18 or say 20 lbs.; therefore the extension due to 
w = 10 lbs. is,— 


fe) 5 
aa — 4... * Sach. 
2000000 





Substituting this value, with 4 = 1, in (25) we get for the apparent shortening of 
the neutral axis 








360 | ( 8 )’ _ 18 ( inch ) 
448 \10000/ ~ 35 \1000000 
or half a millionth of an inch: a quantity inappreciable in ordinary micrometer microscopes. 


But if there be marks on the upper surface of the bar, one at each extremity, these 
marks will be separated by the extension of the upper surface to the amount — kp, where 


p is the value of uy at the extremities; now & = 1 and p by (24) is,— 


— _ Ba 
Bae 


Substituting the value of » the extension becomes 


aa 
— (26 
Z ) 
which in the particular case under consideration is the one five-thousandth part of an 
inch; being six or seven micrometer divisions—a very sensible quantity. 

Again, consider the case of a bar supported at its extremities. The equation is 


obtained from (20) by making 6 = . =U 


¥—- 3 g@4% ety 

a 192 © +e [20a (27) 
ld _a,_ ios 

p dx 3a 
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Consequently the difference between the length of the curve formed by the neutral 
axis and its horizontal projection is 
ffs (22 _ 2 ; dz = 7p! a 
wf. (> ja) = sa5%5 28) 
and substituting the value of » this becomes 


17 @ a? 
280 





(29) 
The value of this on the previous supposition of a = 40, k = 1, is 


inch 
Se) 


something more than a millionth of an inch, a quantity not discernible in the ordinary 
Micrometer microscopes. 

In this position, being supported at the extremities, the upper surface of the bar is wholly 
concave, and in a state of compression ; consequently points upon its upper surface, and at 
the extreme ends of the bar, will be caused to approach each other by the quantity p, where 


‘ dy... — 2 ay 
pis the value of | ; when t = = this equals 
2 3 § 
te {$ -<} pe 
=F (30) 


Comparing this with (26) we see that if a bar be supported at its extremities the 
contraction of the upper surface between the extreme points is double the ertension of 
the same upper surface when the bar is suspended from the centre. ‘This result we shall 
see to be borne out by actual measure. 

If the bar be supported, as is very common, on rollers at one fourth and three fourths 
of its length, the extension of the upper surface is 


aa 
6 (31) 
a sensible quantity. 

It appears, then, that by altering the points of support a bar may measure considerably 
longer or shorter than it would if laid upon a horizontal surface, and also that the altera- 
tion of length does not in any degree proceed from the ‘actual curving of the neutral axis, 
but from the direction of the tangents to this line at its extremities. If the bar be so 
supported that these tangents are parallel, there will be no alteration of the distance 
between points on the upper surface of the bar at its extremities. By differentiating (21) 
and putting « = } a, we get for the tangent of the direction of the neutral axis at B, 


BP+3b' —b2? F—b;R4+6 gg “| 
nf 5 +75 (SES 42)-F (32) 
and substituting 6 for 8’, and vice versd, we get the tangent of the direction of the other 


extremity of the axis; viz., 


pe ten ca) | we 


6 2 6a ~ 24 











o 
we 
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The sum of these two is to be made zero; that is, 
2 ’ 
bo 2 = 
ao (34) 
If this relation hold good between the distance of the supports from the centre of the 
bar, the distance between points engraved on its upper surface at its extremities will be the 
same as if the bar be lying on a horizontal plane. If the supports be equidistant from the 


centre, and therefore b = L’, 


a 
eT (35) 

This formula expresses the proper distance of the supports from the centre of the bar, 
in order that there may be no difference between the apparent length of the bar when so 
supported, and when lying on a horizontal plane ; in other words, the total extension of the 
upper surface is zero, and the direction of the neutral axis at either extremity is horizontal. 
This result is due to the Astronomer Royal, and is a particular case of the following more 
‘general theorem: If a uniform bar be supported on m equidistant rollers, exerting equal 
pressure upwards (as in the lever system), and if the distance apart of the rollers be 

a 
Vn — 1 
the total extension of the upper surface between its extreme points is zero. (See Memoirs 
of the Royal Astronomical Society, Vol. XV.) 

From (34) we learn further that if a bar supported on two rollers at the distance 
expressed in (35) be slightly displaced by rolling a smal! distance to the right or left, the 
effect will be immaterial. 

In general, from the sum of (32) and (33) multiplied by § 4, we have the follow- 
ing: If a bar be supported at two points whose distances on either side of the centre 
are 5, b’, the total extension of the upper surface is 

aa bb 

ae{y-35] (36) 
where @ is the length, and & the depth of the bar, and « the small quantity by which the 
bar youn be elongated or compressed by the direct action of a force equal to its own 
weight. 
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Let us now consider the result of a pressure applied in a vertical direction to a given point 
in the upper surface of the bar. Let AB be the bar 
A Cc D B_ resting upon supports at P and Q equally distant from 
P Q  itsextremities. Let the pressure act at D, the distance 
CD from the centre being J’, and CQ = CP = 8b. 
Let the pressure = 4, w being the weight of the bar. Let the axis of co-ordinates x pass 
through P and Q, the value of x corresponding to C being zero. We have first to obtain 
the pressures P and Q upon the supports from the conditions of equilibrium of the bar. 

These are given by the equations 

P+Q=wd4 dw 
i 


—P+Q= bwe> 


from which 


(37) 
(38) 


P=hw+héw(1- 


~~ 


|S mo 


ad 


Q=hwt+hbwo(1 + 
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For any point in PD the sum of the moments of the bending forces is 


— ww (2) + Qb-n- 2% (4 —s) 


hur ' ’ 4 b s 
<u W484 (fen Be 


and for any point in DQ the sum of the moments is 


bu ; w a bw u we 
= b 2D ae SS, |e = — 
pr EE 4) cs) 2a s 
Hence the difftrential equations of the two curves PD and DQ are: 
1 dy _ : a 5 x 
papa ib—b)+b—-T46(1—g)e-] (39) 
dy a bot ‘ 
Integrating once we have— 
1 dy , «a 6 u x 
PD.... 5 Gy =C + (b+ 6b — 6 ~—fZetg =P aa (41) 
PU. ee , ay § vy, 2 
DQ. pide HOT (F464 0 — Tes (r+ 5) e—F, (42) 


The difference of these equations being zero for s = 0’, we get by substituting this 
value of 2, 


C-—C = 6" (43) 
and integrating a second time— 
¥_ ,  @ 6 b a 
PD.... G=C,4+Ce +4(b + 6b — 66 — Set g(t —-5)"-ia O44) 
¥ _ ’ fae L , a 6 u 5 zx‘ 
DQ.... C= C+Crt3(b + 0-0 —*) et —F (1-5) — (45) 
the difference of these equations is zero for « = J’, and hence 
Cc,—C;= — 160° (46) 
Also from (44), (45), making « = — 6 and 2 = 4, we have two equations which, taken 
with (43) and (46), determine the values of CC’ C C’.. They are as follows :— 
wf uv b° 
c =ue{-3+3 5-35} (47) 
B by 
t =o {yy te bt 
& ya bt p 
C= 5 {F—8 +36) + ga} + [0 — 40) 
, __ bya By bt 
CFP 8436) + gal + 9 + 40) 
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Let ¢ and p represent the values of - at the points of support Q and P respectively, 


then if in (41) and (42) we put x = — band x = 3 respectively, and take the difference, 
we get 
gaps. Ve 2 

a =§@—B)-27 (Fab +5 (48) 
consequently the compression of the upper surface between P and Q is 

408 oye yey _ 6.08 (2 0 

ak (8 — 8) — aK 77 +3) (49) 
the effect of the pressure alone being 

6 
ic: (B — 5°) (50) 


Let us next ascertain the effect of the pressure in shortening (through its curvature) 
the horizontal projection of the neutral axis of the bar. Let us suppose the pressure to be 
applied at the centre so that 6’ = 0, and suppose the bar supported at its extremities so 
that = ia, In this case one equation will express the whole curve of the bar: this 
equation is— 


¥ a’ F 9 6 a ‘ at 
ee Get 6 (Pt) age Ss, (51) 
1 dy § ; 5 2 I 

or, wae O(tt3)e—7e-348 


dy? e ; 6 2 : 
ie = {at 3s)2-P er Fe} 


and the difference of length between the vertical axis and its projection will be— 
a 7s 3 FOe sg Boxy)? 
pre {(3436)e— oe a bade 


_ wae f 34 , 61 6 py 
= "Fp ete tee | (52) 





To take a particular case: suppose, as before, a = 4o,k = 1, 


20 
6S SS 
TOOOO00 


the weight of the bar being 10 lbs., and let the pressure applied at the centre be also 
10 lbs, so that 4= 1. Then by (52) the shortening of the bar through direct 
curvature 


899 - 8 inch 


7 100000000 ~~ TOO000 





which is about a third of a division in ordinary micrometer microscopes,—a quantity only 
just. visible. ; 

But the contraction of the upper surface resulting from the pressure at the centre is 
by (50) 





3aa 6inch 
4. 1Q000 
which is about 20 divisions. 
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In order to ascertain to what extent the results obtained in the preceding sections 
agree with observations, experiments were made on three bars of iron, of which the 
following are the descriptions :— 

1. Cast-iron bar marked Q; the faces severally marked I, II, III, WIJ. The section 
is a rectangle; the breadth of the faces I, and III, is 0°988 inch, and that of the faces II, 
IIII, is 0-986 inch, the length is 40°30 inches. The faces were carefully planed and 
polished. The bar was cast at an inclination of 45° to the horizon; the casting is not 
absolutely perfect, there being a small hole in one of the faces. The weight of this bar is 
10°16 lbs. 

2. Cast-iron bar marked R; the faces severally marked J, IT, III, III, the section is 
a square; the breadth of each face is 0:990 inch, and the length is 40°30 inches. The 
faces are carefully planed and polished. ‘The bar was cast in a horizontal position, and is, 
though a good casting, less perfect than Q. The weight is 10°19 Ibs. 

3. Wrought Swedish iron bar marked S. The faces carefully planed and polished are 
marked I, II, III, III, the section is a rectangle; the breadth of faces I, and ITI, is 
0'992 inch, and that of faces II, IIII, is 0°957 inch; the length is 40-30 inches and 
the weight 10-87 lbs. ‘The material is of very excellent quality, and has the appearance 
of steel. 

The method of conducting the experiment was this— 

AB is an elastic bar having under it four 

supports PQQ’P’ capable of motion in a 

vertical direction only. In the upper 

4 a m figure the outer supports PP’ are raised 

/ \ and the inner supports QQ’ withdrawn 

—>S 5” from below, so that the bar rests only 

4 7 on PP’. If the outer supports be now 

lowered and the inner raised we have the 

state represented in the lower figure, where 

é the outer supports are withdrawn, and the 

| m bar is carried by the inner supports only. 

- nS) Qo Am Bm’ rn rn’ are perpendiculars raised 

AG . 9° from the surface of the bar and rigidly 

r connected with it, so that when the bar is 

bent the perpendiculars remain constantly 

at right angles to the bar at their base. 

These perpendiculars are of wire secured to the surface of the bar, and on the top of each 

a fine dot is engraved. It will be seen that the distance of these dots at m 2 n/m’ will 

vary considerably more than corresponding points on the surface of the bar. If p be the 

length of the perpendiculars, & the depth of the bar, then the effects of flexure in AB 

are increased in the proportion of p+ 44: 4%. Over the points mmm nn’ are adjusted 

micrometer microscopes, and by these are actually measured the changes of length of 

mm! mn’ nm’ as the supports are altered. ‘The supports QQ’ are equidistant from the 
centre, and the bar may rest in four different ways, viz., on 

PP’, PQ’, QP’, QQ. 

It is essential to the obtaining of trustworthy results, that the transfer of the bar 
from one pair of rollers to another be easily accomplished, that is, without the bar being 
handled; this will be effected if we are able to raise or lower any of the rollers without 
touching the bar. 

Each of the rollers actually employed is a cylinder of brass, an inch long and an inch 
in diameter, having a small flange to prevent the bar slipping off, not however exactly 


¥ 
Be. 


‘ow 
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cylinder, as two of them are slightly concave, and the other two slightly convex or barrel 
ahaped: the object of this being that the bar may always get a true bearing or be supported 
on three points. The rollers are mounted each in a small brass framework, in such a 
manner that by the turning of a vertical screw mnf(see Figure 7, Plate V1.) the roller & is 
drawn upwards or let down. ‘The screw is of fine thread, and great pains were taken in 
the construction to make the roller firm and free from all shake, while its motion by means 
of the milled-headed screw is easy. 

The roller frames are screwed down in any required position in the bottom of a box 
specially made for these experiments. The length of the box is four feet; along each of 
the inner sides is marked a scale of inches and parts, so that the rollers may be placed with 
great accuracy at any required distances from the centre of the bar. ‘The two essential 
points of the adjustment of the rollers are that they be all four truly in line, and that the 
axis of cach be truly perpendicular to that line. ‘They are then firmly screwed down to 
brass plates in the bottom of the box. The latter rests on the camels of the comparison 
apparatus, and so can be adjusted laterally or longitudinally under the microscope. 

Four microscopes were arranged in line over the bar; the distance of the outer 
microscopes H, K was exactly 40 inches from centre to 
centre. The inner microscopes A, C were 20 inches apart 
from centre to centre, cach being midway between the 
centre of the bar, and one of its extremities The 
microscopes were carefully aligned, and their axes made 
truly vertical. 

The perpendiculars to the surface of the bar were 
affixed as in the annexed figure, where Q represents the bar 
in end elevation, efgh a piece of brass nearly fitting three 
sides of the bar, but allowing a little transverse play. It can 
be fixed and held tight by the four small screws when 
adjusted into line. To the upper surface of this brass is 
rigidly fixed in a vertical position a piece of iron wire, and 
on the top of this wire a piece of platinum is Ict in. On 
the platinum is engraved a fine dot. Fcur of these per- 
pendiculars are attached to the bar at distances of 10 and 20 
inches precisely on either side of the centre ; thus the outer 
ones are each o'15 of an inch from the extremity of the bar, 
the length of which is 40°30 inches. 

The supporting rollers were placed at various times in the following positions :— 
1. At 20 inches left and right of the centre; the supports so placed are designated 
EE’ respectively. 
2. At 2 inches left and right of the centre ; designated CC’. 
3. At 11°63 inches left and right of the centre; designated NN’, this being the 
normal position for two supports computed from the formula (35). 


4. At 6°72 inches left and right of the centre; designated SS’, being one sixth the 
length of the bar distant from the centre. 


The bar was not observed in these positions only, but on unsymmetrically placed 
supports. Jor instance, suppose the four rollers are fixed in the positions ESS’E’ (the 
accented letters invariably denote supports to the right of the centre), then the bar is 
compared with itself in four different. positions :— 


Bonnemennnnan 





Iston ..... _ EE’ 
203 4). as 8S’ 
gd ,, ..... ES’ 


4th ., we... SE 


and it has been shown that in these last two positions the bar is for one half concave, and 
the other half convex. 
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On referring to the figures, page 31, it will be seen that the displacement of the top 
of a perpendicular is— 


(p+ yn & 


where p is the length of the perpendicular and = the inclination of the bar at the base 


of the perpendicular. The actual length of the perpendiculars employed is two inches 
precisely, hence the displacement is— 


If we differentiate the equations 20 and 21, substituting the proper value of a, b, BY, we 
get for that portion of the bar which includes its centre, the following values of ie tor 


10 different dispositions of the supports. 





e 1 dy 

Supports. Naluce.of ‘ de 
CC’ — 807502 — :008272 2° 
NN’ + 1795502 — 008272 28 
EE’ + 9'9250 x — 008272 2° 
NC’ — 2119 — 6°6620 & — *35325 4% — '008272 a 
CN’ + 21119 — 6°6620 & + *35325 ew — *008272 2% 
EN’ + 23°47 + 4°6326 @ — °13230 a — ‘008272 0 
NE’ — 23°47 + 46326 @ + 13230 2? — ‘008272 x* 
SS’ — 3°3584 2 — 1008272 2° 
ES’ + 13°40 — 0'0188 2 — *24861 a — ‘008272 2° 
SE’ — 13°40 — 00188 x 4+ °24861 2 — ‘008272 «° 


and for the portion of the bar to the right of the right support, or to the left of the left 
support (after the proper change of sign) : 


CC’ + —_2'00 — 10°0750 @ + *50000 wv — *008272 a5 
NN’ + 67°67 — 10°0750 % + “50000 2? — ‘c08272 a" | * 
EE’ + 200°00 — 10°0750 2 + ‘50000 wv” — '008272 2° 
NC’ — 17°79 — 10°0750 x + *50000 2” — *008272 2? 
CN’ + 4104 — 10°0750 # + “50000 27 — ‘008272 28 
EN’ + 109°00 — 10°0750 % + ‘50000 2? — ‘008272 2° 
NE’ + 123°60 — 10°0750 a + "50000 a — ‘008272 2% 
SS’ + 22°56 — 10°0750 % + .50000 2” — *008272 2° 
ES’ + 47°17 — 10°0750 x -F *50000 a — :008272 x 
SE’ + 87:16 — 10°0750 % + "50000 a? — *008272 wx 





The quantities obtained from this table by making + + 10 and + 20, will, when 
nuultiplied by » (2 + 4%) or (equation 9) by— 


x (4 + *) (53) 


give the disturbances of the tops of the perpendiculars. 
11423, E 
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The numerical quantities to be multiplied by (53) are found to be— 


Supports. 





CC’ 
NN’ 
EE’ 
NCW’ 
CN’ 
EN’ 
NE’ 
8s’ 

ES’ 

SE’ 


1+] 1 


}+!++1 





The disturbances are measured, positively, inwards towards the centre of the bar. 
The columns m, n, 7’, m’, refer to the perpendiculars so marked, in order from left to right 
in the figure, page 31. 

If [m, m’] signify the diminution of distance of the tops of the two outer perpendiculars 
when the bar is supported on two given supports, as compared with their distance when the 
bar lies undisturbed on a horizontal plane, and if [m x’] [nm m’], signify the same for the 
distances m n’, n m’, then their actual values will be as follows :— 









Supports, [m n’] | [m m'] | [2 m']} 
CO’ — 122'70 — 131°36 — 122°70 
NN’ + 7°27 — 002 + 7°27 
EE’ + 223°30 + 264°64 + 223°30 
NO’ — 103'45 — 11411 — 103°85 (54) 
CN’ — 10385 — i211 — 103°45 
EN’ + 104°23 + 97°25 + 69°14 
NE’ + 69°14 + 97°25 + 104'23 
Ss’ — 81'58 — 90°24 — 81°58 
ES’ + 7°63 —- 103 — 1775! 
SE’ — 17'51 — 1'03 + 7°63 





where each quantity is to be multiplied by— 


30 (4 + k) 
“ak? 


5 7, 

The first observations were made on Q. The section of this bar may be taken as a 
square, the difference of the faces being very minute; also & = 0°987. 

The method of procedure is as follows :—the bar resting on NN’ is made level by the 
elevation or depression of the supporting rollers NN’; the microscopes are then adjusted 
over the dots (which have themselves been carefully aligned), their axes made vertical, 
and the micrometer screw adjusted carefully parallel to the length of the bar. In each 
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pone of the bar the four microscopes are read twice, viz., in the order H, A, C, K, 
C, A, H. The values of one division of the micrometer in these microscopes are, 
in millionths of a yard, 


forH....... 0°7949 
gi Ee teat 1°377 
p90 Coke sn ile 0° 869 
Pe oe ere 0'7980 













Rollers. 


EE’ | 76°6 35'4 596 | 95°5 


CC’ 20°7 6°6 3°3 19°6 
19°9 64 3°5 19°3 
EE’ 86"4 43°6 52°2 84°5 


865 | 434 | 520 | 874 
CO’ 














The microscopes being once adjusted to focus are not again altered, but in every case 
the dots are brought by the elevation or depression of the supporting rollers into the 
focus of the microscope. It is evident there must be always a slight error in focus to be 
dispersed among the dots on account of the flexure of the bar, the foci of the microscopes 
remaining in a fixed and horizontal straight line. The flexure of the bar, however, 
is not of sufficient magnitude to cause much trouble to the observer, though it is quite 
perceptible, 


The following results are the means of four comparisons one on each fuce, expressed 
in millionths of a yard. A [mm’] means the variation in the distance of the dots m, m, 
corresponding to the change of supports specified in the left-hand column of the table. 


A[mn'] A[mm'] A[nn'] 


Chango of Supports 


from to 


57°8 
25°O 
16%4 
— 36'2 
— 318 
— 317 


I 
Wie b Bb RN 
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The following sets of comparisons are with the face marked IIIT uppermost. 





| 


Change of Supports 





, 4 le ft 
Set. | | A[mn'] | A[mm'] | A[nm'] Coie 
from | to | 
| 
| 
I | CC’ =: EE’ 93'8 107°0 97°4 8 
2 | » |» 92°5 104°9 98°3 10 
3 1 » » * 93°2 107°3 8-2 8 
4 |» ” 93°9 | 106°7 94° 10 
oil » a » | 932 | 106"4 g2°8 12 
| 


5 
t j | 





On the completion of the first set in this table it was observed that unsymmetrical 
results were being obtained, inasmuch as we should expect to find A [yn] = A [nm]. 
This might be explained by supposing one end of the bar less flexible than the other ; 
consequently further series of comparisons were made with the view of ascertaining, by 
the reversal of the bar, the real cause of the discrepancy. In the second sct, the end of 
the bar marked Q was, as in the first set, to the left. In the third set, the end marked Q 
was reversed, and placed to the right. The same peculiarity in the result still remains, 
as though the /eft end of the bar were less flexible; we have for A [mn'] 93°2 and for 
A [nm’] 98:2. It is therefore clear that the discrepancy is not in the iron, as we should 
have found it reversed on reversing the bar, which is not the case. Nor can the cause be 
sought in mere errors of observation ; the testimony of the individual comparisons in each 
of the three first sets is uniform. Nor is it any peculiarity of an observer, as three 
different observers made the comparisons in regular routine. It is difficult to account for 
any unsymmetrical result, as there is nothing unsymmetrical in the apparatus or mode of 
observing, with this exception, that the rollers under the left half of the bar are concave, 
while those on the right are convex ; so that on the left the bar is supported towards its 
outer edges, while on the right the contact of the supporting roller is at the centre of the 
breadth of the bar. The friction of the rollers is, through special attention in their con- 
struction, the least possible. ‘The force which will just move the bar on its rollers is 
between four and six ounces. 


Previous to the commencement of the set marked 4, a slight inclination in the direction 
of the micrometer screw of the right hand microscope to the true line of measurement was 
detected and adjusted. 


In the fourth set, the mark Q was to the right, and in the fifth, Q was to the left. 
In these two sets the results are perfectly satisfactory. But the disappearance of the 
anomalous results is certainly not to be explained by the adjustment just referred to, as that 
ae is quite insufficient; moreover, it is only a temporary disappearance, as we 
shall see. 


We shall reject the sets marked 1, 2, 3, in this table, and retain as the final result, the 
mean of the last two; viz. :— 


Change | 


of Supports. | ale) | A[mm'] {| Afam’ Number. 








| 
CC’ to EE’ | 93°5 | 106'5 | 3° | 22 comparisons. 
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If we now compare these observed changes of length with those obtained from the table 
(54), we can by the method of least squares obtain the value of the multiplier; the 
result is 


k 
ee) = 0'2714 


“.¢@ = 0°7I21 
where a is the extension or compression of the bar Q under a force equivalent to its 


own weight (10°16 lbs.), and ace in millionths of a yard. 


This being the measure of elasticity of the bar, the observed and computed variations 
of length will stand as in the following table :— 














Changes of Supports Amn’) A[mm'] 4 [nn’] 
from to Observed. | Computed. Observed. Computed. Observed. Computed. 
! 

NN’ EE’ 57°8 58°6 70°7 71°38 60°7 556 
A EN’ 25°0 26°3 25°9 26°4 174 16°38 
NE’ 16°4 16°8 26°8 26° 285 293 
n CC’ ge i) = g5g? | gel) age Pease lh 2353 
i. NC’ — 31°8 — 30°0 — 318 — 30°4 — 32:2 — 301 
" CN’ — 31°7 — 30°L — 31°8 — 30°4 — 324 — 30°4 

cc EE’ 93°5 93°9 106°5 107°5 93°4 93°9 





8. 


In the bar R, cast in a horizontal position, k = 0'990 inch; the section being very 
accurately a square. 


Two series of 8 and 10 comparisons respectively give for the change from CC’ to EE’ 
(face I uppermost.) 


Afmn'] A(mm’} hoa | 


92°7 104°8 96'0 





i 
L | 
gra | 1O5 "4 | 95°6 


Here we have again, with a different bar, the anomaly of A [mn’] < A[nm'], The 
observations themselves are satisfactory enough. In a third series of 14 comparisons on 
the same face, the anomaly almost disappears. We have,— 


A[mn'] Af{mm’} A[nm') 


92°6 104°5 | 93°3 
| 
We shall take this to be the true representation of the effect of flexure. 
With face I uppermost the bar was compared in its different positions on E, S, S’, Ey, 
seven comparisons; and with the opposite face III uppermost, five comparisons on the 
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same rollers. On comparing the observed and theoretical changes of length, we get for 
the multiplier,— 


gag tk) _. 
a 2652 
a = *6997 


This being the measure of elasticity of R, the observed and computed changes of 
length will stand as in the following table :— 











Face | Changes of Supports A[mn'] 4 [mm') A[am'] 
of = s28 pbs 2 ete Bee tot _ ae: 
Bar. | | : 
from | to Observed. | Computed. Observed. Computed. Observed. Computed. 
| Z jae Nee ee Se Ned ea Ls aoe 7 
J EE’ ss’ — 82°73 — 80'9 — 945] — O4'l — 79'4 — 80'9 
a a ES’ — 588 — 5772 — Fig] — Joy — 62°8 — 63'9 
» ” SE’ — 63°5 — 63°9 —- 7°°° — 704 — 552 | — $772 
II EE' ss’ — 82'5 — 809 — 950} — g4 — 80'7 — 8o'9 
» ” ES' — 593 | — 572 | — 718) — Jou] — 643 | — 63°9 
” » SE’ — 652 | —639 | — 71B} — jog] — 581 — 57°3 
I CC EF’ + 92°6 + g1'8 + 10495 | + 1050] + 93°3 + 918 





In order more satisfactorily to test the hypothesis of the equality of expansion and 
contraction of the material under the same directly applied force, or in other words to test 
the centrality of the neutral axis, the following experiment was made :—The bar resting 
on the extreme supports EE’, a weight of 9°45 lbs. was placed on the centre of the bar 
(covering just one square inch of the bar’s surface), and the resulting variation in length 
repeatedly observed. With the face IJ. uppermost, the contraction of the distance between 
the tops of the outer perpendiculars,— 


A [arn] = 96°34 
with the opposite face [IIT uppermost, there resulted,— 
A [mm’] = 96°58 


Observations were then made upon a point two inches below the under surface of the 
bar to ascertain the extension of the under part of the bar, when weighted at the centre. 


This was effected as follows :—Into the end of the bar 
was screwed firmly a piece of wire, bent into the form 
shown in the annexed figure, where R is the extremity of 
the bar, and E’ the right supporting roller. The lower part 
of the wire being bent in a horizontal direction, carried 
a small disk of platinum with an engraved dot at precisely 
2 inches below the under surface of the bar. The micro- 
scopes being adjusted over these points, one at each ex- 
tremity of the bar, the observations were proceeded with 
as before. The increase of length produced by the weight 
being placed on the centre of the bar (face I uppermost) is, 
from 5 comparisons, 





A [mm] = 96°00 
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where as the contraction for the points above the surface we have found from the mean of 
the observations on faces II and III to be,— 


A [mm’] = 96-46 


This satisfactorily establishes the position of the neutral axis as at the centre of the 
bar. 

The observed variations of the distance of the upper dots mm’ when the weight is 
placed on different points of the bar’s length is shown in the following table :— 


On extreme Supports E EF’ 


Position of weight. 


Face of Bar 
uppermost. 


| 
| 5 in. deft Sin. right | 10 in. left 10 in. right 
Centre. of centre. of ceatre, | uf centre. of centre, 
t 1 


96°34 gor7 go6 
96°58 go'8 go's 





Now from (48) it appears that if a bar be resting on supports at the distances + 6 
from the centre, and if a pressure = 8 x (weight of the bar) be applied at a distance + 0’ 
from the centre, the effect upon points elevated to the height p above the surface of the bar 
at the distances + & from the centre is,— 

15 (p+ 4k) ( — 6%) 


or,—- 


ab (at f) (a _ py (55) 


For the bar R this formula gives, for b° = 0, b' = 5, b’ = 10, the followiug,— 
98-39; 92:24; 73-78 


which are somewhat larger than the observed quantities. It must be borne in mind that 
this bar is not a very perfect casting. 


9. 


For faces I or III uppermost in the bar S, 4 = 957. With face I uppermost, and 
over the supports NCC’N’, seven comparisons were made; and with the face LI upper- 
most, and over the supports ENN’E’, six comparisons were made; and finally with face LII 
uppermost and over the supports ECC’E’ 16 comparisons were made. The observed 
variations of length being compared with the theoretical variations from table (54) 
we get,— 
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In the following table are collected the observed and computed variations of length. 





























Changes of Supports 4 [m2] A [mm] A Lam’) 
from to Observed. Computed. Observed. Computed. Observed, Computed. 
NN’ CC — 218 — 22°4 — 22°3 — 22°6 — 23°5 — 22°4 
” NC' — 181 — 19'1 — 19°3 — 193 — 20°7 — Ig! 
” CN’ — 19'1 — 19°1 — 19°38 — 19°3 — 20°9 — 19'1 
» EE 39°2 37°2 45°7 45°6 37°9 37°2 
se EN’ 18° 16°7 16°90 16°97 9'6 107 
NY’ 10'9 10°7 16°2 16°7 15°8 16°7 
CC’ EE’ 60°8 59°6 67°1 682 59°5 59°6 





During the observations of which the results are given in the four last lines of this table, 
the rollers were reversed, that is, the concave-surfaced rollers which had been hitherto under 
the left end of the bar were placed on the right, and the convex on the left. 

In the next series with this bar, three points only were observed; viz., mm’ at the 
extremes ; and a third, elevated above the precise centre of the bar,—we shall call this point 
i. It is at the same height above the surface as the others, namely, 2 inches exactly. The 
variations in length A [mi] and A [im’] of the two halves of the bar as the supports 
changed from EN’ to NE’ were then observed; ten comparisons with face II uppermost, 
and 12 comparisons with face IIII uppermost. 






Change of Supports 
Face. 9} —————_—_——_—__|_ A [mi] A [im’] 


from 





The theoretical value is 


ae x 61°55 


Here k = +992, which gives 
— A [mi] = 9:9 = A [im] 


The effect of a weight placed at the centre while the bar rested on EE’ was also 
observed, and the results are shown in the following table :— 








A [mm’] 
Face. Points, 
Observed. Computed, 
I Upper - | 58°38 59°89 
Ul Upper - 58°27 59°89 


I Lower - 59°01 59°89 
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Of these results, the last is the mean of six observations, the former of two each. It 
is sufficiently clear that the neutral axis is exceedingly close to the centre of the bar. 


10. 


The differences which remain between the observed and computed variations of length 
in each of these bars, though really very minute quantities, are yet far too large to be 
attributed to mere errors of observation. ‘They may be due, perhaps, in sinall part to the 
friction of the rollers, which is not easily subjected to calculation, as it cannot always be 
determined how it is acting. A more probable source of error is the tendency of the 
perpendiculars to ride upwards when being fastened on to the bar. ‘This will be easily 
understood from the figure page 32. By the pressure of either of the lower screws, if not 
carefully applied, the little brass framework separates from contact with the upper surface 
of the bar. But this will not account for the principal differences. The runs of the 
microscopes are very well determined, and the inner microscopes A, C, were interchanged 
during the observations. The inevitable imperfections in focussing may have been a source 
of more error than the observers could have expected. 

The total number of micrometer readings in these experiments is 2984. 


11423. r 
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IV. 


DETERMINATION OF THE 
ERRORS OF DIVISIONS OF 


OF. 


1. 


This scale, of which the upper surface is represented in the accompanying diagram, 
is divided into 12 inches; the thirteen lines are marked abcde fghkimnp. The 
extreme inches ab and mp are divided each into tenths, and two of these tenths in each 
inch are again subdivided into hundredths. 


wari O O 


a24o8h ¢ d é f g h k i m n p 





The tenths in ad are numbered from a towards 6. The space between the second 
and third lines is subdivided into hundredths, as is also the space between the sixth and 
seventh, as indicated by the dark lines. The inch xp is similarly subdivided, but this 
part of the scale is not considered in the present investigation. 

The lines of which the errors have been determined are 


234678 bedefg 
together with the 18 lines subdividing into hundredths the two tenths. 

The bar is supported on the same cast-iron stand on which the standard yard at other 
times lies. In Figure 5, Plate VI., the foot f is seen supported on the stand 4d’. It rests 
immediately on a piece of iron e ee an inch broad and about a quarter of an inch thick, 
the middle part on which the bar rests being lower than the extremities. The extremities 
are supported on the two rollers which are held by the brass uprights cc’. The peculiar 
shape of the piece ee ¢ is owing to the circumstance that the divisions on the standard 
yard are half an inch below its surface, while those of the foot are on its surface, and the 
vertical play of the screws which raise or lower the rollers is not sufficient to meet the 
requirements of the two bars. 

The method of procedure is as follows :—-The microscopes being set up at six inches 
apart, the spaces ag, gp are compared; this gives the error of the position of g. The 
microscopes are then set up at five inches apart, and the spaces af, bg compared. They 
arc then set up at four inches apart, and the spaces ae, bf, cg compared; and, finally, 
the microscopes being at three inches apart, the spaces ad, be, cf, dg are compared. 

The errors of the tenths of inches in ab were obtained as follows:—A small and 
beautifully divided silver scale, containing three tenths of an inch, was mounted to the 
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left of the bar OF, and precisely in the same line with it, at the distance of about twelve 
inches from ab. The four lines on the silver scale marking threc tenths of an inch are 
numbered o I 2 3, the tenths are subdivided into hundredths, which, however, we make no 
use of here. The silver scale and OF are both mounted on the block of wood aa’ 
shown in Plate VI, Figure 5. This figure represents the mode of measurement of the 
small space of .3y inch on the Contact Apparatus h, on the right off; under the micro- 
scope K; but it will serve equally to explain the measurement of the tenths of inchcs on 
at; for the small silver scale, mounted on a brass stand, occupied the place of » in 
Figure 5. The only difference is that the silver scale was on the left under H and the 
foot to the right under K. The small silver scale is secured to its brass stand (which is 
purposely weighty) by a couple of small springs pressing upon the extremities of its upper 
surface. It is also to be observed that OF can be moved some three quarters of an inch 
cither to the right or left of its central position by causing the piecc ¢ e ¢ to run upon the 
rollers which support its extremities. 

First, suppose the lines o in the silver scale and a on OF to be brought, by the 
longitudinal running of the carriages yy, g’g’, into the centres of the fields of view of the 
microscopes, the former under H on the left, the latter under K on the right, and bisected 
by the cross-hairs of the micrometers, near the zeros. ‘Then suppose the carriages to be 
run just two tenths of an inch to the left, we shall have the lines 2 on the silver scale 
and 2 on OF near the zeros of the microscopes; these lines being bisected, it is evident 
that we know the difference of length of the space o to 2 on the silver scale and a to 2 
on OF. And in this manner we may compare any of the tenths on ad with the tenths 
on the silver scale, and so, by properly arranging the observations, obtain the relative 
lengths of the tenths of’ ab. 

The lines subdividing ab with which we are most concerned are 2, 3, 6, 7, but we 
cannot determine these without at least some of the others also. We may proceed in 
various ways ; for instance, determine the values of each tenth as compared with one tenth 
on the silver scale ; or compare the successive double tenths [a-2], [1-3], [2-4],....(8-3] 
with a space of two tenths on the silver scale, and the single tenths [a-1], [9-6] with 
a space of one tenth on the silver scale; or we may compare the double tenths [«-2], 
(2-4], [4:6], [6-8], [8-6] with a two-tenths space on the silver scale, and the three 
tenths [2-5], [3-6], [4-7], [5-8] with a space of three tenths on the silver scale ; 
or compare the double tenths as in the preceding case, and the four centre tenths 
[3-4], [4-5], [5:6], [6-7] with a space of one tenth on the silver scale; or, among 
many other available combinations, the following :—compare the successive double teuths 
(a-2], [2-4], [4:6], [6-8], [8-5] with a space of two tenths on the silver scale, and the 
three tenths [a-3], [3-6], [4-7], [7-8] with a space of three tenths on the silver scale. 

If in each of these cases we investigate the algebraical expressions for the required 
errors of division, and also the probable errors of such determinations, it will be found 
that the last named is the best. It has therefore been adopted. 

With respect to the subdivisions of [2-3], [6-7] into hundredths, each hundredth 
has been measured twenty times with each microscope, by which means their errors are 
very accurately obtained. 


2. 

On each of the platinum disks which mark the inches, and on the platinum slips which 
bear the subdivisions of the extreme inches, are traced two parallel longitudinal lines. 
These form fragments of a pair of parallel straight lines running the length of the bar and 
defining the part of the lines (transverse) of division which is to be observed. It will 
be convenient to give a name to that imaginary line which lies on the surtace of the scale, 
parallel to and midway between the parallel lines just referred to. We shall call it the dine 
of measurements. So, on the silver scale, those points of the transverse division lines which 
are actually bisected by the microscopes lie in the line of measurements of that scale. 


ne 


44 


In determining the errors of the inch divisions, the adjustments are the following :— 
1. The upper surface of the bar to be traly horizontal. 2. The line of measurements to 
be parallel to the rails or direction of motion of the carriages. 3. The micrometer micro- 
scopes to be placed with their axes vertical, and their foci in the line of measurements 
on the upper surface of the bar. The distance of the zeros of the microscopes is for 
convenience made to exceed the quantity under measurement by from 10 to 4o divisions ; 
so that the points will lie in the following order if, for instance, the microscopes are three 
inches apart, and the points ad under H and K respectively 

za ; d x 

z 2’ are the zeros of the microscopes; and za is the quantity measured by H, and z’d 
that measured by K. In this position all measurements are positive; if a be the reading 
of Hand 6 that of K, / the value of one division of the micrometer in H, & the value of 
one division of the micrometer in K, then Z being the actual distance of the points z 2’, 


Z = [a-d] + ah + Bk. 





The method of observing and recording the observations is as follows :—Suppose, for 
instance, the six-inch spaces ag, gp are being compared. ‘The lines a, g are first brought 
into view in the microscopes TH K respectively, and by the movement of the slow motion 
screws (transverse) of the carriages the line of measurements is made to pass through the 
cross-hairs of the two microscopes; the lines are then bisected and readings taken in the 
following order,—1. one of H, 2. one of K, 3. one of H, 4. one of K, 5. one of H, 6. one 
of K, ‘Thus we have three readings of a and three of g. The bar is moved six inches to 
the left, and g, p come into view under the microscopes H, K respectively. The transverse 
adjustment being imade, to cause the line of measurements to pass through the cross-hairs 
of the two microscopes, the lines g, p are observed in the same manner as were a, g; that 
is, three readings of each are taken, the microscopes being read alternately. We have now 
one comparisou of ag, gp. At each visit to the Bar Room ¢hree comparisons of the two 
spaces are made, involving thirty-six micrometer readings. ‘The spaces are brought under 
the microscopes in the order 


a8, EP + SP, aS = 48) Sp 
or the reverse— 
S&P; 4 : a8, 8p: Fp, a& 


The following is a specimen page of the observation book, being the readings taken at 
one visit :— 








Date. Readings of Readings of 
ni Space. |—-—— Space, 
server, 
H = ~=6O«K 
December 12, 13°3 186 
2.30 Pa. ay ag 138 | 18°6 
1374 188 
13°30 | 186 
gp ag 13°3 18:8 
137 | 18°6 
Quartermaster Steel, 14°3 16'0 
R.E. gP IP 140 | 157 
14°2 | 16°2 
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Here we have three distinct comparisons of ay, gp, each comparison involving twelve 
micrometer readings. We may either treat the comparisons separately, or take the mean 
of all the readings of ax and of gp. ‘Thus, it « be the mean of the nine readings of @ 
under H, #6 that of the nine readings of ¢ under K, and if @’ 9 similarly pertain to gp, 


Z= [a-g] + ah + Bk 
Z=[g-p) +eht+hee 


These equations we shall take to be the result of this visit. The scale being left 
continually under the microscopes was visited three times a day. The ninety comparisons 
of the six-inch spaces occupied five days in November 1863 andsix days in December. 
The comparison of the five-inch spaces af, bg, similar in every respect to the above, 
occupied seyen days in November aud two in December,—in all fifty-one comparisons. In 
the comparison of the four-inch spaces, which occupied three days in November and six in 
December, at each visit two comparisons of the three spaces were made in the order 


ae, bf, og: cg, bf, ae 


involving thirty-six micrometer readings. Lach visit or page of the observation book gives 
then this result : 


Z=(a-e] +ah + Bk 
Z=([b- fl tah + Wk 
Z= [e-g] + ah + BK 


where each of the quantities « a’. . . is the mean of six micrometer readings. There are 
fifty comparisons in this series. 


The comparisons of the three-inch spaces occupied four days in November and four 
days in December. At each visit were obtained, from forty-eight readings, two comparisons 
of the four spaces in the following order 

ad, be, cf, dg : dg, cf, be, ad 
giving the results— 
Z= [adj +ah +k 
Z=[b-e] tah + Bk 
Z=([efJtoah + 6k 
Z= [d-g'] + a"h+ pk 


where each of the quantities « a’. . . is the mean of six micrometer readings. There are 
fifty comparisons in this series. 


The total number of micrometer readings from which the errors of division of the 
lines bc de fg have to be deduced is 3792. 


In applying to these observations the method of least squares, we shall determine 
errors of divisions which shall make, not the sum of the squares of the errors of the 3792 
individual micrometer readings a minimum, but the sum of the squares of the errors of the 
determinations at each visit a minimum. 


: Tables I, II., ILI., [V. contain the results of the observations on the six-inch, five- 
inch, four-inch, and three-inch spaces in the form explained above: the binomials ranged in 
a horizontal line in each table being the results of one visit. 
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OBSERVATIONS FOR DETERMINING 


tne Errors or Inco Divisions on tut Foot OF, 


Microscopes 6 inches apart. 


TABLE I. 





Z— [ey] Z—[9'P] 
— 417h + 23'40k — 371h + 20'60hk 
+ 14°B1h + 19'30k + 16:29h + 1470k 
+ 19:37h + 14:91h + 1g3rh + 12°B4k 
2wigth + B72h 2519h + 64th 
13°9g7h 4+ 18'cSh 1s7h + 16°85 
Igizh + 1812k 13°770h + 166gh 
1273h + 19'70kh 1Z01h + 17'58h 
1g8Sh + 15784 1503h + 12°8gk 
1gogh + 15'23k Ig'6gh + 122ark 
1sl6h + 11'50h Iqgih + gatkh 
Igizgh + 10°6gh ig98h + 763k 
1g47h + 15'91k 1g'92h + 13°80k 
15'78h + 18:0gh 14'45h + 17°79k 
16'48h + 17°76k 1609h + 15'94k 
L1g2h + 22°06k Ilggh + 20'40k 
16-g4h + 17°67h 15700hk + 171k 
Ws2gh + 1855h 14934 + 15°82 k 
13°62h + 18:80% 14°57h + 16°924 
16°67h + 17°40hk 1yo8h + 15:27k 
15'40hk + 19'32k 15°30h + 17°83k 
1s77h + x17-71k 13°09h + 18:01k 
17°37h + 16°33h 20°1gh + 11°98h 
16°54h + 17°63h 527k + 16°:28h 
19°30h + 16'54k 19°69h + 13°67K 
16°38h + 1861k 1572h + 15'99k 
1717h + 16°46k 16°67h + 14°87k 
20°43h + 14710k 19°8Oh + 12°98h 
1621h + 1612k 16°79h + 141th 
16'42h + 15°8ghk 16°32h 4 14°34k 
+ 19'07hk + 141k + 17°83h + 14°80k 
+ + 


+ 15°82h 16°82 + 561k 


14°85 h 





N.B.—The last detached line in each of these tables is the mean 
of the quantities in the column at the bottom of which it stands. 
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Microscopes 5 inches apart. 
Taste II. 


Z— [arJ'] Z — [beg] 


16614 17°60h 
13°82 h ga4h 
OIG k 19°88 h 
7°36 hk 20°64 h 
13°797k IZ13h 
goo k 1707 kh 
145k 16°68 h 
11°36 k 15°40 h 
13°60k 15‘92h 
869k 1591 h 
4°99 & 14/09 h 
16'04 kh wrk 
1507 k 16°86 h 
15°64h 18°07 h 
16°51 k 156g h 
15°35 4 17°98 h 
15°26 4 18°33 h 


15°76 k 
19°39 h 
10°55 k 
1ri38k 
1812k 
14'02 2 
15634 
16°39 4 
16°22 h 
ZILA 
11°83 % 
1803 hk 
18°62k 
704g & 
20°81 h 
16°65 k 
16°09 k 


log h 
10°66 h 
164th 
19°42h 
13°96h 
17°44h 
16°97 h 
16°67 h 
14°73 h 
15°92 4 
16'54h 
15°39 h 
17°22 h 
16°39 h 
IG1nk 
15'96h 
15'92h 





H+ Fett tteetteeesstet 
4 FEET HHH Ht tgeettst 


15°44 


12°63 2 16°39 h 


1574h 





Microscopes 4 inches apart. 











Taste IIT. 

Z — [ae] Z — [bf] Z— [eg] 
19°83 h + 2165 hk 18°66 h + 20°604 20°50h + 24'8ok 
1go2h + 2107k 20°53h + 17'60h 1948 h + agg hk 
23°82h + 1912k 22°37h + 1843 24°28 A + 22°70k 
25°30h + 840k 27°63h + 14334 2560k + 23110k 
ag2oh + 14°65 2888 A + 13°43 h 2945 h + iBBSA 
agigh + 19°85 hk 1878 h + 23°55 % 19°22h + 29M6k 
arsoh + 23°68 4 20'80h + azi7k 23°55 kh + 2542k 
28o5h + 15°48 h 23°75h + 18°85 % 23°47 h + 26:29k 
24'goh + 18°37 k 23°0h + 842k 25154 + ar20k 
23°53A + 2105 hk 2a77h + 2073k 23°98 Ah + 24°68 2 
2rgoh + 25°32 4 21°33A + 2ay4ok 2ryohk + 30°02 4 
23°63h + 23°92 h aaboh + 23:27 k 246 h + arB5k 
aa85h + ras75hk 22°66h + 2505 h 23°00 h + 30°06 4 
20755 h + 2B:20hk 20°98 h + 26°68 4 20'52h + 33:13 2 
2z11h + 25°88 4 2118h + 25°35 4% 2p10h + 28452 
azigh + 2375h a246h + 230k 23°90 h + 2a750k 
20°62 h + 272k 20°63 hk + azz k aro5h + 33:03% 
24°18 h + 23°86k 23°38 h + 22°97 h ar4gh + a562k 
24708 h + 2525 k 255k + 23:28 2 2613h + 28:29k 
a4iBh + 246k 23°33 kh + 23:03h 21662h + 2640 k 
26°33A + 225k 27703 h + 20°96 % 26°96 kh + 26-95% 
24°33 + 23162 24°92 hk + 21°38 4 a767h 4+ aqsshk 
24°95 h + 2402k ag30h + 20°98 h 2582hk + arzok 
23°36h + 23°65h 2246 h + 2345 kh 2743h + 247k 
24°O5h + 24°27 24°55h + 23°30k 2560h + 2818h 
23°60h + 22°63h 23°00 kh + a1'80k 24°23h + 26'50k 
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Microscopes 3 inches apart. 











TanLe IV. 

Z — [b-e] Z — [ef] Z— [d-g] 
23°8Zh + 10°06 k 2387h + 10°95h 23°95h + 1o04r2k 2525h + 12°20k 
arg7h + 118k 21'°57h + Iagzk 2iysh + 1ig5k 21'88h + 5'00hk 
22°53h + 10°80k augzh + 12°83hk 20°5zh + 403k 23°9554 + 15'27k 
aagz2h + 1075% 2a88h + 11'°38h 22°30h + 242k 2146h + 15°88 h 
23°35h + 10634 2367hk 4+ S1°32k 2o722h + 443% a27a2h + 16:82k 
2163Zh + 11'°83h 207g2h + 14°35 4 19°65h + 14°50% 1g'98h + 17°68h 
17°40h + 16°60k 718A + 17284 16°82h + 18 48h 1643h + 2a19Bh 
21°33h + 12°4ahk iggoh + 15°65 h 19'BOk + 1432h ara7h + i6°78h 
21o7h + 13°86k 22°42h + 13°50k ar8BZh + 13°30k 2a4y8h + 13°65h 
WB4q2h + 15'05k 17728 + 16°88 K 1752h +.16'55k 16°36h + 21'00k 
15°38h + 18:62k 1p8oh + 20°53h 1V1Igh + azBrk 1472h + 237Zh 
Wy65h + 16864 15700 hk + 18°46 h 1620h + 1747k 17°78 hk 4+ 20°33h 
17'53h + 16°35h 1772h + iziik 18'80h + 17700k 19°33h + 1gg8h 
1983h + 13°83h 1838 hh + 16:27k 13h + 16°62k 1863h + 1g75h 
17'B2h + 16°68k iawzh + 17°08h 7g2h + 17°80k iBIrh + 20°37h 
15'23h + 1833h 15'9Th + 1865 kh 1666h + 17°68 1g'27h + 19'08k 
15934 + 14°48h 1575h + 15:28h 670k + 15°35h 17°38h + 17°55k 
503k + 14°87k 15'37hk + 15'48h 16°08 hh + 1447 hk 13°998h + arigh 
17-792h + 12°63h 1878h + 12°05k 1g48h + 1250k 212ah + 13°25k 
13°92h + 15'°76h T5'0Bh + 14'90h 1Z17h + 17707k 13°48 + 20°37h 
15°36h + 15°35h Ig’'1gh + 15°88 4 14°82h + 16'62k 16°53h + 18:13% 
1572h + 14°96h I445h + 177254 13°76h + 17°53h Wi2h + 16424 
2U52h + arv7gk arioh + 23°23k | 20°77 h+ aggrk aro5h + abgok 
2016h + 23°70k 19°56h + 23°964 20°06h + a2agto5 hk 23°78h + azq5h 
24°38 + 20°06 k 2447 hk + 21705k 24'65h + 20°68 hk aso5h + 2316h 
1gooh + 15710k 1B78h + 1617k 1B55h + 16°54 h 19°67 hk 4+ 18'82% 











Let 2, be the error in position of the line g, which is supposed to be equidistant from 
a and p, so that if the length of the whole scale, or [a-p], be = 12 I, 
[a-g] = 61+ 4, (1) 
ep] = 61-— v 


Again, let 2, 2, ©, x, 2, be the errors of the lines b c d ef considered as subdividing 
[a-g] into six equal parts, so that 


Pie Magee wre (2) 
[a-c]J=2 (ag) +a.=21l+u4,4+ 24, 
fa-dJ=¢@lag]) +a=31l+u4+ 34, 
[j= tlegl+ecaltet ta, 
l@sJ=éleg] t+y=slt+ytia 
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And again, let x, 75 24 254 2; 2, be the errors of the lines 2 3 4 6 7 8 with reference 
to the lines a and 4; that is, 


[a-2] — a [a-b) + Ls Yo I + z, + Yo r, + fo Ty (3) 
fa 3} =Ho fe J tun=Wl+t+atryout & +, 
fegh= Ate btau= lt atia tee, 
fe 6) =% fe 4 ta= ltt wont os, 
fe7J=fe4) +y=Al+athut ds, 
[e-8) = & [e-4) +a,= NT +04 2% % + vo 2, 
The value of z, results immediately from the means of the columns in Table I. 
[w-g) — [e-p) = [15-61 kh + 14-85 &) — [15-82 hk + 16-82 F) 
, 2u,= —o-21h~—1.97k (4) 


t,= —0-:10h — 0-99k 


1 


It is convenient to remember that / anil & are almost exactly equal to one another 
and to ;8, of the millionth of a yard. We shall obtain their exact values further on. 


In Tables I., II. each numerical quantity results from the mean of g micrometer readings; 
if the probable error of a single reading be «, that of cach binomial in these Tables is 
4e 2. Similarly, in Tables III, IV. the peepee error of each binomial is § ¢ / 3. 
The weight, therefore, of the quantities in ‘Tables I., IT. is greater than that of the quan- 
tities in Tables IIJ., IV. in the proportion of 3:2. In fact the 17 lines in Table II. 
result from 51 comparisons, but the 25 lines in ables III. or IV. from 50 comparisons. 


In Table IV. let the quantities in the 2" line be 
a, 6, Yn 6, 


The corresponding distance of the zeros of the microscopes 
31-2, 


In Table ITI., similarly, 
te, 6, Ve ’ 4 I- Zn, 
In Table II., similarly, 

Bian » SIT 2, 

Then the equations will be— 
; wy tay te = 
4A—-Vyute+h, = 
4-2, +a,+%n 
Bm Uy + 3, = 
2 + m+ a= 
2y— LV, + ve + By 
%— 4 tats 
®y— Uy +2; 


(5) 


| 
00000000 


11423. 
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21 +2,4+a',=0 


2 — wt, +6',=0 
2, as Ly ce a”, =o 
zy Xp +8",= 0 


The last equations, namely, those in 2’, have a greater weight than the others, as has 
been explained. They must, therefore, be multiplied by / 3, or, which will be sufficiently 
near, by the square root of = this will considerably simplify the solution. Solving by 
the method of least squares— 


4% —-%— %, + 4% + & +a t+ AB +n+4=0 

4% —%— 2, + 2, + Uy + % + 6B, +7 +4 =0 

4 2s — 2, — 4, +t + ty + oy + Ps +r + %=0 

3 2, —%— F, + 4, + 2 + a + By +71 =o 

3 z's — %— &, + 4+ to + ey t+ B, + 7’, =o 

3 2's —t%— 2%, + 4% + ty + a, + By + 7's =o 

22, — a, + a +a%t B% =°0 

zz, — 2X, + ty + 0%, + BY, =o 

22", — 2, + a + 0%, + 2"; =e 

— (2) — (2) — $4 (2") + 3 ne — nz, — nt, — (8) — (8') — #7 (PB ) =O 
~ (2) -(@) +222, — ney = (7) — (7) =o 
22, + (a) — (8) =o 

(z) + (2’) — Niky +2nz, | + (8) +(e’) =o 
(2) + (2) + 3} (2") — nay — nz, +3nz + (7) + (FH) + 4 (@") =0 
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Divide through each of these last equations by , which represents 25, and if 


represent the mean of the quantities z, z,... . 2,3 « the mean of a,a,.... as and s0 
on, we get, 

42z - %—4, +2u+ % +a+6+74+5=0 

32 —-— %& — 4, t+ar4+ % +e+6+7 =0 

22"— 2, + 2, + .a"+ p” =o 

—-z—-— 27 —24+ 34, ~~ = P= —p" = 

—2z— 2' +24, — 7 —-y~-7 =o 

24 oa ag 

zt 2’ — 2, +24, +B +a’ =o 

zt-2742"— x» — 4%, +3ay+ytih +e” =o 


Write now A, B, C, D, E, F, G, H for the absolute terms of these eight equations, 
and we get, eliminating 2 z’ 2”, the following expressions for z,.... . I, : 


o=i18%+3A4+4B4+5C+11D4+ 4E+ 2G+ H (6) 
o=i182+6A+8B+ C+ 4D+17E— 5G+ 2H 

o= 18 2, +oF 
%se,—-6A—8B— C+ 2D— 5F4+17G+ 4H 
o=18a—3A—4B—5C+ D+ 2E+ 4G4+11H 


° 
Il 


And the weights of the determinations are : 








.., 25:18 
2, weight 2 (7) 

25-18 
t, ”? 17 

tion ae 

: 25:18 
Xv ” J 7 

“18 

vy ” a 

If now we substitute for ABC. . . H their values in terms of «8. . ., we get 


o=62,+ a—28B+ of+ S420 —284+ o+20” —2 8" (8) 
o=64,+-2a-—- B—3y7+254 a 4+28'—37'4+ a” — Br" 
o= 64,+ 34 — 338 
o=64%,—24a4+384+ y—284+ 30 —29'— 7+ a” — BY 
o=6a,- a— of 27¥— 84+ oF 28 —27¥ 420" —2 8" 

a2 
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Here the quantities sought are expressed in terms of known quantities: and from the 


Tables we find 
= Igooh+ 157104 (9) 


a 
B= 1878h + 1617k 
y = 1855h + 1654k 
6= 19°67h + 18°82k 
a’ = 23°60h + 22:63 k 
B = 23700h+ ar80k 
y = 2423h + 2650k 
a” = 15'74h + 12°63 k 
"= 16°39h + 15°84% 
Whence, y= —- 017k + 053% (10) 


v= +o014h + 241k 
= +0334 + 186k 
y= +042h + 137k 
y= + 89h + 278k 


| 


3. 


The silver scale and OF being mounted for comparison, it is essential that the line of 
measurements in the one shall form one and the same straight line with the line of 
measurements on the other: further, that this line, being truly horizontal and parallel to 
the line of rails, shall appear, as viewed in the microscopes, to intersect the cross-hairs both 


in H and K. 


While the left-hand line, that marked 0, on the silver scale is in the zero of the 
micrometer H; by gradually moving F on its rollers, the lines @ 2 4.68 on OF can be 
brought in succession into the zero of K. At each visit to the Bar Room cach double tenth 
on OF (five in number) was compared with [o'2]. 

First, o of the silver scale under H and « of OF under K are read, giving 

ah+pk 


then by the motion of the carriages two tenths of an inch to the left, 2 of the silver scale 
and 2 of OF are brought under H and K; these lines being read, we have 


eh + Bk 


Secondly, o of the silver scale is brought under H and 2 of OF under K; the lines 


being bisected and read, give 
ah+ 6k 


then by the motion of the carriages two tenths of an inch to the left, 2 of the silver scale 
and 4 of OF are brought under H and K; these lines being read, we get 


ah + Pk 
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Thirdly, o of the silver scale and 4 of OF are brought under the microscopes and 
read, and so on. The order of observing is, in short, this :— 





H K 
Silver Scale. OF 

Left lines ...... Ons hos a 
Right lines... . .. 2: sas tore 2 
Left ......... On. Bdek 2 
Right......... Bi wi ctetes 4 
Lefts .cs cues Oren 4 
Right......... Bees 6 
Left: ¥s2ds Bans Ove eats 6 
Right......... BoP enys 8 
Deft: 23 settles O.5 i Pew 8 
Right......... 2 riehex tie b 


there being taken in each case three readings of each microscope for each line, as explained 
before. The results are given in detail in Tables V. and VI. 


Let S be the length of the silver scale [0.2], and S’ = [a-2] on OF. 
A A’ a a 
pemecmen{ —— 


In the diagram Iet AA’ = S, aa’ = S’. Let Aa = @: the distance of the microscopes 
= 9 + 2; then, when the left-hand lines are under the microscopes, we get 
qtah+hk=q+2 
ah+t+pBk—z=0; 
and when the right lines are under the microscopes, we have 
gq+tS—-S+e,h+P,k=qt+z2 
SV —-S4+e,h4+6,k —z=0 
“8 —S4+(¢,—4)h+ (6,—-—B)k=o 
*. [o-2) — [a-2] = (@',—a4)h+ (6, — B,) k 


Similarly, {o-2] — [2:4] = (#3 — a) a+ (8, — By) 
[o-2] — [4-6] = (a, — a) A + (6 — Bs) & 
{o-2] — [6-8] = (@#,— a)h+ (BL —B,)k 
[0-2] — [8-8] = (0', — a) & + (8, — BY A 


The comparisons of [0-3] on the silver scale with [a- 3] [3-6] [4-7] [7-2] are similarly 
effected. 
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Let the lengths of the spaces on the silver scale be 
{o-2] = as +z 
los]= 35+ 


and let a, @, a, a, a, be the observed excesses of the space [o-2] of the silver scale over 
a-2] [2-4] [4-6] [6-8] [8-0] of OF, and 6, A, 8, 6, the excesses of [0-3] silver scale over 
a-3| [3 4-7| [7-0] of OF; then we have the following equations :— 

z— 2, -4= (it) 


2—-aF¢%-a& = 


—Y4+e,-g= 


a 


Zt tuy-—a= 
2 + 4-45 
ety -—-pp= 


#— ay +a, — Bs 
Z—ar+t ue B, 
2 + 2, — Py 


000060C0UCUNUCUCONUCUCOOUlUCl8 


II 


We have here g equations containing eight unknown quantitics. Solving them by the 
method of least squares— 


o= 52 —%—a4,—a4—a4,—4, 
o= 47 +2—%- 8 -&—-A—w 

o= + 22, —v,+a,-— a 

o= +22, —a,+ 8, -— B, 

o= Zz — wv, + 3a,-—2, —-a, + 4, — a, — PB, 
o= —2 vy hy —av+a,— a, + 
o= — a4, + 22; + PB; — B, 
o= — 2% +22, + a, — a, 


Write ABC DEF GH for the absolute terms of these equations, and the values 
of 2 2! a, Vy X, X42, ©, will, by the solution of the equations, be found to be: 


o= 52+ A (12) 
o=20z2+6B-— C+ D-—-2E4+2z2F-—- G+ H 
o=2027,-—- B+%¥C+3D478E+3F+3G+iH 
o=20a,+ B+3C4+7D+3N4+7F4+2G+4+3H 
o=10z,— B+ $,C+3D47E4+3F4+3G+3H 
o=10o%+ B+$C4+3D+3E47F+364 5H 
o=2047,- B+ $C+3D47E4+3F4+%27GC42H 
o=20%,+ B+ C+}; D+3E4+7F+3G4%4H 
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Now, each of the absolute terms in the original equations is the mean of 25 different 


So that the 6 errors are determined with very nearly equal precision. 


determinations ; consequently the weights of 2, 75 2, 14 2; 7, are: 





a, weight oF 
eg oe 
mn 25.09 
ie, Se “52 
ie a a 


(13) 


If we restore to ABC DEF G H their values in terms of a, a, a, a, a, 6, B, By Ay 


402, = —27a, +134, + 8a,+ 3%, + 34; 


11435. 


we obtain values of 2, 25 2, 2 2, 2, a8 follows: 


400, = — 3% — 34,— 8a,4 7a,+ 74, 
40%, = —I14a, —14a, +160, + 6a, +4 6a, 
4or, = — 6a, — 6a, —16a, +140, +144, 
40%, = — 74 — 74, + Ba, + 3a,+ 3a, 
402g = — 3a, — 3a, — Ba, —13 a, +274, 
The values of a, a,.... , obtained from Tables V., VI. are: 
m4 = o6fh+ 758K 
%= 179h+1674k 
a= 243 h+ 565% 
%= 25h +13:20k 
a, 2:26 h 4+ 12°38 k& 
B= —058h + 1033% 
B,= 232h+ 315% 
B, = r4ih + 526% 
B= 394h+ 751k 
whence we get finally— 
t= 135A 4 328k 
a= V85h— 216k 


t%= 155k — 259k 


t= o79h+ 287k 
t= 2ogh—oizk 
z= ogoh + 102k 


H 


— 58: — 58 + 583+ 5A (14) 
—258, +158; + 58+ 5% 
—108, —10of, +108, +10f, 
—108, —108, +108; +108, 
— 5P: — 58: —15 8; +258, 
— 58, — 58, + 58+ 5%, 


(15) 


(16) 
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A. 


Each of the tenths [2-3] [6-7] is subdivided into ten parts, and it remains to 
ascertain the errors of these hundredth-lines. 

It is impossible to adjust a microscope to focus with the certainty of having no error 
in such adjustment. If a microscope be repeatedly brought to focus over a given surface, 
and if the distance of the object glass from the surface were measured each time, small 
differences would be found, very small indeed, but yet sufficient to influence the measure 
of a given space upon the surface under view. ‘The error arising in a measurement from 
this cause is proportional to the length measured: hence it is not desirable to measure 
largcr quantitics than can be helped. The measurement of the hundredths in each tenth 
was effected in this manner: The scale is first levelled and brought to focus with the 
greatest nicety; the left-hand hundredth is brought into the field and placed accurately in 
the centre, so that the defining lines are equidistant from and on opposite sides of the zero 
position of the wires. The left line is bisected (with one micrometer reading), and then 
the cross is carried over to the right line, which is bisected, and the micrometer read. The 
scale (focus remaining unaltered) is now run +3, of an inch to the left, until the second 
hundredth occupies exactly the position just vacated by the first. The cross will be found 
almost bisecting the right line; the bisection is made, the micrometer read, and the cross 
brought over by the revolution of the micrometer screw to the left line, which is bisected 
and read. The scale is again moved one hundredth of an inch to the left, and the third 
hundredth occupies the position just vacated by the second; it is then measured,—and so 
on. When the scale has been moved ten times one hundredth of an inch to the left, the 
last hundredth will be in the centre of the field of view, and its rmeasurement closes the 
operation. We have now from 20 micrometer readings the measures of the ten spaces, each 
measure affected with the same error, arising from the error of focus, inasmuch as the 
focus remained unaltered during the operation. If this be called one series, each series 
will be affected with a different error as the focus is re-adjusted for each series. 

The hundredths in each tenth have been measured twenty times each with each 
microscope in the manner explained above. The mean results of these measures, with their 
probable errors, are given in the following Table, expressed in divisions of the respective 
micrometers. ‘Che hundredths are numbered from lett to right. 


TasBie VII. 


Tenth [6-7] 


of Hun- K of Hun- 


Number Number 
dredths. dredths. 





1 
2 
3 
4 
5 
6 
7 
8 
9 


EEE HE IE EE LE + 
HELE EE HE + 
SOON OQ oar wD = 


Ie EEE Et + 
IE EEE EE I 


_ 








N.B.—The probable errors are determined from the differences of the 20 individual measures in each 
ease with their mean. 
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From these meusures we may readily find the errors of the nine subdividing lines in 
each tenth. If m, n,--- ,) be the successive measures of the tenths, the errors of division 
will be: 


to (9M— M— NMs—- Mh M— %B™—- M— m&— A— Mh) (17) 
fo (8% + 82, — 2my— 2n,— 2N,— 2M — 2M, — 2M — 2N,— 2 Ny) 
an (7m +7 M+ 7 My — 3 My — 3 Ms — 3 Ma — 3M — 3 My — 3 Ny — 3 2p) 
ro (6m + 6, + 6 ms + 6, — 4m5— 4% — 42, — 4g — Any — 4 Ny) 
to (5 M+ 5 Met 5 My 5 Mm 5 Ms — 5 My — 5, — 5 My — 5 MH — § Ny) 
fe 44+ 4+ 44+ 4u%4+ 42%, + 42, — bn, — On, — 6n, — Gn) 
ts (3 mA 3 M+ 3 M+ 3 Mt ZMH 3 Mt 3M — 7 My — 7 My — 7 Ny) 
Yo (2m 4+ 20, + 2+ 2m, pf 2m, 2m, 4 20,4 20, — 82, — 8 ny) 
vo ( mt mt mt mat nt mt N+ M+ Mm — ON) 


If we substitute in these expressions the results shown in the preceding Table, we 
shall obtain the errors of division correctly ; but it would be incorrect to infer the probable 
errors of these quantities in the usual way from the probable errors shown in the Table 
when introduced into the formule (16). The probable errors in the preceding Table V1. 
are affected, and necessarily, by the errors of focal adjustment in the microscope ; whereas if 
we apply the formule (16) to each series of micrometer measures as described above, we 
shall eliminate the focal error from that series; or, in other words, the errors of division 
resulting from any single series of measures are not affected by the focal error of that series. 
This is evident, because the sum of’ the coefficients of the quantities n is zero for each 
error of division; consequently a constant error disappears. ‘Therefore, we must compute 
the errors of division from each series, and then compare individual results with their 
means to obtain the real probable errors. The following Table contains the errors of 
division with probable errors of such determinations. 


TABLE VIII. 





Errors of Subdivisions of [2-3] Errors of Subdivisions of [6-7] 
pine H K H K | Line. 
] + 7°91 + ‘10 + 7824 11 — 2°57 + ‘ov — 2°00 + ‘07 | 1 
2 + 7O1 + 14 + 6:98 + ‘10 — o'99 + ‘16 — o'61 + ‘08 2 
3 + 4°56 + ‘16 + 4°64 + ‘116 — 3°63 + ‘16 —317+N 3 
4 + 3°78 + ‘10 + 3°81 + 113 — 2°31 + ‘16 — 1170 + "13 4 
5 + 3°47 +17 + 3°66 + "19 — 3894+ 11 — 325 +15 5 
6 + 4°96 + ‘18 + 4°94 + 17 — 3°56 + ‘16 — 2°97 + 18 6 
7 + 4°36 + "16 + 4°91 + ‘16 — 5°59 + ‘18 — 5214 ‘13 7 
8 + 3°06 + 13 + 3144 12 — 314 + ‘13 — 2°55 + ‘13 8 
9 + 2°88 + ‘08 + 2°76 + ‘06 — 2°72 + 00 — 2°54 + ‘10 9 





These results are expressed in terms of the divisions of the respective microscopes. 
They are not the absolute errors of division of the lines, but are only the errors ay sub- 
dividing’ into tenths the spaces [2-3] [6-7]. ; 

There is one line in particular in each tenth which demands especial attention ; namely, 
in [2-3], the sixth line from 2 towards 3, and fourth from 3 towards 2: we shall designate 
this line by the letter +; and in [6-7], the second line from 6 towards 7, and eighth from 7 

H 2 
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towards 6: this linc we shall designate by the letter u. These two lines are those which 
come into play in the measurement of the Toise and Metre respectively ; we shall therefore 
give the actual results of the micrometer measurements in the twenty series. They are 
shown in the following Table :— 


Tasie IX, 


Tenth [2-3] Tenth [6-7] 

















2095°2 | 1391°6 | 208y'9 | 1384°7 695°4 2795°1 696°3 2787°0 


2103°1 1391'9 2092"! 1386-0 698°3 2793'0 694°5 2781°2 


Expressed in Micrometer Divisions of respective Microscopes. 














The first and second columns, and the third and fourth, give the values of 2, + ...7, and 
M, + ..-M . The fifth and sixth columns, and the seventh and eighth, give ™, + m, and 
Ns + «+My. By (17) the errors of division of the lines + and » are 
Te mapas vy (m, +... 5) — By (7 Ma) (18) 
Beaks By (mM + 22) — fy (my +... Mp0) 
Applying these formula to the quantities in the preceding Table, we get the following 
results for the errors of division :— 
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‘TabLe X. 


Error of + Error of » 











We shall consider the probable errors of these determinations after the values of h and & 
are ascertained. 


2 


In Table [X., by adding together the quantities (2-r] + [7-3] and (6-u] + [«-7], 
we get the number of divisions of H or K which go to the spaces [2-3] [6-7]. Now, 
from (3) 


I x z, I 

[2-3] = sot %— B+ Stes HTS + 0-494 — 540k (19) 
I a 2, SI 

[Sige tS ig go Tas One “) 


We must here anticipate our results so far as to remark that —/: is less than one 250" 

art of h ork. We may, therefore, in the above expression put / for & or k for h, so that 

fo = 5 l— 4.914 or} l— 491k; and [6-7] = py 1 — 1-78 A ory I — 1-78 &. 

In order, therefore, to ascertain the true number of divisions of H or K which are 

equivalent toa tenth of an inch, we must increase every measure of [2-3] by + 4-9! 
divisions, and every measure of [6-7] by + 1°78 divisions. 
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The quantities taken from Table 1X., so modified, will stand thus :— 


TasLe XI. 

















Error, or excess 

No. of Divisions of individual 
to yo 1. results above their 

mean. 


Error, or excess 

No. of Divisions of individual 
to yp 1. Tesults above their 

mean. 




























34965 + 22 3482"1 + 12 
3494°7 + OF 3478°2 — 27 
3491°9 — 24 3478°3 — 26 
3495'3 + 10 3484°2 + 33 
3496°7 + 274 3477°5 — 374 
3498'9 + 4°6 3486°6 +57 
3492'°2 — 21 34.78°8 — al 
3499'4 + 571 3481'4 + 02 
3496°8 + 2°5 3487°8 + 69 
3500°3 + 6'0 3482°5 + 16 
3498°0 + 3°7 3473°2 SET 
349173 = 30 34845 + 3°6 
3491°2 — 31 3476°5 — 44 
3492'5 — 8 34814 + 05 
3498'1 +.38 3483'9 + 370 
3500°1 + 58 3485'0 + 4'1 
3491'2 — 31 34788 — 31 
34964 + 21 3489°3 + 8-4 
3491°7 — 26 3479'5 — 14 
3499°9 + 56 3483'0 + al 
3494°4 +, O°! 34967 — 42 
349671 + 18 3478°0 — 29 
3490°3 — 40 3480°6 — 03 
3494°2 0% 3479°5 — 14 
3491'S — 28 3476°2 — 47 
3491°5 — 28 3480°8 — ol 
3493°1 re 3479°8 — Vl 
3493°4 — 9 3480°3 — 06 
3489°4 — 49 34768 — 4'1 
3492°9 — 14 34841 + 32 
3492°9 — 14 3483°7 + 2°8 
3493°3 — 10 3477°9 — 370 
34934 — 0'9 3477°4 — 35 
3494°6 + 03 3486°7 + 58 
34911 — 32 3477°6 — 33 
3498'5 + 42 3485°6 + 47 
3490°8 — 3°5 3479°4 — 18 
34915 — 28 34791 — 18 
3492°3 — 20 348571 + 4°2 
3493" 3477°5 — 34 








The sum of the squares of the crrors in the measures by H is 367°54, in that by K 
53427. Consequently, the mean error in a single measurement of one tenth of an inch 
(in ten consecutive hundredths) by H is 


al 367°54 _ + 4:07 


40 —1 
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And the mean error in the same operation by K is 
53427 — 4 y 
J 2 eae 


The corresponding probable errors are 
H K 
+ 2°07 + 2°49 
Now, each of the errors in the above Table results from the sum of the errors of 


twenty single micrometer readings and the error due to a slight error in the focussing of 
the microscope. Let the probable crrors resulting from this lust cause be 


e, for H], and e, for K, 
on a measurement of 1000 divisions: then upon the tenth of an inch they will be 
3°494 5, and 3°48! «, 


By a special investigation, the probable error of a single micrometer reading was found 
to be— 
Observer, Captain Clarke, R.E. + 0°32 micr. div. 


Quartermaster Steel, R.E. + 0°31 - 


the same result being obtained for either microscope. 
Now the sum of the squares of 20 such errors is 2'°00; consequently the probable 
error in the measure of one tenth of an inch by H or K will be 
Bi hsiaty V 2°00 + 37494", 
Ko... E00 $5481" 8, 
If now we compare this with the numerical quantities actually obtained, it appears 
ves 2°00 + 3°494° ©, = 4°28 
2°00 + 3°481? &, = 6:20 
_ vzat 


es 7 + 0432 micr. div. (21) 
= ¥4°20_ _ 4 o-589 micr. div. (22) 
3°481 


Consequently, if a space of n thousand divisions be measured by H or kK, the probable 
error of such measure will be 

He szets + V¥0'432' n' +20 = 1187 2? + “20 (23) 

Keruee + Vo'589" m* + -20 = "347 2" + "20 (24) 


If, for example, 250 divisions be measured, the probable error of the single measure- 
ment, expressed in divisions, is 


Weel“ + 0-49 
__ If there were no focal error these quantities would be simply o'45. We gather, then, 
this very important result, that even in measuring such an unusually large space as 250 
micrometer divisions, the probable error of a single determination is only increased from 
+ 0-45 to + 0°46 or + 0°49 by the probable error in focal adjustment of the microscope. 
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It appears from our last Table that the number of divisions to one tenth of an inch 
in the two microscopes is 
207 
4/40 
2°49 
” K..... 3480°9 + Wah 


for H..... 34943 + 


Consequently, the number of divisions to one inch is 
forH..... 34943 + 3°3 





gy: Kibet 34809 + 3°9 
Therefore /, *, being the values of one division in H and K respectively, and I an 
inch, ' 
=p ER (25) 
= 34943 £ 33 5 
I 


6. 


It is convenient to have a unit of reference for small quantities, as micrometer 
measures, expansions, &c. Such quantities, when expressed in inches, are encumbered with 
an inconvenient number of decimals, and they cannot well be expressed in micrometer 
divisions, as no two microscopes have divisions equivalent in magnitude. If we express 
the values of a division of H and K first obtained in inches, they become 


h = 0'0000286180 + ‘0000000027 
k = 0'0000287282 + 0000000032 


The yard being the unit of length in this country, it seems reasonable to take as the 
unit of reference for small quantities the millionth part of the yard. Expressed in this 
unit, the quantities above become 


A = 0'79494 A: "00008 (27) 
k = 0'79800 + 00009 (28) 


So that a division of either micrometer is about ;8, of the unit of reference. 
In future all small quantities will be expressed with reference to this unit, the 
millionth part (‘oo0001) of the yard, unless expressly stated otherwise. 


7. 


If we write out in full the set of 60 equations from which 2, is obtained in 
equation (4), and of which the quantities given in Table I. form the absolute terms, 
and if we substitute the actual values of 4 and k in these equations, we get the sum of 
the squares of the errors 5:26. Now in the 60 equations there are 30 quantities z,.. - . 2, 
and one quantity 2, in all 31 unknown quantities: consequently the probable error of 
a single equation is 


+ 0674 Ve = + 0-287 
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and therefore for the value of 2, we have 
‘287 
a, = —o8% + 7 0°87 + 037 (29) 


The equations (5) are in number 209: those in 2” are to be multiplied by “25 
in forming the errors. If we substitute in these equations and in (8), (9), and (10) the 
values of h and k, we get the sum of the squares of the 209 errors = 16°33. Now 
the number of unknown quantities in these equations is 72, consequently the probable 
error of a single equation is 


+ 0°674 V ae = + 0-245 (30) 
Consequently by (7) the probable errors of 2, 2, wy ©, 2, are 
xt We er = + ‘036 (31) 
Pipa bus 
+ = 3 = + ‘033 
= 2 — - = + 045 
2B V/h= to 


The equations (11) are in reality 225 in number, each of those written down being the 
mean of 25 similar equations. On substituting the values of A and & in (11), (15), and 
(16), we obtain for the sum of the squares of the 225 errors 71°08. ‘lhe number of 
unknown quantities is 8, consequently the probable error of an equation is 





+ 0674 V = + 0'386 (32) 


Therefore the probable errors of 1, 23 2% 24 2 2%, are—see (13), 

"386 | /27 un 

5 Vie= + 0063 (33) 
ane Vz = + 0-063 

*386 Re os . 

5 Vs = + 0°064 


"386 
5 vee = + 0°061 


a Vi = + 0'063 
BO: FAs 3 a eee) 
+ 5 al = + 0°063 


___ We now proceed to consider the errors of the lines + and ». ‘The quantities in Table X, 
being multiplied by the values of / and & become as in the next Table. 


11423. 


tH oH H H 


T 
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Plrtidt dd 


Prt 


lF++t1F1+)41t+4141 


+ 
+ 
+ 
+ 
+ 
+ 
+ 


Lrt) rrr rr bart 


F+HL HHH LP HEP Ht Pree rte ber ty tt eeesas 


++i ter +d i 
Ebru rit 





The sum of the squares of the errors of x, is 32°635, consequently the probable 
error of the determination is 


+ 674 of HES = + ‘098 (34) 
The sum of the squares of the errors for 7, is 12°940, consequently the probable error 

of the determination is 
+674 V2 Ze opspg (35) 


‘The arithmetical means of the quantities in the columns headed 2, and 2, are + 3°93 
and —o64. These are not the absolute errors of division of the lines + and », but only 
with reference to the lines 2, 3 and 6,7. 
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The definite results, then, at which we have arrived are: 


2, = + 3°69 + 063 
Ir = + 3°93 + *098 
ry = — 025 + ‘063 
r= — 084 + 064 
ry = + 2°92 + ‘064 
y= — 064 + 061 
Tt, = + 1°49 + ‘063 
v= + 1°53 + ‘063 
ty = +029 + 036 
Lv, = + 2°03 + 045 
ty = + 1°75 + 1033 
te = + 1°43 Hb ‘045 
Ly = + 2°93 + 036 
u, = — 087 + 037 


(36) 


And from these it remains to determine the absolute errors of the lines and the probable 


errors of such determinations. In the first place, 


[2-7] = 4, [2-3] + ar 
[6-1] = Yo [6-7] + ay 
And by (3), 


| oy 8 I, 
LoS) a Peet cee ge 
ta ti ta es 
eS Sear aa Be 


61 6 2, J 
[2-7] Saag ee + fos + oa + at 








I 9 , 

ce ee i 
77 — 261, 4. ; i 262, , 262, 
= jog bet ee hate oS Tee 


7 —62T, 2. : 2» 4 62%, , 624, 
[a-p oa tT ete tee ate ic6 + Ge 








(37) 


(38) 


With respect to the probable errors of the determination of errors of division of the 
lines 2, 3, 4, 6, 7, 8, it will be seen from (3) that each one depends on the probable errors 
of three other quantities independently determined ; for instance, if E, be the probable 


error of the determination of 2, the probable error of [a-2} is 


= V (EL)? + (75 E.)? + (4% E,)? 


but in the case of [a-r] and [a-] there is a difference, for the former involves 


4%, + 6x2, 
10 


but «, and 2, are not independently determined. From equations (12) it appears that the 


weight of the determination of a2, + Aa, is 
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40 
270° + 6a8 + 272" 


consequently the reciprocal of the weight of 74; x, + 4% 7, is 


1548 
4000 
and the corresponding probable error 
- 386 1548, , 
ot “30? V/258 = 4 008 (39) 


and [a-] involves 
15% + Pot 


By equations (12) the weight of the determination of av, + £2; is 


40 
28a? + 12248 + 272 
consequently the reciprocal of the weight of 48;.vy + 4%) 27 is 


2092 
4000 
and the corresponding probable error 
386 | /2ogz_ , . 
+ a / aoe + 056 (40) 


so that the probable errors of the determinations of ae and [a-] are respectively 





| 100 6oo 
We (056)? + (Ey)? + oe E,) + (3 B,) 


Proceeding in this manner, we get the following final results : 
[a-2] = + 3°71 + ‘063 (41) 
[a-7] = 28 I + 5°30 + *109 
[2-3] = " I — o'20 + 064 
[a-4) = 4 I — 077 + ‘066 
[a-6] = = I + 3:00 + 068 


{a-p] = 6 | + 2°08 + -086 


100 


[e-7] = Z I+ 158 + ‘068 


[a-8] = 3 I+ 165 + ‘070 
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I+ 014 + ‘037 
21+ 1:74 + ‘017 
31+ 1°31 + ‘vss 
41+ 0°84 + ‘051 
5 1+ 2°20 + ‘047 
6 1 — 0°87 4 037 


[a-b} 
{a-c} 
[a-d] 
[a-e] 
[af] 
[a-g] 


ll 


ll 


8. 


The absolute terms of equations (3) are the quantities given in Tables III., IV., and 
those in Table II. multiplied by 3 or rather 73. Now each quantity in Tables III., 
IV., is of the form; (a,.... a, 0,.... 4, representing single micrometer readings )— 

a+ a,+ b+ 4, +...8 
6 6 


2 8k 





and the probable error of a single reading of H or K is + +31 x ‘8 = + ‘25; consequently 
the probable error of any of the quantities in III. or IV., so far as mere errors of reading 
or observation are concerned, is . 


t/a ti = ton 


36 
Each of the quantities in Table II. is of the form 
Optics ay Dies sa b, 
h k 
b+ 9 


and its probable error 


2 

3 
which when multiplied by 1/3 becomes the same as the probable error of the quantities in 
Tables IIL, IV. 

But we have seen (30) that the probable error of a single equation is + ‘v33, as 
determined by the solution of the equations. It appears, therefore, that the probable error 
of our results is nearly double what might be expected from errors of observation only. 
There are, therefore, other sources of error at work besides the mere defects of vision. 
What these may be it would be difficult to say, but one of them at any rate is known; 
personal error. 

If any two observers bisect a given line under a microscope and the operation be 
repeated, microscope and object remaining steady, it may be found that in the long run 
there is a perceptible and systematic difference between their readings. This difference 
will in general be a very sinall quantity, but sometimes it is not so small as not to be 
detrimental to the results. Ifthe quantity were absolutely constant for all lines, the error 
would entirely disappear in every comparison, but it appears that the difference or personal 
error varies slightly with different lines. This, of course, will directly affect results. The 
observations contained in ‘lables I., II., III., [V., were made altogether by two observers, 
Captain Clarke, R.E., and Quartermaster J. Steel, R.E., who differ systematically in the 
bisection of a line by from 1°5 to nearly 2 divisions. The greatest discrepancy resulting 
from personal error is to be found in the comparison of the two six-inch portions of OF or in 
the determination of the quantity «, The absolute terms of the equations (60 in number) 
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from which 2, results are the 60 quantities in Table I. The probable error of each of these 
quantities due to errors of reading only is + 23 “2 = + 0°'118, as we have seen above. 
But. by the errors exhibited after the solution of the equations we have found for the pro- 
bable error of an equation + 0:287, which is more than double the error resulting from 
readings only. If in this series the errors pertaining to the two observers be arranged 
separately, it is found that the arithmetical mean of the errors of one observer is + o'14 
from 32 observations, and that of the other is — 0°16 from 28 observations: showing an 
eftect of personal error between the two of 0°30. This, however, is the largest difference 
that has been noticed. Personal error does not easily admit of being eliminated, unless 
there be a large number of observers engaged at the same work. 

In equations (11) the absolute term is the difference of two quantities in Tables V., 
VL, it is, therefore, of the form ; 


Sk Oy Sy eS gg bat i tare Pa Oe 
3 3 


where a, 6,.... are single micrometer readings. The probable error of this expres- 
sion is 


t/t at = 5 ow 


But after the resolution of the equations we found (32) the probable error of a single 
equation + °386. Here, again, we see that the error is larger than mere errors of 
observation will account for. 

There is no other known source of error in this series of observations than errors of 
observation (readings or bisections) and personal error. Sudden changes of temperature 
there are none: the presence of the observer may raise the temperature of the bar perhaps 
5 hundredths of a degree Fahrenheit during a visit, but this in such small lengths as are now 
under consideration will not be nearly sufficient to explain the residual errors. 


9. 


The portions of this scale which are referred to in the determinations of the length 
of the Toise and Metre are, for the Toise, that which lies between the line designated + 
and that designated f, or [7-/]; and for the Metre, that which lies between the lines » and 
e, or [#-e]. Now, from (2) and (38), 


[rf] = MAT — hy ay — 2, — yes — ay te + ay + Bh, (42) 
8 
[wee] = SOT — oh, rg — te — ay ty — Ws Mo +e + EE ay (43) 


each involving the determinations of six errors of divisions. 
With respect to the probable errors of [r-/] and [»-e] we see that they are each the 
combination of four partial probable errors ;_ viz., 


[rf] [--e] 
BS siewki ss te te + 15 5 Vi 9:5, aves po Get fs % 
2.6 Vy Deen Se Up 
Brat eens — fos % + Ly Bisa ateress — fy 2s + 2 
4... Hi x, Agrees acs g36 x, 
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The probable error of the firet quantity in each of these groups we have already 
considered. From equations (6) we see that the weight of the determination of 
ar, + Sx, is 

18 
11@+ 2464+ 118 
26 


Ifa=— 7 


; &@ = 1, this becomes 


180000 


£12236 


and consequently the probable error of the determination of — i 4, + 2, is by (30) 
ROBO of EN Ee oe has 
+ $3 \/ gs = + Oe (44) 
Again, by equations (6) the weight of the determination of az, + ., is 
gt ote ees 
ll@+4ap+ 172 











Making: « = -%., 8 = 1, we have for the weight of the determination of — = t+ 2, 
180000 
187484 
Consequently the probable error is 
Ay 125 = +. -o1s (45) 
Hence the absolute probable errors of [7-/], [«-¢] are 
[rf ]...... (048) + (098)? + (037)? + (029) 
[Mee]... / (056)? + (C061)? + (048)? + Cozi) 
And finally, 
(r./] = A I — j10 + ‘19 (46) 
fue} = 288 1 — req + 08 (47) 


where I = ,, OF ; and the small quantities are expressed in millionths of a yard. 


10. 


In the following Section, equation (7), it will be seen that the length F of the foot 
[@-p] expressed in terms of Standard Yard No. 55 is, 


F = 3 Vi, — 0°36 + 00066 (¢ — 62) 
where Y,; is the length of the Standard Yard No. 55 at any temperature ¢, OF being 
at the same, Thence we find, 


Aa F= se Ysy — O14 + 10026 (¢ — 62) 


72 
with a probable error of + ‘043 (corresponding to ¢ = 62, only) and 


338 - _ 338 y 


1200 = 3600 55 — O'10 + ‘0019 (¢ — 62) 


with a probable error of + ‘030 (corresponding to ¢ = 62, only). 





Consequently, 
[r-f]= eg Ve — 3'24 + °0026 (¢ — 62) + 127 
8 
[w-e] = eas Ys5 — 1°34 + ‘0019 (¢ — 62) + "102 


where the probable errors have reference to the lengths at 62°. 


The total number of micrometer readings made for the determination of the errors 
of subdivisions of OF is 8092. 
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¥. 
COMPARISON OF THE IRON FOOT 
OF wir Y:: 


In order to determine the true length of OF it was compared with Copy No. 55 of the 
Standard Yard. 

The yard and. foot were mounted close together in one box. The centres of the bars 
were opposite to one another, and their lengths parallel. Four microscopes were adjusted 
from the centre stone pier, having (1) their axes vertical, (2) their foci in one horizontal 
straight line, (3) the distances from centre to centre one foot exactly. The perfecting of 
all these adjustments takes a considerable amount of time and patience. 'irst, the Standard 
Yard being made truly level on its rollers, the outer microscopes, H on the left, and K 
on the right, are levelled and adjusted to focus over the terminal lines of the yard. The 
yard is then removed, and a very fine silk thread is stretched tightly under the microscopes, 
being brought accurately to the focus of H and K, and made to pass through the 
intersection of the cross-hairs of those microscopes. The inner microscopes A and C are 
then by means of this silk thread brought into line, the intersection of their cross-hairs 
being made to bisect the thread: by this means very great accuracy may be attained. 
‘The distance of A from H, C from A, and K from C,—that is, the distance of the zeros or 
collimation centres,—is then made as nearly as possible one foot, by bringing OF, carefully 
levelled, first under H and A, then under A and C, then under C and K. Thus A and 
C are brought to their proper distance with respect to one another and to H and K. The 
levelling of A and C is then attended to. These different adjustments do of necessity 
disturb one another, and have to be repeated cach several times; but by patience they 
may be made very perfect. ‘The microscopes finally are left in such position that only 
small positive readings are required to be made in the observations of comparison. 

The microscopes H and A (on the left) have their micrometer heads to the left ; 
C and K (on the right) have their micrometer heads to the right. The line of the 
microscopes is as nearly as practicable parallel to the line of rails. The values of one 
division of the microscopes are— 

H A C K 
0°7949 1177 0869 07980 

The Standard Yard has two thermometers in its wells, and the Foot (OF) one only. 

The bars are visited three times generally during the day; the method of observing 
being as follows: (a) The thermometers are first read; (6) the yard is adjusted under 
H and K, and these microscopes read three times; (c) OF is adjusted under H and A, 
and these microscopes read, three readings; (¢@) OF is adjusted under A and C, and 
these microscopes read, three readings; (¢) OF is adjusted under C and K, and these 
microscopes read, three readings; (f) SY is again adjusted under H and K, and these 
microscopes read, three reudives; (g) the three thermometers are again read, which closes 
the operation. 

‘The “adjustments” referred to in this place are effected by the transverse and 
longitudinal motions of the two carriages, whereby the terminal lines of the bar are brought 
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into precisely their proper places in the fields of view of the microscopes. Vertical 
adjustment of the bars, if necessary (for focus), is effected by the levelling keys. The 
box in which the bars lie remains closed during the whole operation, the lines and 
thermometers being observed through the apertures in the cover. 

The whole of the readings specified above, taken in one visit, are made as rapidly as 
is consistent with perfect accuracy. 

As a specimen page of the observation book, showing the readings taken in one visit, 
the following is subjoined :— 


































Thermometers. 
Date. Bar. Microscope Readings. |——— ise ecaat 
Vis 
H K 
Nov. 6 Ys5 12°1 5°4 55°70 | 55°62 
12‘ 57 55°62 
oo 11°8 51 
H A 
OF 12°2 50 
L2"4 55 
11°8 570 
A Cc 
OF 4°7 8:8 
5°3 8°7 
st 89 
Cc K 
OF g'l 70 
95 61 
94 ) S59 
H | K 
Ys 106 |  5°6 
tog | 59 55°67 
Jog | 50 55°75 55°67 








Let now 7, 7, represent the mean of the first (three) readings of H and K on Yj, 
r, 7’, the mean of the second readings at the close: re’, the mean reading of H and A, 
@, @, of A and C, ¢, 7’ of C and K; so that the above Table stands thus :— 
ney 
r ey 
1&2 
G2 
Tz 15 
_ Now in the diagram let SY be the yard and the three lines parallel to it the three 
positions taken up by OF. Let H, A, C, K, represent the positions of the zeros of the 
microscopes. 
tin, we’ 8 pe rhi'y 
i { 
————— O_o, 
oe if Z be the distance from H to K, Y,; the length of the yard, F the length of 
the foot, ; 





Z=Hi+Y,+7K 
Z = Hn+ ae’ + 3F + 68 + WK 
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Now if h,, a, ¢,, 4, be the absolute lengths of one division in the micrometers H, A, C, K, 
Hi + 7K HSh(intnAt+hitrdsh 
“Hn = rh 
aa’ = (¢, — ¢) a 
BBY = (¢', — @)e 
nK = rk 
Consequently we have the equations— 
Z=YVata(ntnh+e(ri tra) k 
Z=3F+rht+(a— eat (2—eletrk 


—Y¥5+3F = (Ath eg (¢1 — gat (4 — es) e+ (Qt _ +), 


= m+ ga ope gs — 63 rte , 
or F-4Y,=43(22 7 —r)at eee ea ae 
In this shape the observations are brought together in the following Table, each line 
representing the result of one visit or one comparison. The number of comparisons is 
thirty, extending over twelve days. The total number of micrometer readings goo. 


Comparison of OF with the Stanparp Yarp No. 55. 

































Date. ‘Temperature. Mean Micrometer Readings. 
1863, ; 

November 4 | 56:38 ~128h + ogoa + o170e — 113k — 1°18 
» | 56°41 ~oo5sh — o17 a + 038¢ — 035k — og 
” 5 | 55°51 + o18h — o103a@ — otoze — 054k — 075 
” » | 55°66 ~ o02h — o31a — o123¢ — ook — 0'97 
os » | 56°00 +o18h — o18a + 0126¢ + O127k + 0°38 
» 6 | 55°69 ~o27h + oo5a + 018 — or2ghk — 0°23 
” » | 55°84 + 062h + o34a — O18 — o'g2hk + 0710 
” » | 55°96 ~o027h — o54@ — ole + o76k — 0°25 
” 7 55°47 + 032h — o16a + o1ge — 106k —o'61 
” » | 55°56 ~oo7h + o12@ — a28e — o56hk — 060 
» 8] 55°66 + o25h — o1ra + o50e — o7gh —o13 
” 9} 55°91 + o100h — o112 a — ogre + o102hk — 0°48 
” » | 55°04 + o78h + o12n8a — 0177 ¢ — 1374 — 0°81 
” ” 55°34 ~o25h — o06a@ — ool/e + o5ghk + O15 
” 10 | 54°76 ~o102h — 0102 a + ooge — o76k — 056 
” » | 54°46 + o1zh + 0125 @ — o52¢ — or5rk — 0°47 
» » 54°44 ~oorhk + o107a@ — o9g6¢ + o42hk — O42 
» Ll | 53°44 + o55h — o4ga — O61e 4+ o'5gh — 020 
9 ” 53°47 ~o7gh + o'103a@ — on1¢ — o31k — 0°98 
” ” 53°43 + 032h — o41a — 0°33¢ + O61 — 0°03 
1864. 

February 8 38°84 + o27h — 33304 + Isge + 265k —-— 018 
” 9} 36°72 ~o27h — wI15a — 243¢ + 565k — 0°36 
” » | 36°92 ~ 140h — o34a + or50¢ — 067K — 1°61 
”» ” 36°97 ~o58h — oo8a + o'129¢ + o'7Ik + 0°26 
as » | 3718 + asgh — 3:24@ — O82 4 2°55 4 — 047 
» » | 37°10 + 145k — 0113@ — or06c — Iogk + 0°08 
» 10) 36°13 ~oo7h — 0834 + o55c¢ + 083k + ov11 
> » | 36°51 + o12h — o51a + a13¢ — O'62h — 0°89 
x » 36°72 ~ogh — oo6@ — cole — 135k — 127 

~o16h — o67a@ — 1'31¢ + 144 h — o'"”91 





» sa 37°07 
a et 
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Each of the quantities in the column headed “ Temperature” is the mean of six thermo- 
meter readings, corrected for the errors of the three thermometers employed. ‘The fourth 
column gives the difference of length F — 4 Y,; expressed in millionths of a yard. 

In order to obtain the difference of length at 62° and at any other temperature, let 


F — 4 Y,, be expressed by 
a+ (t¢— 62)y (1) 


where x is the difference F — 4 Y,, at 62°, and y the relative expansion of F over } Y,, 
for each degree Fahrenheit. If we compare this expression with the thirty differences of 
length at thirty different temperatures given in the Table, there result thirty equations for 
the determination of x andy. These equations, treated by the method of least squares, 
give 
jor — 38516y + 1347 =0 (2) 
— 385°61 w + 7192715 y — 18788 =o 
If we write A and B for the absolute terms of these equations, and eliminate x and y, 
we get 
x + 0107234 A + 0'005749 B=o (3) 
y + 0°:005749 A + 0'000447 B= 0 


Substituting the numerical values of A and B, 


w= — 0364 (4) 
y = + 0'0066 


Now for the probable errors we recur to the following theorem :—If there be a series 
of equations 


| 
oO 


arthy+tun= 
arthytn= 
arw+by+t+n=o 


| 
o 


artbhy+n, =o 


from which « and y are to be obtained, then, by the method of least squares, 


age eee! ARON sa cy Geis oe MOO) St 
C= 8 + Cay) = (aby ") — Cay) = Cap OO) 
(ab) (a*) 


C= 9 THY = Cai + aR = aay” OO”) 


Then the sum of the squares of the coefficients of the symbols n,7,...; in the 
development of « + fy is, 
(8) = 2 (ab) f+ (et) f° ie) 
(a*) (8°) — (ad)? 
which is also the reciprocal of the weight of the determination of x + /y. 


Returning to the case under consideration, we see from (3), 


Reciprocal of weight of © — waa aes 010723 
es 33 Yo. ° Bielareee a 0°000447 
+5 s vt fy...... 0°10723 + ‘ol150 f + *000447 f*. 


7 


By substituting the values of x and y in the 30 equations from which they are 
obtained, the errors are found, and the sum of their squares = 6°734; hence the probable 
errors of x and y are, 


(ie ae cea oe Wega 2 ewe (6) 
fory...... + °674 VJ fae 700045 = + 0°0070 
Finally, for the length of the foot OF we have, 
F=3/Y,; — 0°36 + 0:0066 (¢ — 62) (7) 
The probable errors of this determination for the temperature 62° + f° Fahrenheit 


being, 
(olI715 + 1001256 f + ‘0000488 *)4 (8) 


The mean increase of temperature during a visit to the bars in this series of com- 
parisons—that is, the mean value of the excess of the second readings of the thermometers 
above the first readings—is 0°06, being the effect of the presence of the observer. 
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VI. 


DETERMINATION OF THE ABSOLUTE EXPANSIONS 


OF TWO BARS 


Ol. 4np Ol2 


We shall here record some carefully conducted experiments whereby the absolute 
expansions of two ten-feet iron bars Ol, and OI, were obtained. 


The observations were made in November 1857, when the temperature of the external 
air varied from 40° to 50°. The bar was observed about g a.m., at the temperature of 
the Bar Room, having lain under the microscopes during the preceding night. The 
micrometer readings being taken and registered, the bar was removed to another room in 
which the temperature was about 100°. Here the bar was allowed to remain until it 
acquired a steady temperature, as ascertained by the readings of the thermometers in the 
bar. It was then carefully enveloped in blankets, and with all practicable expedition 
taken to the Bar Room and adjusted under the microscopes. Observations were then taken 
at intervals of time, the microscopes being read simultaneously by two observers, and the 
thermometers by a third. 


The following Table contains the observations on OF. The value of one division 
of the West micrometer = 0'7738, and that of the East micrometer = 1°1473 (millionths of 
a yard) :— 


Microscope Readings. | Microscope Readings. 


Tem- | Tem- 
perature, |———---~————-. Ol. —-2 Date. perature, J————— = pm 
wohrenbett West. East. | Fahrenheit. West. | Fast. 


74° 914 
71'0 | (862 
68'0 817 


5 d d 
| : 45°65 | 96 

| 

| 


44°0 402 
1180 | 1925 
11570 | 1864 


11270 | 1804 








The 5th and 10th columns show the excess of the length of the bar above the distance of the 
zeros of the iuicroscopes, obtained from the microscope readings in the preceding columns. 
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If we reduce each of these groups by the method of least squares we obtain the 


following results for the different days :— 


Nov. 19th; Expansion for 1° = 
»”»> 20th 3 ” ” => 
» 2dth; % a 
” 26th 5 ” ” = 


Reducing the whole by the method of least squares, 
of the errors of the individual measures, we have, 


21096 
21'725 
21'269 
20713 


and then summing the squares 


Expansion of Ol, for 1° Fahrenheit = 21'055 + ‘089 


The observations on O1, are given in the next Table :— 


Tem- Tem- 
Date. perature, Date. perature, 
Fahrenheit. 3 Fahrenheit. 





Microscope Readings. 


West. 











The 5th and 10th columns show the excess of the length of the bar above the distance of the 


zeros of the microscopes, obtained from the microscope readings in 


the two preceding columns. 


If from each group we obtain by the method of least squares the value of the expansion 


of the bar for 1°, we get the following values :— 


November 2..... 21°595 21°316 ..... November 13. 
is Bodie a 22'206 21662 ..... 7 14. 
So Bare 21116 20983 ..... + 16. 
» I2..0.. 21°539 21°347 ..... ” 18, 


If we reduce the whole of these observations in one mass, we have the following final 


result :-— 
Expansion of Ol, for 1° Fahrenheit = 2 


1°400 + *050 
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These determinations may be considered tolerably satisfactory. In two respects they 
are, however, not unexceptionable: Ist, the bar when observed at the high temperatures 
was not in a state of quiescence and equilibrium, but in the state of coolmg. Everything 
was done which the means then at disposal permitted, to retard the cooling, as wrapping in 
blankets, &c., nevertheless the temperature of the bar was in a changing state, and it is 
assumed that the thermometer, as read at any instant, indicated the temperature of the 
metal at that instant; 2d, the interval of time between the first observation in the morning 
at low natural temperature and the observations at high temperature was from two to three 
hours. Was there any alteration in the distance of the microscopes in that time? This 
point can be satisfactorily answered, as the Ordnance Standard O, was in the Bar Room all 
the time, and was uscd to test the distance of the microscopes. It may be asserted that 
there were no changes in the distance of the zeros of the microscopes of sufficient 
magnitude to influence the results. 

The expansions obtained above may be otherwise thus stated :— 





- Expansion for 10° Fahrenheit. 


Oh 





210°55 + ‘89 214°00 + *50 





These expansions differ but little from the expansions of the Ordnance Standard Q, as 
shown in the “ Account of the Measurement of the Lough Foyle Base.” The absolute ex- 
pansion of this bar, as determined by the experiments of the late Captain Drummond, R.E., 
in 1827, was 21°740 per 1° Fahrenheit : but the values resulting from four different series of 
comparisons in 1844, 1845, 1846, gave 20°33, 20°23, 20°65, 19°74, of which the mean is 
20°26. The expansion of O, as inferred from the comparisons made between it and the 
compensation bars during the measurement of the Salisbury Plain Base gave 21:23. This 
differs but one-hundredth part from the expansion of either Ol, or Ol, as determined in 
these experiments. 

From the probable errors exhibited in the above Table it would appear that if the 
length of Ol, or Ol, were observed at 52° or 72°, their lengths at 62° might be inferred 
with a probable error of less than one millionth of a yard. 
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VIl. 


DETERMINATION OF THE LENGTH OF 
THE ORDNANCE STANDARD 
0. 


1. 


The determination of the length of this Standard in terms of the yard Y,, is necessary 
in order to express the length of any of the sides in the Triangulation of Great Britain 
and Ireland, as published in the “Account of the Principal Triangulation,” in terms of the 
National Standard of length. The determination involves the use of an intermediate 
bar, carrying points on its surface, for the standard O, has no subdivisions, the extreme 
dots being at the mid-depth or neutral axis of the bar. ‘The bar used intermediately is 
designated Ol, (Ordnance Intermediate, No. 1.), and has been already described as having 
seven points on its upper surface distributed thus : 


i 
a a b c d e € 





and which we shall for convenience designate by the letters a a 6c de «. The extreme 
spaces [«-a], [e-e] are each one yard; the four central spaces are each one foot. 


The comparisons made were the following :— 


(1) ..6-e. {a-«] with Standard Yard Y,, 
(2) a, eis [a-d] i 3 

(3) ona ens [b-e] 3 3 

(4) Sa [e ci e] ” ” 

(5) ase eriees [a-6] with Ordnance Foot O 

(6) eee vu [d-e] rr ‘3 

(CZ) avenge 3 [e-¢] with Ordnance Standard O, 


(1) The left yard [«-a@] was compared with the standard yard Y,, on May tgth, 2oth, 
2ist, June 8th, 25th, 27th; in all twenty comparisons; each ‘“ comparison” being the 
result of one visit. 

(2) The left centre yard [a-d] was compared with Y,, on February 22d, 23d, 
May 23d, 25th, June gth, 29th; twenty-one comparisons. 5 

(3) The right centre yard (6-e] was compared with Y,, on February 23d, 24th, 25th, 
May 26th, 27th, 28th, June roth, 17th, 29th, 3oth; twenty-two comparisons. 

(4) The right yard [e-¢] was compared with Y,,on May 3oth, 31st, June rst, 18th, 
3oth, July tst, 2d; in all twenty comparisons. 

(5) The left centre foot [a-4] was compared with OF on June 2d and zoth, July 4th; 
ten comparisons. 

11423. L 
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(6) The right centre foot [d-e] was compared with OF on June arst, 22d, July 4th; 
ten comparisons. 

With the exception of the comparisons of the two central yards in Iebruary, the 
remainder of the comparisons in May, June, and July were made at temperatures differing 
but little from the standard temperature of 62°. The comparisons in February were made 
at the temperature of about 38°, and serve to establish the difference of expansions of 
Ol, and Y;5. 

) The ten-feet space [«-<] was compared with O, on February 18th, 19th, 2oth, 
May 16th, 17th, 18th, June 4th, 6th, 7th, 23d, 24th; in all forty comparisons. The 
comparisons in May and June were made at temperatures close to 62°, those in February 
at the temperature of 40°. By this arrangement the difference of the rates of expansion 
of OL, and O, become well ascertained. 


The total number of micrometer readings in these seven series of comparisons is 
2708. 


From September 1863 until March 1864 the number of micrometer readings taken at 
a single visit and considered as one comparison of two bars A, B, was 36, disposed as 
follows :— 


Microscopes. 
H 
readings. 


readings. 


3 
3 
3 
3 
3 
3 


3 
3 
3 
3 
3 
3 





The experience gained in that time served to show that the number of readings so 
taken was unnecessarily large, and that a smaller number of readings would be almost 
equally valuable, while there would be the advantage of less time occupied in a comparison, 
and less heat imparted to the bar by the lighted candles and the person of the observer. 
Consequently in comparisons made on this bar after the commencement of May 1864 the 
number of readings of micrometers in a single visit is as follows :— 





Microscopes. 
Bar. pee any ne 
H | K 
SE 1 
A 2readings. | 2 readings. 
B 2 ” | 2 ” 
B 2 ” | 2 ” 
A 2 ” | 2 ” 





Here one comparison involves 16 micrometer readings. Thesc, together with the eight 
thermometer readings, occupy about ten minutes. 

No alteration has been made in the number of visits during the course of one day. 
In general four visits or comparisons are made at hours as far apart as practicable. 

During the comparisons now under consideration, as in all others, the two bars being 
compared are placed side by side in the same box. The bar O, rests on rollers (as it has 
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always done) at one fourth and three fourths of its length. ‘I'wo thermometers are placed 
in each bar (excepting in the case of OF, which takes only one), and are read at the 
commencement and close of each visit. The box is kept closed during the whole operation, 
and it has been already explained that the thermometers are read through apertures in the 
lid of the box, having sliding covers; and the focal adjustment of the bars can also be 
effected without removing the cover of the box. This last remark, however, does not 
apply to the bar O,. Its rollers, fixed in the bottom of the box and adjusted so that the 
bar shall be truly horizontal, are not provided with any elevating screw for adjusting to 
focus; but at the commencement of a series of comparisons of O, after it has beer 
ascertained that this bar is truly level, the microscopes are adjusted to focus over its dots. 


It has been often remarked by the observers that a bar once in focus under the 
microscopes will remain perfectly in focus for any length of time,—a remarkable proof of 
the perfect steadiness and rigidity of the whole apparatus. Also, if a box containing two 
bars whose upper surfaces are perfectly level be removed from the carriages and be replaced 
some months after, (the carriages standing on the same part of the iron “raila as before), it 
has been invariably found that these bars are still perfectly level. 


The extremities of the measure of ten fect on O, are indicated, not by lines but by 
dots. Considering the number of years this standard has been in use the dots retain their 
circular shape a yet not perfectly. They are also very large, and the diameter of either 
measures one hundred anaes of the micrometers H or K; so that to observe the centre 
with the nicety one would desire is difficult. A large proportion of the probable error of 
our results will doubtless arise from this cause. 

Nor are the lines on Ol, very good; they are about 30 divisions of the micrometer in 


breadth; but the edges are straight and parallel, and this is of greater importance than 
the breadth. 


The following Tables contain the observations in detail, each line corresponding to 
one visit. 





LEFT YARD. 


Ol Difference of Length 
1 in Micrometer Divisions. 


| 113°38 A : 20°03 A 
1mgigh : 28:20 h 
12615 h . 42°77 A 
11610 h 82 3147 h 
W118 k : 23°57 h 
i rrg28h : qs h 
116798 h - 25°73 A 
122°20h : 36°97 A 


37°42 A 
39°50 ft 
40°00 h 
35°08 h 


33°73 A 
33°35 4 
42°53 4 
4rizk 
43°32 4h 
32°35 h 
32°08 A 
37°95 4 


93°35 2 
85°93 h 
83°38 A 
84°63 h 
87°53 h 
78-03 h 
gras h 
85°23 h 
38°68 h 
30°48 h 
33°25 h 
48-05 h 


Ww 
_ 
~Karen 


meme 2? OWN CLES oe? 


aa 


wk we 
BHD 
Dac 


7610h 
69°98 h 
73°25 h 
83:13 h 


57°73 4 
63°45 4 
65°88 h 
68'10h 
69°07 h 
55°75 4 
63°SB A 
59°28 A 


Oe 


24°00 h 
30°10 h 
23°35 h 
26°98 h 
25°75 h 
23°40 h 
3180h 
21°33 h 








36°97 & 
31°60 A | +.55°38 


H+hHEEH HE + HH+F¢t FH 4¢44¢4H 
t+eHetette +444 


PETE E Le SESS 
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LEFT CENTRE YARD. 


xx 


Difference of Length 
a:d|—yY,. 
in Micrometer Divisions. C J] Yis 


25°32h 
30°57 A 
30°98 h 
3g175h 
35°87 h 


37°35 4 
35°57 h 
32°78 h 
2g'02 h 
35°93 4 
28°60 h 
3215 h 
29°92 h 


47°79 h 40746 hk} 22:47h 
4z 11h 45°59 h 12°54 h 
45°77 h 41°66 k 14'79h 
50°85 h 39894) Ig110h 
47°68 h 42ork | 181k 


30°26 k | —44'27 
24°93 h : 
24°75 h 

25°25 h 

1981 kh 


arg h 
22°80 hk 
2615 kh 
30°20 kh 
24°30 kh 
28°57 k 
27°40 hk 
2g1zk 


107'85 h go7zk| Jo50h 
107'95 h 8g:2zhk |} 72°38h 
102993 Ah +10038A | Jog h 

9925 kh +105'20k) Joazh 


110°03 kh +102°95k | 7410 hk 

9598 hk +117°%60k | 67°38h 
100'995 A +111'8Bok |} 68:80h 
102°60h +109'70h |] 72°68h 


34°18 h 
29°32 h 
26:40 k 
35°95 f 
24°02 h 
27°63 hk 
28:60 kh 
23°41 h 


52°83 h 54°73 hk | 26281 
60°30 h 477304 | 32:20h 
65°53 h 42°23h | 3260h 
46°08 h 6o08 kh | 23°30h 


69°75 h S7790hk | 35:28 h 
61°80 h 6288 A | 33:20h 
63°05 h 63°53 4 | 32°28h 
70°93 h 59284 | 34q0h 


26°55 h 
280k 
32'93 h 
22°78 h 


34°47 h 
28°60 h 
30°77 fh 
36°83 h 





t+t+ HHtt +t+ttteeest FHtge 
ttt+ t+H+t¢4 Fetteegst +4444 





RIGHT CENTRE YARD. 


Difference of Length 
in Micrometer Divisions. 


Date. Oo J 
1 


1864. 


= 





17734 B4rh + 446k 
1g'24 h 5°44. h B24 hk 
174k, 2goh 10°62 kh 
Iq'gih.| —207h 14°88 k 
15334) 937 h 3°87 hk 
19654 | 472h 7774 
8:60 h 
5°52 & 
5°65 2 
25k 
045k 
660k 
9°95 & 
12°97 kh 
4°92 h 
6°85 k 
10°60 & 
aig k 


23°19 h 
27°48 h 
22°36k 
29°79 h 
19°20 kh 
27°42 h 
88-20 k 
Bo-4o & 
75°95 h 
go'58 hk 
86-45 h 
91°38 
102°58 kh 
87°55 hk 
30°85 h 
52°85 hk 
52°08 kh 
37°55 & 
88°35 h 
g0'85 k 
8845 
g1'78h 


Feb. 23 | 38 23°20 h 

, 1997 h 
2631 hb 
1861 h 
28:20 h 
21'49 h 
80°38 A 
88-70 h 


95°03 h 
83°68 h 


79°60 kh roo h 
74°88 k 8:30 h 
71°30 k 6:03 h 
89°33% | g73h 
86:00 hk | 10°85 h 
84°78 k Gi2zh 
92°63 4 1'25h 
74°58 hk} —o5th 


25934) g5zh 
46°00 k 7°35 h 
41°48 k 2°37 h 
3970% | 645k 
70°50 kh | —243h + 17°385k 
8178 R 21i7gh + go7k 
82°05 hk G4oh + Cyok 
8218 h 278h + gGok 


87°08 h 
84°85 A 
74°80 h 
Bg05 h 








33°33 & 
5273 h 
54°90 h 
69°98 h 
8105 h 
79°60 h 
8153 h 
78-83 h 


l+tt+ ++ ++4¢4¢4+4+ 44444 





+Ht+ FHte FHtt+ggse H+eeget 
+H+H FH+te FHF 44tte +4 4444 











RIGHT YARD. 


Difference of Length 
in Micrometer Divisions. 


26°95 h 
3718 A 
31:08 h 
27720 h 
39°58 A 
36°10 k 
3213h 
30°50 h 


zoo h 
1205 h 
Zz 10h 
razh 
750k 
10°40 A 
giohk 
2°37 h 


gosh 
598 A 
—155h 
0°98 A 


na 


h 
A 


+ 
+ 
+ 
+ 
+ 
oh + 
+ 
+ 
+ 
+ 
+ 


ae) 


Koy dee Hs 


we Db bobs 
aeeoM buUnNow 
oc 
= 


:. 


O MRK Ke Hw 
ws O DOM NsT 


we 
=~ 
re Re Re le Oe 


eR kb 


_ 
2 cmt wo 00 


ws 
= 


30°40 h 
23°98 kh 
27°73 h 
25°88 h 


67°35 h 
70°88 h 
85:13 h 
85°30 h 
86°35 h 
80°20 h 
77°45 h 
80°85 h 


2135 h 
18:00 h 
2g2sh 
24°yo h 
67°38 h 
7Bo3h 
73°43 h 
75°40 h 
79°78 he 
76°85 h 
71°43 h 
7A1Oh 


ttt teettett 


aA 
v 


—oozh 
—Figh 
O7oh 
g'g0h 
657 A 
3°35 A 
Gozh 
6-75 h 


HHEHHHEHE HHH HHH HH Ht 





tHttt+t+ 
ttettteest 





LEFT FOOT. 


° 
° 
9 


Difference of Length 
a-b|]— 
in Micrometer Divisions. C ] F 





225k | 1070h 
1o'g95A | —o'47h 
12°68 4 423 h 
23°73 g'8oh 


4°60 k | —12°18 
177054 13°23 
11904 12°86 
6°67 & T3Z°1t 


B130h 
34g h 
34°58 h 
29°08 h 


26°85 20°60 h 
28:00 k 31°88 h 
24°58 hk | 30°35 ht 
30°40 kh | 19°28 h 
16°93 A Z22zh 
1618 k | 13°60h 
17°78 k gozh 
15°03 k Si10h 


12°52 h 12°55 
1°67 2 12°14 
6-B2k 12°65 
8:05 A 12°86 


Book | 12°13 
3°13 4 [sates 


21°30 h 
33°05 h 
26°45 h 
28:05 h 
45°53 h 
51:00 h 


2g45h | 18:08 h 
17°85 h 1g'45 A 
240k | 17°38h 
2308 Ai 19°95 h 
4168 A 723h 
43°90 & 13°20 A 


49°68 4} 38:30hk 
47034 | 37°80h 


tt tet +444 
t+ tett t+4+4+- 
+t ++t4 +444 





RIGHT FOOT. 


Date. 
1864. 


Difference of Length 
in Micrometer Divisions. 


2 
° 
9 





21°58 
16-43 
13°63 
17°68 
13°72 


49°03 k 778k 
53°03 A 11°98 h 
45°28 k 1578 h 
45°93 4 11°67 kh 
40754 | 16°65 h 
4703 kh) ipIZh 
48°20 k | 10°63 h 
52754 | 1525 h 
36:93 k | 1B:00h 
43°93 4 80h 


June 2) B60 h 
» ” 22°35 h 
” 310 h 
” 34°78 h 
” 29°08 h 
” 31°38 h 
” 34°35 4 
” 24°38 h 

27725 h 
20°50h 


27454 | 43°88 h 
41'60k | 34°33 4 
3165h | 4638 A 
28254) 4645 h 
33°03 4 | 45°73 4 
Z0°OB A | 45°55 h 
a783Zk} 44°98 h 
39154 | 39°63 h 
2545 k | 45°25 4 
Wrvo8k | 22°30h 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


[+ ++44+4+444 
++ t+4+et¢et 
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COMPARISONS or Q, axp Oh, 


Difference of Length 
in Micrometer Divisions. 


Temp. | 





gg h 
2°33 h 
1o3Lh 
13°36 h 
672h 
3°00 h 
435 4 
2°26 h 
4°86 h 
679 h 


go7h 
14°37 h 
16°52 h 
20°60 h 
4°95 h 
29°95 h 
21:07 h 
10°97 h 
24°25 h 
12°40 h 

3174 
11°65 h 


Z17h 
B57 h 
17°43 h 
13°38 h 
B52h 
7720 h 
10°25 h 
1215 h 
—2°33h 
13°23 h 
845 h 
8°33 A 
13°38 h 
o8o h 
igo h 
6°93 A 
11°20 h 


3°95 4 


40°70 | 45°46 h 
40°67 | 35°73 4 
40°74 | 34°52 4 
40°92 | 42°39 h 
40°95 | 35°58 4 
40°95 | 30°99 h 
40°91 | 32°62h 
40°82 | 33°75h 
40°33 | 33364 
40°30 | 31°97 A 
62°40 | 99°48 h 
62°50 | 102°61 h 
62°58 | 83164 
62°64 | 102°48 h 
62°64 | 70°33h 4+128°80h 
62°71 | go'53 hk +4+107'93k 
62°7 100°60 A + gg'y3 hk 
62°88 | 102°65h + O65Z3h 
63°04 | 102°73h + g47ok 
63°13 | grozh +100°05 h 
63°18 | Byiok +105'23h 
63°26 |] 95°85 hk + ggo5k 
58°35 | 44h + 32°70h 
58°42 | 14°65h + 15°60k 
58:50 | 20'23h + 14'40h 
+ 
+ 


+t+t Ftetgetqsees 


58°73 15°18 h 14°45 kh 
60°25 |— 14g h 1°65 h 
60°42 |— 6uigh 125k 
60°59 |— 5:98h — 123k 
60°84 |— 2°38 h 6°73 k 
61°74 |—15°03 kh 11'03h 
61°93 78°08 h ga 15k 
62°06 | 77°95 h 89°83 k 


61°73 4 
58:40 hk 
69°33 A 
64°60 kh 
57°45 
57°70 
56°78 


PEE + FEF HT HEHEHE HH FHeHge ete 


I 


12°18 k 
4°42 h 
20°15 h 
18°92 k 
1302 & 

9°45 * 
1615 4 


62°37 52°03 h 
62°38 | 5173h 
62°39 | 44°08 h 
62°50 | 47°35 h 
62°56 | 53°98 
62°22 | 59°75 h 
62°27 58°00 h 





HEHEHE HH HHH HHH HHH H FHFHFFHE L FH Hts 4444444444 


t++t+t++e+ +44 
t++t+4+t44+ +4] 








The second column in these Tables gives the mean of the eight thermometer readings 
at each visit, corrected for the errors of the thermometers. The third and fourth columns 
give the mean micrometer readings on the two bars; h and 4 represent the values of a 
division of the micrometer microscopes H and K respectively. It should also be remembered, 
in order perfectly to understand the result, that (as is invariably the practice) the micro- 
meter heads are outwards, and the direction of positive measurement is towards the centre 
of the bar; the distance apart of the zeros of micrometers being in general greater than 
the length of either bar, in order that positive readings may be obtained. A departure 
from this rule will be observed in the comparisons of O, and Ol, on June 6th; this is the 
result of the change of temperature which took place between the 4th and 6th, whereby 
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the length of the bars was made to exceed the distance of the zeros of the microacopea. 
The values of i and & expressed in millionths of the yard are, 


h = 0:79494 
k = 0°79800 


The last column contains the resulting difference of length expressed in millionths of 
@ yard. 


2. 


In determining from the four series of comparisons on [a-e]) and its parts the length 
of that space in terms of Y,, and the relative expansion of the two metals, we must form 
equations of condition, and solve them by the method of least squares. Let u be the 
excess of the expansion of one yard of Ol, above a yard of Y,, for one degree Fahrenheit, 


and let 
[o-6] = Vy +2+4u(t — 62) (1) 


(adj}= Yotyt u(t — 62) 
[a-e] = $V +2 + $u(t — 62) 


Also let F =1Y, + A + w(t — 62) 

Then [c-5] =F +a ~aA 4+ ($u—p) (t—62) 
(a-d] = Yun ty +u (¢—62) 
[-e] = Vy +2—2 +u (¢—62) 


[de] =F +2—-y—2+(}u—x) (t—62) 
The values we obtained for 4 and « were— 
aA = —0:-36 3; » =0-0066 


There will be 63 equations, as follows :— 


zr — 1:44u 4 12:57 =0 
a — 1-43u +4 13-62 =0 
Z — 1:43u + 13:25 =0 
Fr — I:43u 4+ 13:50 =>0 
Z— 0o-09u + 12-91 =O 
r — 007% + 12:50 =0 
zz — o06u + 13-01 =o 
&Z — 0:03% + 13:22 =O 
& — 0:33u + 12:50=0 
© — o7f1u+ 13-36 =0 
¥Y — 23-394 + 44:27 = 0 
Y — 23:21u +4 ee 
Y ~— 23:17uU + 44:38 =o 
Y — 23-494 + 45:39 = 0 
Y — 23-52u + 4B} = 0 
y + 1-584 + 46-83 =o 
y + 1:67u + 46-47 =0 
¥ +: 1:74uU + 46-92 = 0 
¥ + 1:74uU + 47:17 =0 
y + 0-04u+ 47:95 =0 
¥ + O1louU + 45°53 = 0 
¥Y +t O-lLUY + 47°42 =0 
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y + O15u+4+ 47-02 =0 

y + 1:87u + 48-38 = 0 

¥ + 1:97U + 45°73 = 0 

¥ +t 2-:05U + 47:23 = 0 

y + 2-16u + 46-80=0 

y — 0-74u + 46:57 =0 

¥Y — O72uU + 44-78 =o 

y¥Y¥ — O-7FOou + 47:28 =o 

¥Y — 0454 + 47:96 =0 

—2r +2 ~— 23-33u 4+ 10:24 = 0 
— Ff +2 — 23-72u 4+ 10:90 = 0 
—2 +2 — 23:80u + 10:38 =o 
— «© +2 — 23:-75u + 10:22 =O 
— 2 +z — 23:73uU 4+ 10°54 = 0 
—xr +2 — 23:96u + 9:95 =0 
—« +z — o-16u+ 7:66=0 
—a«r +2 — 0164 + 11:00 =0 
—2 +2 — ITlluU+ 9:30 =0 
—«r +2 — 1-:14u + 8-73 =o 
eo+z — risu+ 8-98 =o 
—cr +2 ~— 1-72uU 4 10:13 =O 
—4 +2 — 1-694 + 8-93 =o 
—« +2 — 11-69% + 9:89 =0 
—«x +2 + 2-224 + 11:50 =0 
— ev +2 — 0145 + 1:31 =O 
—wvw +2 — o-50u 4 10:34 = 0 
—e% +2 — o-§ru+ 11:36 =o 
—2F +2 — o-21u 4 12:31 = 0 
—x +2z — 0 68u+ 8-96 =o 
—x +2 — 0-64u + 10:19 =0 
—« +2 — o56u+ 9:87 =0 
—y +z — o-oru— 23:05 =o 
—~y +2 + oO-olu— 22:27 =0 
—y +2% + 0:03u — 23-06 =o 
—y +2 + 0-06u — 23:03 =O 
—y +2 + oog9u — 23:82 =o 
—y +z + O12uU — 23:95 =O 
—y +z + Oo-14u — 24°35 = 0 
—y +z + o-16u — 22:62 =0 
—y +z — o-7f0uU — 22:30 =0 
—-y +z — 0:24uU — 22:74 = 0 


Forming the four final equations according to the method of least squares, we find— 


+ 32-002 — 22:002 + 145:82u — 92°25 =0 (2) 
+ 31:00¥ — 10-002 — 104:27u + 1203-79 =0 
— 22-004 — I0-00y + 32-00z — 152-38% — 8-50 =o 


+ 145-822 — 1og-27y — 152-382 + 6159-735 u — 6265-945 =O 


If we write ABCD for the absolute terms of these four equations, and then 
eliminate + y z u, there results — 


£ + -06589108 A + -01597077 B + -05004595 C — -00005146D =o (3) 
y + -01597077 A + -04619088 B + -03098788 C + -00117041 D =o 
z + -05004595 A + -03098788 B + -08183691 C + -00136430 D =o 
wu — 00005146 A + -00117041 B + -00136430 C 4+ -00021712D =0 
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The actual values of z y z u and the reciprocals of the weights of the determinations 
are consequently 


r= — 13-044 Reciprocal of weight = -06589108 
y = — 40-534 ‘i -04619088 
z= — 23:442 “ -08183691 
w= — 0-0416 " +00021712 


If now we substitute in the equations of condition these values of x y z and u we get 
the errors of the individual comparisons, which we shall put together in the following Table 
in the order of dates. : 













Fins? Semes. SECOND Segies. Tuigp Segies. Focaty Senixzs. 


















. 1 
Date. | Error. Error. Date. | Error. 
| 








Lerr ‘Foor : («-b]. 

June 2 — o'y4l June 20; — 0°13 July 4 — 0°53 
» on + 064 » oo» — O54 " ” + 0°33 
” » + 0°27 ” » — 0°03 
”» ” + O52 ” n + 0°18 

Lert CenTRE YaRp : [a-d]. 

Feb. 22{; — 1°29 May 23| + 0°23 June 9| +1777 June 29 
i oe — 137 no» | — 013 » on | — 0°88 noon 
” ” — 1lg » » + 0°32 ” ” + 0°62 ” ” 
» 231 — 016 m. atl: “EOr57 ie? ait, SOUS el Ss 
” » — 1°23 ” 25 | + 142 

— 1°00 
+ 0°8g 
| + o48 


Riqut Centre Yano : [b-e]. 


Feb. 23 + 081 May 26 — 2°73 June 10 | 4+ ror 29 


a Te 
qy 
e 
E 
o 


» 24 + 1°49 n i + 0°61 » (17 + 0°93 » 30 
ee + 0°97 » 27 / = 105 a — oro4 inl A 
7 » + O81 ie. — 1°62 Be, ae + 0°98 nthe 
7 is + 113 aS is — 1°37 
» 25 + 0°55 pn 228 — 0°20 
» » — I'yo 
” ” ro Opt I | 











The only point that calls for remark in the system of errors here shown is the difference 
of sign of the errors in February on the two centre yards, as though the rate of expansion 
that suited the one did not suit the other. As the two yards overlap and have two feet of 
length in common, it is difficult to conceive any cause for this discrepancy. 


11429, N 
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The sum of the squares of the sixty-three errors is 57'7166. Therefore the probable 
error of a single comparison is— 


+ 0.674 ne = 40667 . (4) 
Making use of the weights we have obtained for z and u, we get for the 
Probable error of z = + 0°667 /-08184 = + 0'191 (5) 
of u = + 0667 000217 = + 0°0098 
For the space [a-e] we have then the length— 
[a-e] = $ Vu; — 23°44 — 0°0555 (¢ — 62) (6) 


when the coefficient of (¢ — 62) is 4 w. 


But we have yet to consider the probable error to which this result is subject in 
consideration of the probable error of the foot OF with which the spaces [a-6] and [d-e] 
were compared. 


In the first place it is to be noted that these comparisons were made very close to the 
norma] temperature of 62°, consequently any slight uncertainty in the difference of expan- 
sion of OF and Y,, (which has been well determined) will not affect our results. But if 
in our equations of condition we had taken as the length of F at 62°, 4 Y,, — 0°36 + n, 
and if we had retained this symbol to the end of the calculation, we should have obtained, 
as is easily verified— 


“vs — 1377044 +7 
y = — 46°534 
z= — 23'442 +7 
u=— o'0416 


On substituting these values in our equations of condition we should obtain the same 
system of errors as we have already exhibited, and hence to take fully into account the 
uncertainty in the value of F in our resulting value of z we must add to the square of the 
probable error of z the square of the probable error of the assumed length of OF at 62°. 
This last probable error is (see page 77) + 0°108. Therefore the probable error of [a-e] 
at 62° is— 

V7 (191)? + (108)? = + o-219, 
and consequently at the temperature of 62° 
[a-e] = $ Vos — 23°44 + 0219, (7) 


3. 


We have defined u to be the excess of the expansion of one yard of Of, above that of 
Y;; for one degree Fahrenheit. The value of u being negative we have this result,—that 
the expansion of the yard Y,, exceeds the expansion of three feet of Ol, by o°0416 
+ ‘0098 for 1° Fahrenheit. 


Now by direct experiments the following result has been found for Ol, (see page 79) : 
Expansion for 1° Fahrenheit = 21°'055 + ‘089; 
therefore the expansion of three feet of this bar is 
6°3165 + 0267. 


If from this we inferred the expansion of Y,, we should find — 
Expansion of V5 = 6°358 + 0284. (8) 
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A. 


We have seen that the excess of the expansion of one yard of Ol, above that of Y,; 
for one degree Fahrenheit is 
— 00416. 
If by means of this we reduce the comparisons of the right and left yards of Ol, to 
the temperature of 62°, we get the following values :— 


° 
Lerr Yanp ar 62°. Rieur Yaup at 62°, 


Value. Errors, 
Yis+ 54°80 +0°05 
53°42 — 1°33 
53°36 —1°39 
55°13 +0°38 
54°88 +013 
54°38 —0°37 
53°97 —0'78 
55°55 +080 
54°88 +0°13 
55°86 +111 
54°45 — 0°30 
56°21 + 1°46 
54°99 —0°66 
55°22 +0°47 
55°53 +0°78 
55°39 +0°64 
54°61 —O'l4 
52°92 — 1°83 
54°99 +024 
Vos + 55°38 +063 





Taking the means of the first and third columns, we get 
{a:a] = Vis + 54°75 at 62° Fahrenheit. (9) 
fe-e] = Yn — 1023 35 


The sum of the squares of the errors in the left yard is 14:218, hence the probable 
error of a single comparison is 





+ -674\/ 14218 = + sas, (10) 
and the probable error of the mean of the twenty comparisons 
+ ‘383 = + 0130. (11) 


The sum of the squares of the errors of comparisons in the right yard is 20°475, hence 
the probable error of a single comparison is 


+ s674\/ 22475 = + 0°700, (12) 
and the probable error of the mean of the twenty comparisons 
+ ope = + 0156. (13) 


M2 
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5. 


It remains now to bring together the results at which we have arrived, in order to 
ascertain the whole length [a -<] of Ol, in terms of Y,, at 62°. 


We have found 


[a-a] Yis + 54°75 + 0'130 
[a-e] = 4Y,5 — 23°44 + 0219 
[e-e] = Y,, — 10°23 + 0°156 


and adding these together, we have finally 
Ol, = 19 Y,, + 21°08 + 0-299. (14) 


6. 


For the difference of length of O7, and O, at 62° ahrenheit and the difference of 
their expansions we have ten comparisons at 40° and thirty comparisons near 62°. Let y 
be the excess of expansion of O, above Ol, for one degree of Fahrenheit, and let x be 
the excess of the length of O, above Ol, at 62°; then in general 


O, = Ol, +2 + y(t — 62). 


The equations resulting from the forty comparisons are as follows :— 


&— 21°30y + 20°21 =o x+m18y + 18:20 =0 
uv — 21°33 y¥ + 16:02 =0 a+4+1r26y+ 1971 =o 
v— 2126y + 15°94 = 0 xv — 365 y + 22°43 =o 
v— 2ro8y + 1824 =0 xv — 358 y + 1892 =o 
z— 2105 y + 19°94 = 0 v— 3504 + 21°68 =o 
az — 2105 y + 1616 =o &— 327y + 1951 =O 
“— 21ogy + 1617 =0 z—w75y + 1886 =o 
z— 21018y + 1618 =o u—~ 1r58y + 15:92 =O 
v— 2067 y + 1682 =o v—14ly+ 1754 =0 
a— 2170y¥ + 1765 =O z— 1i6y + 16:26 =0 
a+ oqoy + 1845 =0 z—o26y + 17748 =0 
e+ osoy + 20°65 =0 v—oo07y + 17730 =0 
at o58y 4+ 21°23 =0 r+too6by + 16°36=0 
t+ o64y + 1950=0 er+to37y 4+ 1634 =0 
e+ o64y + 21°45 =o v+to38y+ 4:16 =0 
zt o7ly+ 1979 =0 «+to3gy + 1672 =0 
a+ o78 y + 21:02 =0 x+os5oy+ 1621 =0 
z+ o88 y + 1988 =o we+tos56y + 15990 =0 
r+ ro,y + 20:99 =0 &+o2z2zy + 1644 =0 
r+ i3y4 1724-0 “«+o2ry + 16:03 =o 
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From these we obtain 
4Ooxr— 22051 y+ 725'50=0 (15) 
— 220°51 t + 4593701 y — 384876 =o 
Putting A B for the absolute terms of these equations, 
o = x + ‘0339982 A + *co16322 B (16) 
o= y + 10016322 A + ‘0002961 B 
The actual values of 2 and y are— 


v= — 18-384 (17) 
y= — 0'0446, 


and consequently the length of O, is expressed in terms of OI, by the formula— 
O, = Ol, — 187384 — 00446 (¢ — 62). (18) 


If we substitute the above values of « and y in the equations we obtain the following 
system of errors :— 


Tinst Senies. Secon» Senies. Tump Senies. Fovurn Seeres, 





Date. Error. Date. | Error. Date. Error. Date. Ertor. 


AKO 
An 


2° 
+ 
I 

2 

a 
Tr 
2° 


An 0 of 


Ptt+4t+4+4+4+4+4+4+ 
werk 





+ | 








There are here two large errors of equal magnitude and opposite, viz., + 4:21 on 
June 4th and — 4'24 June 23d. There is nothing in the observations to throw any doubt 
whatever on these determinations. If we compare them with adjacent ones they assume 
the appearance of accidental errors. 


Upon the whole the errors have not entirely the appearance of accidental errors. On 
some days there is a preponderance of positive errors, and on others a preponderance of 
negative errors. ‘This is not any effect of personal error, as two different observers and 
sometimes three have made the comparisons on each day. It is to be remembered that one 
observer only is employed in a single comparison. 


Another possible cause which presents itself is that one bar might be at a slightly 
different temperature from the other; but this is not borne out by an examination of the 
readings of the thermometer in the two bars. ‘Take, for instance, the observations on 
May 17th and June 23d. It will be remembered that each bar carries two thermometers : 
those in ©, were marked Simms, No.1 and No. 2, those in Ol, were Casella, 3461 and 
3462. The error of the mean of J and 2 about 62° is + 0°07, and the error of the mean 
of 3461 and 3462 at the same temperature is + 0°19. 
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The temperatures of the bars on the days in question are :— 






‘Temperature June 23. 





Temperature May 17. 





From this it would appear that on each of these days the temperature of O, exceeded 
by 0°06 that of Ol, We should therefore expect to find no difference in the deter- 
minations on these days, so far as can be ascertained by the indication of the thermometers 
in the bars. 

In considering the magnitude of some of the errors shown in this Table, it must be 
borne in mind that the diameters of the dots on O, are each one hundred divisions. With 
this in view the errors are small. 

The sum of the squares of the forty errors is 162°19; hence the probable error of a 
single comparison is 


+674 V/ 1819 = + 10, (19) 
and the probable error of x is 
= + 1°391 V ’03400 = + 0'256, (20) 
and the probable error of y is ; 
= + 1°391 V 000296 = + 0°0239. (21) 
Finally, at 62°, we have for the length of O, 
0, = OF, — 18°38 + 0°26. (22) 


7. 


We can now express the length of O, at 62° in terms of Y,, for we have found 
O, = O1, — 18-38 + 0°256 
Ol, = 38 Y;; + 21°08 + 0-299; 
consequently, adding these equations, we get for the length of the Ordnance Survey 
Standard :— 
O, = (3°33333603 + 00000039) Y,, (23) 
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and the logarithm by which all distances which have been expressed in terms of the Ordnance 
Standard O, will have to be multiplied is 
0°000000 35. 

This result agrees very satisfactorily with that obtained with the old apparatus some 
years since from the Australian Standard Bars, which will be found in a subsequent 
section. 

The probable error of the above determination of the length of O, expressed as a 
fraction of the whole length 10 feet, is 

i 
8,410,000. 


8. 


From the comparisons of O, and Ol, just detailed, we have seen that the expansion 
of O, is Jess than the expansion of Ol, by 


0°0446 + 0°0239. 
But the absolute expansion of Ol, we have found by direct experiment to be 21°055 
+ 089; therefore the inferred expansion of O, 
= 21'0Io + 0°092, 
which is equivalent to *000006303 on unity for one degree Fahrenheit. 
The rate of expansion deduced from comparisons with the Compensation Bars during 


the measurement of the base line on Salisbury Plain was ‘00000637 on unity. This 
agreement is tolerably satisfactory. 


9. 


There is a considerable difference between the average magnitude of errors of com- 
parison of a foot, a yard, and ten feet, as exhibited in the results of the observation we 
have just been discussing. If, disregarding the signs of the errors, we simply take the 
arithmetic mean in the seven different operations, we get the following average errors :— 


Left foot ........000. 0°36 
Right foot. .......0.0. 0°54 
Left yard ........... 0°68 
Left centre yard....... 0°85 
Right centre yard...... ‘Or 
Right yard .......... 0°87 
Ten feet .........46. 1°75 


Hence the average errors of a comparison on a foot, a yard, and ten feet are 0°45 ; 

0°85; 1°75; or as 
T'00 : 1°89 : 3°89. 

These are not in the proportion of the corresponding lengths, but are not far 
from being in proportion to the square roots of the lengths. If, for instance, the errors 
were 0°53, 0°92, 1°68, they would be strictly as the square roots of the lengths, and these 
are not far, any of them, from the actual quantities, 
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Vill. 
DETERMINATION OF THE LENGTH OF THE 
ORDNANCE = TOISE. 


There are, on the upper surface of this bar, as has already been described, four 
pointsa PB ya 





a ° ° =] 
a A Y 5 


of which « and f are one yard apart, 6 and y also one yard apart, and y and 0 474 inches 
apart; so that the whole length, or [a4] = 76°74 inches approximately. Tach of the 
spaces [«- 5] and [f- y] has been directly compared with the copy No. 55 of the Standard 
Yard, and the space [y-6] with the space [/-r] on the bar OF. 


Li 


The comparisons cf the yard [6-7] of the Ordnance Toise with Standard Yard No. 55 
extend over twelve days. Eight days in October at an average temperature of about 59°, 
and four days in January 1864 at a temperature 41°. The comparisons of the yard [a-8] 
extend over ten days in October 1863 at a temperature averaging 60°, and four days in 
January 1864 at a temperature averaging 38°. In all, thirty comparisons of each yard; if 
here by “ comparison ” we mean the result of a single visit. 

The observations were generally made three times in the day, at hours as far apart as 
practicable. The bars were observed in the following order Y,,, OT; OT, Y,5: Ys, OT ; 
(three readings of each microscope being taken ;) or OT, Y;;; Y;;, OT: OT, Y;;; the bars 
lef? under the microscopes being thus alternately one and the other. Each visit supplies, 
therefore, three independent comparisons, in all thirty-six micrometer readings. 

Each bar has two thermometers, which are read the first thing and the last in each 
visit. In this series the mean increase of temperature as shown by the comparison of the 
thermometer readings at the commencement and close of each visit is o°'o2, being the 
effect of the warmth of the observer's body and of the candles. 


‘The following copy of a page of the observation book shows the exact method of 
recording the observations :— 
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Yanp [8 -y] 
Micr. Readings, | Thermometers. 
Date 
Observer, Bar. 
H | k | y, | oT 
Jan. 19, Vis 19-5 12-7 41°37 41°30 
9.15 AM, 19-9 13:6 41°35 41-30 
1Q+4 14-2 
OT 44 | 13-4 
3:6 14:3 
4:3 I45 
OT 44 13-0 
| 4:3 13°5 
45 13°5 
Vis | 13:5 | 19:0 
136 18-6 
14:0 19°3 
Vis 13°4 19*7 
13-4 | 19-5 
13-6 18-7 
OT 13°5 3°5 
13-6 33 | 41:38 | 41-31 
13°8 35 | 41:39 | 41-32 











The mean of the nine readings of H and K on Y,, are 
15°59 .... 17°26 
The mean of the nine readings of H and K on OT are 
7°37... 10'28 
consequently if h and & be the values of one division in H and K respectively 
(15°59h + 17°26 k) — (7'°37h + 10°28k) = 8:22h + 698k 
will be the difference of Jength resulting from this visit, and is virtually the mean of three 


comparisons, 


The microscope H (invariably in all comparisons on the left) has its micrometer head 
to the left; K (invariably in all comparisons on the right) has its micrometer head to the 
right. The positive direction of measurement in either microscope (increasing readings) is 
towards the centre of the bar. 


11423, N 
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which to deduce 2’ and y’, and as many for 2, and y, These last equations, viz., in x y 
being treated according to the method of least squares, resolve themselves into the 
following : 


304,— 273604 — I94'40=0 
— 27360 ©, + 4739°51 y, + 282058 = 0 (1) 
which give 
“= + 2'223 
¥, = — 04668 (2) 


The comparisons of the right yard afford the following : 


joa’ — 269°45 y — 30457 = 0 
— 269745 2° + 5637°54 ¥' + 4100994 = 0 (3) 


where 2’ is the excess of the length of the right yard above Y,, at 62°, and y’ the rate 
of relative expansion. ‘The values resulting from these equations are 


v= + 6341 
¥ = — 04244 (4) 
From this it would appear as though one half of the bar OT had a slightly different 
rate of expansion from the other half. But this may well be attributed to errors in the 
operation, as the difference is small. If we assume, as is indeed necessary, that the rate of 
expansion is the same for the right yard as for the left, then the sixty comparisons must be 
combined in one series of equations containing three unknown quantities 2, 2’ and y. 
The resulting equations are as follows:— 
30 x, — 273°60 y — 19440 = 0 
30 2 — 269°45 y — 304°57 = 0 (5) 
— 273°60 vw, — 269°45 2 + 1037705 y + 6921'52 = 0 


If we write A BC for the absolute terms of these equations we have by elimination 


v, + 00485620 A + 00149977 B + 00016698 C = o 
wv + .0°0149977 A + 00481035 B + oroo16445 C=0 (6) 
y -- 0'0016698 A + 0°0016445 B + 0'0001831 C =o 


While the numerical values are found to be 


L,= + 27451 
a = + 6184 (7) 
y = — 04418 


If from equations (6) we write out the expression for the reciprocal of the weight 
of ax, + 2 + yy and then make « = 1,8= 1, we get the reciprocal of the weight of 


c+e+ry 
"12666 + *00663 y + :000183 7” (8) 


Now the length of the two yards taken together is at the temperature 62° +/ 
Fahrenheit 


veto tay 
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in excess of 2 Y,, at the same temperature; and the weight of the determination at that 
temperature is the reciprocal of 


12666 + *01326 f+ "000732 f* (9) 


The following Table contains in contrast the observed differences of length, and the 
differences computed from the formula x, + (* — 62) y, 2° + (¢— 62) y. 


Comparison or Yarps or Orpnance Totse wira THE Sranpanp Yaap No. 55. 























[4-7] - Y,, [2-8] — 

Observed. Computed, Error, Observed, | Computed. Esror. 
2+go 2-52 + 0-38 6-66 6:63 + 0:03 
4:07 3°41 + 0-66 6-41 7-18 — 077 
3:19 3°33 — O14 8-32 7:20 + I-12 
274 4°32 — 0-58 7:68 7°26 + O-42 
3:26 3:61 — 0-35 8-63 7:66 + 9-97 
279 3°54 — 075 5:60 6-18 — 0-58 
431 3°47 + 0-84 5°67 6-69 — 102 
3°33 3°49 =| 0:07 7:33 6-68 + O45 
4°52 3-30 + 1-22 5°85 6-68 — 0:83 
3°23 3°25 — 0:03 6-70 6-68 + 0-02 
3°19 3°95 — 0-76 7°22 6-13 + 1-09 
3°31 3:95 — 0-64 7°92 6-51 + 1-41 
3°23 3°95 — 0-72 6-24 6-53 — 0-29 
2-Y2 4-24 — 1-32 7°70 6-56 + lrg 
461 4:23 + 0-38 6-79 7°35 — 0-56 
34+ 4°23 = 079 7°79 7°75 + 0-54 
3°26 4°51 — 1:25 5:97 7:22 — 1-25 
4°73 4°50 + 0-2: 6-88 7°39 — 0-51 
4:65 4:48 + 0-17 7°75 7°36 + 0-39 
4:83 4:77 + 0-06 8-34 7°37 + 0:97 
11-72 12-09 — 0:37 18-88 17°23 + 1:65 
11-95 12:05 — a-10 17-40 16-97 + 0-43 
12-18 12:10 + 0-08 15-09 19-88 — 1-79 
12:79 12-01 + 0-78 15°95 16-79 — 084 
12-62 11-95 + 0-67 15°79 16-65 — 0:86 
12:03 11-82 + O21 16-48 16-49 — o-o1 
12-09 11-72 + 0-37 16-38 16-38 + 0-00 
11-86 11-63 + 0:23 15-68 16-27 — 0-59 
12:10 11-58 + 0-52 15-89 16-17 — 0-28 
12:56 11-47 + 1:09 15°78 16-11 — 0:33 


The sum of the squares of the differences or errors is 33'75, consequently the probable 


error of a single comparison is 
+: 674\/ 33-25 ome 518 (10) 


The probable error of #, + 2’ is ssaseeant 
+ 51812666 = + 0°18: (11) 
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The following Tables contain the result of the comparisons of the yards [«-8] and 
[8-y] of the Ordnance Toise with Y,,: each line is the result of one visit, 


Comparison or Yarp [a-8] or Onpnance Toise witH THE Stanpanp Y Arp. 
































Date. Temp. OT Ys5 Renee DIOR [a : 8] ~ Yss 
1863. 

Oct. 5] 60:98] + 36-96h — 28-41h| + 22-79h — 5-96h|— 1417h + 22-45hk| + 6-66 
» 8] 59-73] + 70-96h — 55-42hk| + 0-41h + 22-99k|— 7O-65h + 78-41k 6-41 
»  »| 5968] + 67-32h — 50-92k] — 10k + 27:66hk| — 68-42h + 78-58% 8-32 
» 1 59°56] + 10-04h + 6:09h| — 10-96h 4+ 36-634} — 21-00h + 30-54h 7-68 
» 7] 58-66] + 86-72h — 65-484) — 18-78h + 50-43h} —105-50h +115-g1h 8-63 
» 8] 62-01] — 17-48h + 16-86] ~— 57-48h 4+ 63-72k}— 40-00h + 46-86% 5:60 
» 9]| 60-84] — 62-884 + 73-76h|— g9-4oh 4117-24h]} — 36-52h + 43-48h 5:67 
» | 60-87] — 76-58h + 87-87h) —113-07h +133-16h| — 36-49h + 45-29% 7°13 
» | 60-871 — 70-:96h + B1-43k]| —120-79h +138-39k| — 49-83h + 56-96h 5°85 
» 10] 60-87 | — ga-14h +102-634| —121-36k +140-14h| — 29:22h + 37-51k 6-70 
» 23| 62-11] —16-07h + 16:29h] — 28-59h + 37-80k|— 12-52h + 21-51h 72% 
» 24/6126] — 16-032 + 15:29hk|— I4:09h + 23-28h/+ 194k + 7-99h 9-92 
» 9» [6020] — 431k + 502k] — 6-54h + 15-06hk] — 2:23h + 10-04h 6:24 
v9 | OLE] + 12-922 — 12-44h] + 13-33h — 320k] 4+ o-gth + geagh 7°70 
» 261 59:36] + 3-712 + 164k} + 3-78h + 10-07k}+ o-07h + B-4Zh 6-79 
» » | 59°57) ~ 4:89h + B.24hk|— Byoh + a1-5sohk|— 3-51h + 13:26k 779 
» 9» | 59°64] + 278k — ogh}+ 0-22h + 9:73k|— 2-56h + I0-02k 5:97 
» 27 69:26) + 11-13h — Btkh| + 260k + gotk|— 853k + 17-12k 6-88 
» 99 | 59°32) — Tork + 316k) 4+ 1-68h + 10-20k|)+ 2-694 + 7-oghk 9°95 
» » | 59:34 #1447 hk — 12-33k|/ 4+ 409k + 8-46h] — 10-38h + 20-79h 8.34 
1864. 

Jan. 12] 36-99| + 10-95h + 20-49h| + 23-86h + 31-29hk|+ 12-91hk + I0-8B0h 18.88 
» 9 13757) + 19:22h + 11-00k| + 31-18h + 20-894] 4+ I1-96h + 9-8Qh 17-40 
» 9 137°79| + 23-384 + 883k) + 33-29h + 17-87h|+ g-g1h + go4hk|) 15-09 
» 131 37-98] + 20-51k + 8-38h| + 33-24h + 15-684) + 12:73h + 7-30k 15°95 
» 99 | 38-31) + 15-:30k + 10-g6k| + 28-78h + 17-3tk| + 13-48h + 6-354 15°79 
nd pee + :16-54h + 831k! + 23-72h + 2t-81k| 4 718A + 13-50h 16-48 
» 14) 38-g2} + 10-32h + 13-06hk| + 27-68h 4+ 16-29h| + 17-3648 + 323k 16-38 
» » 1 39:17 | + i2gak + gBrhi + 21-B8h + 20-54h] 4+ 8-96h + 10-73h 15:68 
» 9» | 39°39] + 6-63h + 15-62h) + 12-12h + 30:07h) + g-4gh + 14-45h 15-89 
» 15] 39-52) +.13-62h + 6-67h1 + 10-58h + 29-4741 4+ 304k + 22-80k 15-78 





temperatures in these tables are corrected for crrors of thermometers. 
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Comparison or Yarp [6-7] or Onpnance Totse with THe Stanparn YArp. 


Difference of Length 
in Micrometer Divisions. 





7:87h + 11-26h + 11:76k 
50-44 h + 87-03h — 49-96hk 
43°53h + 81-86h — 46-73h 
99-62h +138-51h —104-34k 
117-66h +141-29hk —102-77k 
108-oyh +131-70h — g4-4ok 
107-34h +137-83h —100-76k| 
120-97h Ah) 4158-774 —124-10k! 
98-30h +149:87h —115-37k 
agiih + 60-74h — 27-96k 


3394 + 027k] + 2-90 
36-59hk — 31-35k 
38-334 — 34-19h 
38-8g9h 35-314 
23-63h 19-46% 
23-61h — 20-034 
Z0-4gh — 24-97 hk 
37Boh — 33-48 
5157 — 45-714 
B163h — 27-47 hk 





tHt+tet+esey 
tHtetetetes+ 


I 
| 


PHttttses | 
+++] 0¢04+4 


1o1iw7h 
10-34h 
42-70h 
18-51h 
36-64h 
35°78h 
30-40h 
11-67h 
33°33 
21-26h 


17°53h 
112th 
18-09 k 
793g h 
0-96 h 
217k 
357k 
7-4 A 
358k 
14:82h 


Ply dvr1+t 


++ t+et+eett 


tH+egeetqey 


580k 
6-07 kh 
7-544 
gag hk 
727k 
g:17k 
15:13 4 
+ 10-534 
+ 6-g8h 
+ 11-964 








ttt+ee4+s4 
+++++b+etet 
tH++tte+tet 
tHt+e+t4get 
t+tte+etgs 








Let x’ x, be the excesses of lengths of the yards [«-8], [6-7] above Y,, at 62°, y'¥, 
the differences of expansion, so that 


LYASY, & +SY, 


are the excesses of lengths of the yards above Yj, at the temperature of 62° + /' 
Fahrenheit. The quantity /being given at each comparison, we have thirty equations from 


N 2 


1c0 


which to deduce 2’ and y’, and as many for 2, andy. These last equations, viz., in x y 
being treated according to the method of least squares, resolve themselves into the 
following : 


304, — 27360 ¥,— 19440 =0 


— 27360 ©, + 4739°51 y, + 2820758 = o (1) 
which give 
©, = + 2°223 
¥, = — 04668 (2) 


The comparisons of the right yard afford the following : 


30 a — 269°45 y'— 30457 =0 
— 269°45 2 + 5637'54 y' + 4100°94 = 0 (3) 


where 2’ is the excess of the length of the right yard above Y,, at 62°, and y' the rate 
of relative expansion. The values resulting from thesc equations are 


v= + 6341 
yf = — 04244 (4) 
From this it would appear as though one half of the bar OT had a slightly different 
rate of expansion from the other half. But this may well be attributed to errors in the 
operation, as the difference is small. If we assume, as is indeed necessary, that the rate of 
expansion is the same for the right yard as for the left, then the sixty comparisons must be 


combined in one series of equations containing three unknown quantities x, 2” and y. 
The resulting equations are as follows:— 


30 2, — 273°60 y — 194°40 = 0 
30 a” — 269°45 y — 304°57 = 0 (5) 
— 27360 7, — 269°45 2 + 10377°05 y + 6921°52 =o 
If we write A BC for the absolute terms of these equations we have by elimination 
wv, + 0'0485620 A + 0'0149977 B + 00016698 C = o 
uv + 00149977 A + 0°0481035 B + o'0016445 C =0 (6) 
y -- 0'0016698 A + 0°0016445 B + 0°0001831 C =o 


While the numerical values are found to be 


2, = + 2°451 
a = + 6184 (-) 
y = — 04418 


If from equations (6) we write out the expression for the reciprocal of the weight 
of ar, + 62 + yy and then make « = 1, 8 = 1, we get the reciprocal of the weight of 


rtuety 
"12666 + *00663 7 + ‘000183 7” (8) 
Now the length of the two yards taken together is at the temperature 62° + / 


Fahrenheit 


wpta +2sfy 
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in excess of 2 Y,, at the same temperature; and the weight of the determination at that 
temperature is the reciprocal of 


12666 + '01326 f+ ‘000732 f° 
The following Table contains in contrast the observed differences of length, and the 


differences computed from the formula x, + (¢ — 62) y, 2 + (t — 62) y. 


Comparison or Yarns or Orpnance Tose wit THE Stanpanp Yarp No. 55. 









2-90 
4:07 
3°19 
274 


PWW A HWWW Ww “ 
Ac bw 
Rew ee 


AS 
oe ANT Se 
WuAn a 


Observed. | Computed, 




























[8-7] — Yuu [2-2] —Y,, 

Error. Observed. Computed. 
2:52 + 0:38 6-66 6-63 
3-41 + 0:66 6-41 7-18 
3°33 r= Or let 8.32 7°20 
4°32 — 0-58 7-68 7°26 
3°61 — 0-35 8-63 7-66 
3°54 — 0-75 5:60 6-18 
3°47 + o-B4 5:67 6-69 
3-40 — 0-07 713 6-68 
3°30 + 1-22 5°85 6-68 
3°25 — 0:03 6-70 6-68 
3°95 — 0-76 772% 6-13 
3°95 — 0-64 7°92 6-51 
3°95 — 0-72 6-24 6-53 
4:24 34 7°70 6-56 
4:23 + 0:33 6-79 7°35 
4°23 — 0-79 7:79 7°35 
451 — 21:25 5°97 7°42 
4:50 + 0-2: 6-88 7°39 
4-48 + 017 2°75 7°36 
4°77 + 0-06 8-34 7°37 
12-09 — 0:37 18-88 17-23 
12-05 — o-10 17°40 16-97 
12-10 + 0:08 15:09 16-88 

+ 0-78 15°95 16-79 

+ 0-67 15°79 16-65 

+ 0-21 16-48 16-49 

+ 0-37 16-38 16-38 

+ 0:23 15:68 16-27 

+ 0°52 15-89 16+17 

+ 16-11 








Error. 


Pty tyte Flt i tetit¢ 


[++ +41 


Pt+ti ld 


0°97 
165 


o-01 
0:00 
0:59 
0-28 
0°33 


(9) 


The sum of the squares of the differences or errors is 33°75, consequently the probable 
error of a single comparison is 


+ 674/225 = 4518 


The probable error of #, + 2’ is consequently: 


+ °518V12666 = + 0°18 


(10) 


(11) 


+102 


The probable error of y is 
+°518°000183 = + 00070 (12) 
Finally, the lengths of the two yards of OT in terms of Y,, at the temperature ¢ are 


[8-7] = Ys + 2-45 —0-4418 (¢ — 62) ae 
[a-6] = Yu, + 6-18 — 0-4418 (¢ — 62) 3 


2. 


The small space of 4-74 inches on the right of the Ordnance Toise was compared on 
three successive days with the space (7-/] of OF, whose value we have already determined 
in terms of standard yard No. 55. The individual comparisons, three in each visit, recorded 
in exactly the same form as at page 97, are shown in the following Table: 


Comparison oF Space [y-3] on Orpnance Totse with [7-7] 











Datel) tee (3) | Ur] | ia Micrometer Divisions, ([7°8]—Lf-"] 
1863. ° 
Oct. 15] 62-48 |+ 28-4oh — 25-83k|— 21-33h + 28-:53hk|— 49-73h + 54:36k| 43:85 
» 99 | 62-48 |— -B-43A + T1-10k|— 20-87h + 28-23k]— 12-44h + 17-13K 3°78 
» 99 | 62-48 |— 77 A + 11-50k |— 25-87h + 32-37k|— 18-10h + 20-87h 2-26 
» 9 | 62-76 | + 403k — 250k |— 25-4oh + 31-13k|— 29-43h + 33-634 3°45 
sy 93 | 62-76 J+ 443k — 1-90k|— 3:53h + 10-27k|— 7-96h + 12-17h 3°39 
» » | 62-76 |— 4:53h + 6-gokh}— 400k + 10-47kh|+ 0:53h + 3-574 3:27 
» 16] 62-26 }+ 4:23h — 0:07 |— 35-23h + 42:37hk|— 39-46h 4 42-4qh 2°50 
a 99 | 62-26 | — 50-50h + 53-47k)— 35-13h + 42-73h|+ 15-37h — 10-74k|) 3:65 
» 99 | 62:26 |— 50-37hk + 53-40k|— 96-27h +103-70hk|— 45-90 + 50-30k 3:65 
» 99 | 62533 | —127-03h +129:00k4 | — g7-00h +103-:27hk)+ 30:03h — 25-73h 3°34 
» 99 | 62°33 |—128-13hk +128-gok | — 87-33h + g2-50hk|-+ 4o:80h — 36-4ok 3°38 
99 | 62°33 | —116-87h +118-17k |— 86.07 + 92-77hk|+ 30-80h — 25-40h 4:21 
» 99 | 02-41 |—117-50hk +120-43k |— 66-23h + 72:53k|+ 51-27h — 47-Q0h 2°53 
yy 9 | O44 | —111-93h +114:672|— 65-60h + 72-67K}+4+ 46-33h — 42-00k 3°31 
won | 2-41 |—11L-87hk +114-804 |— 62-83h + 69-50k) + 49-04h — 45-30k 2:83 
» 9 | 62°53 |—112-00h +114:27h|— 72-63h + 80-23h|+ 39-374 — 34-04hk 4:14 
vy 99 | 62°53 | ~112-10k +114-:10k |— 80-50h + 87-73h|+ 31-60h — 26-37h 4:08 
» 99 | 62°53 | —101-67hk +105:17k]— 8o-toh + 87-67k|+ 21-57hk — 17-504 3:19 
9» | 02-73 | —105-73h +107-47k1— 64-40h + 70-97k|+ 41-33% — 36-504 3-72 
» 99 | 62-71 |— 7Q-O3h + 82-63k|}— 64-204 + 71-20K]}+ 15-734 — 11-43h 3-38 
» 99 | 62-71 |— Bo-30h + 82-4ok|— 76-80h + 83-204]+ 3-502 + 080k 3°41 
» 17] 62-54 |—158-70hk +159-674 | — 50-57hk + 57-07h | -+108-13% —102-60h 4:09 
» 99 | 62°54 |—158-20hk +15y-70k |— g8-70h +103-93k|+ 59-502 — 55-774 2:80 
99 | 62°54 | —168-90hk 4170-134 |— 98-10 +103:832]+ 70-80hk — 66-3ch 3°37 
» 9» | 62°59 [173-47 +173-43k | —115-03h 4118-674] + 58-44h — 54-76k 2-76 
» 9 | 62-59 |—149-03h + 149-334 | —114-70h +119-4ok | + 34-33% — 29-934 3°41 
» | 62°59 |—149°53% +149-93% | —109-57h +114-504|+ 39-964 — 35-4341 3-50 
yo | 62-92 | — 165-37 hk 4167-074 | —109-50h +114-40h|+ 55-87% — 52-674 2-38 
99 | 62-72 | —165-93h 4166-404 | —102-60h +107-50h|+ 63-33% — 58-g0k 3:34 
99 | 62-92 |~159-33hk +159-33% | —102-goh +107-00k | + 56-43 — 52-33 3-10 
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From this we find for the space on OT the value 
(7-3) = [rf] + 3-34 


at the temperature 62°.53. The sum of the squares of the errors is 7-875, consequently 
the probable error of a single comparison is 





E875 
+ ‘erqa/ jo + 0-351 (14) 
and the probable error of the mean of 30 determinations 
+> p= = + 0-064 (15) 


But we require the difference of length at 62°. We have seen by equations (7) and 
(8), page 77, that 
= 1Y,; — 0-36 + 0-0066 (¢ — 62) 


with the probable error 
+ { ‘OLI7ZI5 + 001256 (¢ — 62) + 0000488 (¢ — 62)? }! 
Therefore 


a4 F= stop Yu — 0-14 + :0026 (¢ — 62) 


_ 
Oo 
oO 


with a probable error 
+ { -001828 + -000196 (¢ — 62) + -o000076 (t — 62)? } 
Also by equation 46, page 71, we have 


[r-f] = 474 F — 3-10 40-119 


Hence 


[r-f]= ee 3:24 + -0026 (¢ — 62) 


with a probable error at the temperature ¢ of 


+ { 015989 + -o00196 (t — 62) + -0000076 (¢ — 62)? }} 


Now let the small space on OT at 62° be equal to ss + 





Y;; + u, then at the 


temperature ¢ its length will be 


iy 73] = Wey Vos tu + 25 y (¢— 62) 


where y is the excess of the expansion of a yard of OT above the expansion of Y,, for 
1° Fahrenheit. 

Now this space exceeds [1 -/"] by 
y- -0026 | (é — 62) 


EPs 24 + | gh 
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and the observed value (for ¢ = 62°-53) we have just found to be 3:34 + 0:064; 
consequently 


= 3°34 — 3°244 -0026 (t — 62) — 4274 y (¢ ~ 62) 





3600 
Here y = — -4418 + -0070 and 
y= = — -0582 + -0009 


Consequently we have 
v=+0'13 


The probable error of w is composed of three independent parts; namely, first, 
that of the quantity 3-34; second, that of [r-/] or — 3-24 + -0026 (¢ — 62), when 
t = 62-53; and, third, that of the fraction of y. This last, however, becomes insensible. 
Thus the total probable error of u 


+ { 004096 + +015989 + -000103 + -cooccz }# = + 0-142 


3. 
The three spaces of which the Ordnance Toise is composed are then as follows : 


[a-B]=] Yn +6-18 


[B-y] = Vis + 2°45 
[v3] = Sho Vu +0: 13 
the sum of which is 
6 eee Fe 
[2-0] = eae Ys + 8-76 + V (-142)? + (184)? 


As in the case of the bar OF we have used the letter F as an aloebraic symbol for the 
length of the bar, so now we shall use T, to represent the length of the Ordnance Toise. 
We have then, 


T, = (2-13167543 + -ooo00023) Y,, 
both bars* being at the temperature of 62° I’ahrenheit. 
The total number of micrometer Teens: from which this result is obtained is 2520. 


* Further siiunestiohs on the length of T, will be found at page 139. 
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IX. 


DETERMINATION OF THE LENGTH OF THE 
ORDNANCE METRE. 





This bar, which is exactly the same in section as the Ordnance Toise, carries on its 
upper surface three disks a, b, ¢ of platinum, so defining by lines the length of the yard and 
metre, ov at least very approximately those lengths. The determination of the length of the 
bar therefore divides itself into two parts ; first, the determination of the true length of the 
yard space [a:b]; and, secondly, the determination of the length of the small space [b-c) 
of 3-38 inches. 

The yard on the Ordnance Metre, which is designated OM, was compared with Y,, 
on the following days, March 8, 9, 10, 11, 12,143 July 5, 6, 7, 25, 26, 27, 28; in all 
forty comparisons or visits. Of these, fifteen were at a temperature averaging about 46°, 
and the remainder at an average temperature of about 64°. Thus both the length at 62° 
and the relative expansion are well determined. In these comparisons the yard ¥,, lay in 
the same box with OM, the bars occupying alternately the inner and outer position. The 
focal adjustment was renewed at nearly every comparison. The following ‘Table contains 
the result of each visit. The temperatures are corrected for errors of thermometers. 


Comranisons or Orpnance Metne anp Stanparp Yarp No. 55. 

















Temp. Ys OM in Agric picidie: [a-) -Y,, 

1864. 5 

March 8 | 47-91 | 21-00h + a1-q8h| 23-75h + 32:68h |— 275h+ BBohk} + 4-84 
35 9 | 47-59 26-92h + 18-48% 19-664 + 20-00h |+ 7-26h — 152k | + 4:56 
eS » | 47°65 | 24-68h + 20-12h |] 17-BOh 4 20-48h 1+ 6-88 — 0-364 | + 5.18 
3 » | 47°55 | 22-4oh + 22-784 | 25-00h + 14-304 |— 2-604 + 8-48h | 4 4°70 
» 10 | 46-85] 27-68h 4+ 21-74h | 23-1Bh + 20-02k [+ 450k + V72k | + 495 
» 9» | 46-78 | 3020h + 20-15k | 27-78h 4 16-15k|+ 2-42h + 400k] + 5:12 
» 9 | 46-62 | 28-58h + ar5gh| iWersh+ 25-52k |4+10-43h — 3-99h | + Slr 
» Il} 46.00] 31-goh+ 23:35k | a4-5ch + 23-724 |4+ 7-38h — 037k | 4 5°57 
»  » | 46-02 | 32-854 + 21-36 | 32.05h + 14-g8h |+ oO 80h + 6-384 | + 5.73 
» | 45°98 | 27-B2h+ a5g2h | arroh + 25-75k 14+ 6-72h + op hk] + 5.48 
x 12) 45-77 | 25-724 + 30-42hk| 18-4Bh + 30-054 |+ 7-244 + 037k | + e085 
» 9» | 45°87 | 26-054 + 28-93hk} ag-05h + 24-BGA 14+ 2-00h + g-o8h | + 4°85 
» 99 | 45°82 | 23-78 + 30-98h | ag-goh + 18:57k |— 572k tizgih | 4 5°36 
» 14] 45-39 23-43h + 33-80h |] 22:18h + 27-B3h |4+ raph + seq7k | + 5:76 
» 9 1 45°55! 23-48 + 3093h] 21-63h + 26-364 14+ VeB5h+ 4esrhk | 4 512 
11429, ° 
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CoMPARISONS OF ORDNANCE METRE AND STANDARD YArD No, 55—continued. 


' Difference 
Temp. Vis OM in Micrometer Divisions. [a-6] -Y,; 








° 
61-19 | 22-50h + 2B0o5 hk | 28-:70h + 24:50k |— 6-20h + 3:55hkh | — 2-10 
61-12} 24:60h + 26-25k | 26-05h + 26-784 |— 1-45 — O53A | — 1-58 
61-28 | ag-g3h + 20-3BA | 30-35h + 21-a5hk |— o-42h — 087k | — 1-03 
61-38 | 29-90h + 19604] 29-2Bh + 21-584 [+ 0-624 — 1-98h | — 1-09 
61-50 | 24-10h + 24-934] 28-33h + 22-30h |— gazgh+ 2-63h | — 1.26 
61-48 | 24-7Zh + 24-25Kk | ay 1Bh + 26-48h (+ O-55h — 223k | — 1-34 
61:65 | 26-55h + 20-65k | a720h + 22-33h |— 065h — 0-684 1 — 1-06 
61-75 | 25-65k + argh} 22-78h + 25-75k [+ 2:87h — 462k | — 1-41 
61-B5 | 23-88h + 22-28h | 24-88h + 23-35h |— took — 107k} — 1.65 
65:38 | 24-93h + 29-504 | 32-85h + a5-10k |— 7-92h + gyok | — 2.78 
65-51 | 24-05 + 28-634 | 28-98h + 27-604 |— 4-934 + 1-034 | — 3:10 
65:62] agg 8h + 27-63k} 2a7-4oh + 29-73hk |— a-yah— 210k | — 4-00 
65°62 | 24-654 + 27-004] 27-30h + 28-004 |— 2-65h — 1-004} — 2-90 
65:01 | a7-10hk + 27-90k | 28:38h + 28-47 hk |— 1-28h — o57hk | — 1-47 
65th] 21-33h + 33-58 | 27-33h + 29:67hk |— Cooh + 3g1h |] — 1-65 
65:39 | 29-352 + 23-454] 30:90h + agi8hk |— 1-55h — 073k | — 1-81 
65:23} aygsh + a4-25hk | ag BBh + 26-124 [+ o10h — 187A | — rege 
65:31} 2465h + 31-aBh |} aqo5h + 32-684 |— ryoh — 1-4ok | — 2-23 
65:37 | 27-854 + 24-604) a455h + 31-15k |4+ 330k — 655k | — 2:60 
65:43 | 26-4oh + 25-23k | 28-75h + 28-084 |— 2-35h — 2-854 | — getg 
65°43 | 24-23h + wag k |} anaigh+ 28-7ok |— ag2h— o2agh | — a52 
65-27 | 23-70h + 29-53% | r4-83h + 30-55 |— r1gh— r0zk | — war 
65:33 | 26-97h + 26-634] 2Byoh + a7-a5h |— reyzh — 062k | — 1-63 
65-38 26-48h + 27-32k | 26-68h + 29-37hk |— o20h — 2054 | — 1-79 
65:44 | 2445 h + 27-034] 25-70h + ageodh |— ragh— 205k | — 2.63 








The irregularity of the results during the last few days is greater than usual; it 
attracted special attention at the time of making the observations, but no explanation could 
be perceived. This is the more remarkable as the temperature was unusually steady 
during the four days in question. 


Let the excess of the yard on OM above Y,, be, at 62°, = x, and let the excess of 
the expansion of a yard of OM for 1° above the expansion of Y,, be = y, then at any tem- 
perature ¢ the length of [a-+] = Y,, + « + (¢ — 62) y. Now we have in the above Table 
forty observed differences of length at given temperatures, and these give forty equations 
from which to ascertain 2 and y. 


Solving these equations by the method of least squares, there results ; 
40:00 2 — 183-650y¥— 27-490 =0 
— 183-65 @ + 3805-187 y + 1343-395 =0 (1) 
If we put A and B for the absolute terms we get 
z+ -0321167 A + -o015500 B=0 
y + -0015500 A + -0003376 B=o (2) 
restoring the values of A and B 
= — 1-199 
y = —0-4109 (3) 
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The length, therefore, of the yard on OM at the temperature ¢ is 


[a-b] = Y,; — 1-20 — 0-4109 (¢ — 62) (4) 

The reciprocals of the weights of the determinations of . and y are, from equation (2), 
Biesdh 33 0:03212 

Bee ee 0:00034 (5) 


Substituting the values of 2 and y in the equations of condition, we obtain the errors 
of the different comparisons, as shown in the following Table. 


Tanie or Errors or Comparisons or THE Yard on OM wit Y,,. 


Date. Frror. Error, Error. 


March March 12 |+ 0-56 | July — 0:35 i 078 


— 0-58 + 0:00 + 1:12 
— 90:09 — 0-31 + 9°33 


+ 0:13 —O-5r — oo! 
— O44 2719 — 1:53 
— 1:23 — 0:46 + 0-09 
— 0-74 — 1-31 + 0-83 
— O13 — 0-21 + 0-94 
—Olg + 0°97 + 0-80 
— 0-27 + 0-84 — 0:02 








% (#2) = 142164, 
Hence we find the probable error of a single comparison to be 


6744/1428 = 40-412 (6) 


The probable error, therefore, of x is 


+ 0-412V-03212 = + 0-074 (7) 
And the probable error of y 


+0-412V -00034 = + 0-0076 (8) 


From equations (2), if required, is easily obtained the weight of the determination of 
the length of [a-0] at any given temperature. 


2 


The small space [4-c¢] of 3-38 inches was compared with the corresponding space 
on OF, [u-e], on August 4th, 5th, and 6th. 


02 
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The individual or single comparisons, generally three in number at each visit, and 
recorded as at page 97, are shown in the following Table. 


Comparisons OF 3-38 INCH Space oN Orpnance Metre anp Orpnance Foor. 


Difference 
in Micrometer Divisions. | [#*¢]—[5-¢] 


89-50 k 8-77h + 10:80h 
93-43% | 8-77 + 10-40k 
93°53 4 " 9°33 4 
89:73 & 08 9-30 k 
93-17 k 750k 
94°43 & 8-7 
97:20 & 8 
95°47 4 : 6 
92-77 k . 9 
7 
7 
7 
7 


132-40 
132-52 
133:14 
132-68 
132°35 
133°05 
133°52 
133°72 
133-06 
133°71 
131-96 
132-65 
133°51 
134:95 
133-78 
132-24 
132-44 
133-86 
13365 
133°68 


64:70 
64:70 
65:0 
65:00 
65-00 
65:20 
65:20 
65:20 
65°45 
65-45 | 94-034 
65°45 | 9447 2 
65:66 | 93-03% 


° 
gh 
go hk 
50% 
17k 
92-87 h : 30h 
90-70 k “ 10-63 k 
g7 hk 
53 & 


89-53 & 
87h 


gt-Bo k 9 
giro h 

93:10 k 40 k 
65-66 | go-73h + 93-77 : 8.57 k 
65:66 | 91-67 + g2-g7h . + 8-334 
65°85 | 93-13 h + 92-87 ; 9-93 * 
65°85 | g1-77h + 93-80% 7534 + 10-23h 
65:85 | g2l0oh + 93-17% g63h+ 780k 


t+ttteteteeetst 
tHt+HHettettetetets¢+¢etes 





From this we find for [6-c] the value 
[we] — 133-04 (9) 
at the mean temperature 65°-32. The sum of the squares of the errors, or differences of 
the individual results from the mean, is 7-o011, consequently the probable error of a single 
comparison is 





L:00 = wr 
+ -674 ee + 0-409 (10) 
and the probable error of the mean of 20 comparisons 
0409 — 
fy ee (11) 


We have next to reduce this to the temperature of 62°. By equations (7) and (8), 
page 77, it appears that 
F =4Y,; — 0-36 + 0-0066 (¢—62) 
with the probable error 
{011715 + -001256 (t— 62) + -0000488 (¢ — 62)*}4 (12) 


consequently 


338 -_ 338 yo. —6 
iio = 3600." GO SPIO NE = 22) 
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with the probable error of 


+{ 000929 4 -o00100 (¢ — 62) + +0000039 (¢ — 62)°}4 (13) 
Also by equation (47), page 71, we have 
8 
[w-e] = aie F —1-24 + 0.098 
Hence 
tei oo eS aca pa Gsouig Ga) (a 
a 3600 65 34 9 4) 
with a probable error of 
+{ -010533 + “000100 (t — 62) + -0000039 (¢ — 62)*}3 (15) 
Let now the small space on OM at 62° be 
8 
{b-c] = nese + u (16) 
then at the temperature ¢ its length will be 
8 8 
[2-6] = 3655 Vout 4 + sGnoy (¢— 62) (17) 


where ¥, is the excess of the expansion, for 1° Fahrenheit, of one yard of OM above 
that of 
Now taking the difference of equations (14) and (17), this space exceeds [p-e] by 


8 
u + 1-34 —0-0019 (1 62) + Jey (t— 62) (18) 
and the observed value of this quantity for ¢ = 65°- 32 we have just found to be 

— 133-04 + 0-091 


Consequently 
8 
w= — 133-04 — 1-344 -0019 (¢— 62) — 3 y (#62) (19) 
Here we must put ¢— 62 = 3-32 and y = — 0-4I109 which gives 


u = — 134-25 (20) 

The probable error of the expression for uw we see to be made up of three independent 

components: first, the probable error of the quantity 133-043 second, the probable error 

of the quantity — 1-34 + -oolg9 (¢— 62); third, the probable error of a fraction of y, 
namely, 


338 sg E : 
3600 % 3°32¥=O°STI7Y 


Now we have the probable error. of y by equation (8) equal to + 0.0076, So that 
the probable error of the above fraction of y becomes insignificant. 
We have therefore for u the probable error 
+ {008281 + -010533 + -000332 + -000043 } 4 
= $ 0-139 
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3. 


The length of OM is composed of the two parts whose lengths we have just deter- 
mined, namely, the yard whose value at 62° is, by (4), 
Y,;, +2 = Y,;— 1-20 


and the small space whose length at 62° is, by (20), 


338 VY; tux 338 Y — 134:25 


3600 3600 
The sum of which is 
8 8 
ae Vis tuto= 3600 Yu — 135°45 (21) 


In order to obtain the probable error of this result it is necessary to remember that w 
involves y, which is determined from the same observations as x. The quantity wu - 2 is 
made up as follows: 


{— 133-04}+{—1-34 + -oo19 x 3-32}+{2—- 3117 y} 


The provable error of the directly observed quantity within the first bracket is, by 
equation (11), + -091; that within the second bracket is, by equation (15), + *104; that 
within the third bracket is, by equations (6) and (2), 


0-412 { -032117 + -003100 (+31) + -000338 (-31)*}# = + -075 


which, however, does not differ sensibly from the probable error of 2 alone. Hence for the 
probable error of w+ 2 we have 


+{(-091)* + (-104)' + (-075)'}# = + 0-158 (22) 


We have then finally, from equations (21) (22), for the length of the Ordnance 
Metre at 62° Fahrenheit 


OM = (1:09375344 + - 00000016) Y,, 
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X. 
ON THE MODE OF SUPPORT OF THE 
TOISES, Nos. 10, 11. 


We have described each of these asa flat bar of steel 1-70 inches in breadth, and 
0-39 inch thick. The extremities are turned into cylinders having one and the same axis, 
namely, the line passing through the centres of all transverse sections of the bar. The 
length of each cylinder is 0-6 of an inch, and its diameter coincides with the thickness of 
the bar. Omitting from further consideration these cylinders, the length of the bar with 
section ay given above is 75-5 inches. 

The bar is supported in its case on four points or rather convex metallic surfaces at 
equal distances of 21-5 inches apart. ‘Chese surfaces are of course supposed to have a 
common taugent plane: if one of the surfaces was above or below the common tangent 
plane of the other three, the bar would be improperly supported. It appears, as far as can 
be ascertained, that in all comparisons it has been supported on four rollers having contact 
with the bar at the same points as when it lies in its case. It is very necessary that these 
rollers should be in one and the same horizontal plane, and as there may be some uncer- 
tainty in attaining to this perfect adjustment, the following investigation was undertaken 
to ascertain the effect of any want of perfectuess in the alignment. We shall also ascertain 
whether it be allowable to support the bar at the same points as it has been always 
supported, but upon /ever rollers instead of upon rigid supports. In this case the four 
pressures would be equal, but the surfaces of the rollers not in one plane. 

We shall have the more confidence in the results of the investigation inasmuch as we 
have found in the preceding section that the observed phenomena of flexure are in all 
but perfect accordance with computed results from theory. 


1. 


Let us suppose the bar to be resting, with unequal pressures, upon four supporting 
points or rollers, of which the two outer are in a horizontal straight line, but the two 
inner not in that line. It will be easily seen that by this we do not limit the generality 
of the results. In the figure let PQ P’ Q’ be the four points of support, the distances 
apart QP’=P’P=PQ=5; the whole 


q FP @ 
length of the bar =a. Also let 





Pressure at P = P 


3 Q=Q 
” P= P 
3 ray = Q’ 
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Then if w be the weight of the bar 
P+Q4P4+Q=w (1) 
We assume further that the bar rests symmetrically upon the rollers, that is, that 


the centre of the bar is midway between the rollers P P’, Taking moments about the 
centre of the bar we get the equation 


P+3Q=P+3Q (2) 


These two equations give 


P=--—2Q4+Q 


Ww 
2 
+ Q—2Q 


Now let (3) 


=o" (4) 
then, P = ca — 20+) 
ea! w —_ - 
Pozitrs 22) (5) 
The points Q Q’ being in a horizontal line, let the vertical ordinates of P P’ be 30’, 
that is their distances above'the horizontal line. ‘Taking Q Q’ for the axis of x 
the co-ordinates of Q are c = $ > yO 
PP, 2=4d ,y=i 


” Pr ” g=—}h, y=? 
” QY, «=- 3 b, JYruo (6) 
centre ofbarz= oO y=, 


Also let the inclination of the bar to the horizontal line 


or, s at centre of bar = s 
» the point P=p 
” ” Q=9 (7) 


Consider now the forces tending to bend the bar at any point between the centre 
and P. Let the distance of this point from the centre be 2: the sum of the moments 
of the upward reactions of the supports is 


P(g-*)+0(-+) 


And the sum of the moments of the parallel forces constituting the weight of that 
portion of the bar which is to the right of the point we are considering is 


w ¢ , 
=——(\r--—-7 
2a \zZ 
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The sum of the moments of the elastic forces brought into action at the section of 
the bar in question is by equation (4), page 22, 





wak* 
Tag 
Consequently 
wake b a? a6 a 
ae PPV Deng ta (8) 


Now by (4) and (5) 
P+3Q="(1+a+42) 


P + Q=S (1-242) 


Consequently by substitution (8) becomes 





ak? / Ob ; rT az 
6g Ee ee eS re | (9) 
2 
or if as before (= = 4 
a” pf 
1 dy 6 ; a 2s 
de a, EOS (10) 
Integrating this equation 
1 dy b ; a-w , a. ow 
ede Cn rg lik kaa a: ; Bet aa 
Making « =o 
I 
-s=C 
es ; 
idy _ 5 f° Be aN oe EN er 
ndea at {ga tatay—fhet 2 a aa (11) 
b 
Again, in this equation make 2 = > , and we have 
Be’, eh LS 
ge eee) 8 aay oe (12) 


Integrating a second time equation (11) 


om fea! -she eee ie a 
BR teed (tay) 4 a a" 12a 
When 2 = 0, y = 3, consequently 
Wiss pitt {2 y-ele ie pe, 
a Saha) 4 ae po aaa (13) 


This is the equation of the curve of the neutral axis from P’ to P. If we make « = : 


and therefore y = 3 


sb bs : ab b* 
+ 33 Or aren ye 32. «2160 (14) 


2h 


36 
= Sob 
& BB 

11423, P 
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Again ; take a point between P and Q whose abscissa is x: the sum of the moments 
of the forces tending to turn the right-hand part of the bar about this point is 


ath 2) EE) 


g 


consequently for the equation of the curve 


I FY =n (g ~ay-f4e-2 





me dat (15) 
Integrating this , 
1 dy _ ain 2), _9\2*_ 2 
aa C, +(3ba “i +(t—a)t a 
making + = ° 
2 
Pi 0,4 3.-%4R_ H 
Ee ears gts 24a 
subtracting equation (12) from this we get 
B , 
Si Ap 
and therefore 
a nas tame lee (3 pase gee 
cae PN ea et 3a (16) 
Here let x again = 3, and we get 
Ca ee j= gab ot 
a eT ee Ieee 3 8a (17) 
Integrating once more equation (16) 
¥_ sx BB ae i OA a 
Be gt 2d ot) w+ (200 gat A (18) 


which is the equation of the curve of the neutral axis from P to Q: but we have to 
determine the constant C,. 


If in this last equation « = , then y = 4, and we get after some reduction 


b 


6 sb 
12-16a 


— + ¢, 
Oe 


o . al? 
Tigges aN) ae 
subtracting from this equation (14) the result is 


= 4 Fata ee 
48 ; 


& 
and substituting this in (18) we have 
4 a xt 


6, b3 A. ye OB ; 3 2 rhs 
Y a Gear eee $ig(i—anta)a+(s0r— 3) + 6 * ize (19) 


B& 


5 


Now when + = 36, y = 0, consequently after a little reduction 





_ 5, jos , B » _ gab® 278 
Om 8427745 8a + 8a) — 2 er? 
en 2p + 2B (35 + 389 + ) 32 64a (20) 
We arrive finally at the points to the right of Q. Here the equation of moments is 
Ls an errer 
pdr 4 a (21) 
Idy_a_a Pow 
pas OTS Ge 


making x = 36 


8 8 8a 


Subtract from this equation (17) and we get 


o=C,— 2 F(t ty) 


t= c,— 3 4 9 _ ot 


and substituting this value of C, 


dy ss 


& : Y or 
wde= pt gt At —Fets 3 (22) 


3a 
Integrating this equation 
ios sz, B : ax et 
PSG t S45 ttre F4e —- = 


Make x = 34 and we have since here y=o 


=¢, +32 2% ye ee 
RS Oe erg Tn ha et Ge eae 
From this subtract equation (20) and we get 
be ny 48, 
Ore ach gg CEC aSAaE a ioe 


Substituting this value of C, we get finally for the equation of the neutral axis to the 
right of Q, 


; 3 6% / b . 2 3 re 
Capen ptr tre Sg grt artawi yet (a5) 


We now for the sake of clearness bring together the equations of the three parts of 
the bar as follows: 


¥__ 3, se 6 y»_@ x A— aed 
pei tate [Fu tatny- ey ere (A) 
is OE pe Sica ht a 5 aa Naas Mae Nan St 
PO es a tg aren) a+ (Zon get 6” Tea (B) 
_.y_s BS ye, Bw ye Wee a 
Cg ge et hy Ch tare tee AC) 


We have now to find the eight quantities 3, sp gp’ qa in terms of 3%. For this 
purpose we shall make use of equations (12), (17), (14), (20), and those corresponding 
P2 
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to them for the left-hand part of the bar. In order to obtain these it is necessary in each 
of the above to alter 4 into 4’, 4’ into a, and s into —s. Thus we have the following :— 


» ss  & ; b 3° 
apt getaatny—4 





$e 24a (24) 
Banat getantny—-g- 4% (25) 
£2450 + 7a 4x) ~ He _ 9h (26) 
Pas 24510 + 7x +0)— 39% _ 9h (27) 
paptiet gataateny 2 oh (28) 
err gata ten SF (29) 

=* ee (35 + 38a +8x) — 280 ae (30) 
om BEE TGs + 380 + 8a) — 20 378 (31) 


From the last four equations, performing the operations (28)—% (30)—1 (31) and 
(29)— (30)—5 (31) we get— 

















é. COBS , ab , oF 
Bee ake OE ee (32) 
ov OB ; ab bt 
AGA A OE gee he (33) 
and from these— 
—s 4 5 & ; 20° — 39 
a Sao, Fig ie ts po (34) 
a ee 25 — 30 
A =n Fat g 10 te po (35) 
Again, from $ (30) + } (31), with (34) + (35) 
Bo Dee a b soto 
poe Weta) ta (36) 
The difference of (30) and (31) gives 
Boek 5-3 “ 
see (37) 


We can now easily obtain pp‘ qq’ in terms of 43’, but as they are not required for our 
purpose, we shall write down now the equations of the curves into which the right-hand part 
of the bar is bent in terms of 44’. The equations (A) (B) (C) by substituting the values of 
aa‘, § become as follows : 


Ist, the equation of the part P P’ :— 


























B a b B44 6 — 3 
fag (t—mg— iba) tH +3 Spe 
64% 3a Fad , 
+{23(- Ors p+ 10%) fo aha ee 4a (A) 
2d, the equation of PQ: 
y _ 5+ 2% tes a a 493 — 4°" 9 
Moma tH in + Go (18-35-55 a 20K@5 
i a b — 3 +20] 
+{5(—24+45 +153) +2 =F “hat 
a b — 39+ 29 a* ; 
+{ i — as 5 ae Ss ed ee (B’) 
3d, the equation of the part of bar beyond Q: 
B? a b 46-3 
pole oa teeters 
z a b 49—% a x ; 
+{3(—¥ + ¥5+4;)-8 Safe gttie— 3, (C) 
2, 


The last equations written down express completely the form of the bar, and the 
equations (34) (35) give us the pressures upon the supports when 44’ are given. Tor the 
four pressures we have from equations (4), (5), (34), (35): 








P a 4 83 — 70 

a 2o = o7— ae po (38) 
P’ a b —75 + 8% 

oo st so seg ie a i (39) 
Q a b 6 + 24 

pow tpt ht ep (40) 
Q a b 23 — 3” 

por ttagtisti ap (41) 


We shall now in these formule substitute the values of a, 4, and #, our unit of length 
being one inch. We shall take for the weight of a cubic foot of cast steel 490 lbs., and the 
modulus of elasticity 30,000,000. If h, k be the breadth and depth of the bar, its ‘weight 


= S ahk 


This applied as a direct force of apeaal to the bar would compress it the amount 


w 49° 


30,000,000 one 3-(1200)° — 
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Consequently 
1 ak? _ k*(1200)* 
pw 6a 98 a 
But k = 0-39; @= 75°53 


pf = -000028151 
Substituting these values in (A’) (B’) (C’), we have the following :— 
100 y = —-0192 + 57-53 + 57°5% + (58-1405 — 58-1408/) 7 = 


+ (-0544 — 64905 — 6. 49%) (= =) + (—10:062 6 + 10-062 8) (= EY 
—-031072 (=)" (A,) 
100.y = — ©3735 + 37°53 + 75:08 + (-9827 + 113-95 4 — 106-98 4) (4) 
+ (= +8598 — 58-413 + 38-948) (©) + (-2834 + 6.0378 — 4-025) (4) 
—-031072 (=)" (B,) 
looy = — 6-6035 + 2408 — 60% + (6-7781 — 74-4195 + 18-605 9’) (=) 


3 xz \* 
2H 6568 (~ zy fe -46919 (= =) — -031072 (=) (C,) 
pe 3021 + 17-1565 — 15-0125" i) 
<= -3o21 — 15-0128 + 17-1560 (43) 
Q —S » Qn 
w= 1979 — 6-4348-+ 4.2898 (44) 
Q 8 ~ Me 
= = 1979+ 4:2893 — 6-434 (45) 
’ The sum of these last oe being as it should be 
ne +a = F 2 
3. 


In the expressions for the reaction of the supports first given, the symbols 6 4’ re- 
present the height of the inner supports above the line joining the outer supports expressed 
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in inches. But it will be more convenient to express these quantities in hundredths of 
inches, that is, making ;}4,5 of an inch the unit. ‘The equations will then stand thus: 


P 

wy = 3021 + 171566 — - 15012 4 (46) 
Pr 5 

= 3021 — © 150128 + -17156 5 (47) 
Q_ i . 

= -1979 — -06434 4 + -04289 4 (48) 
Q’ : 7 

> = ‘1979+ -04289 4 — -064344 (49) 


Now in order that the bar may be resting on all four rollers it is necessary that 
none of the quantities P P’ QQ’ should be negative. If for certain values given to 4 and 
%, one or more of the reactions turned out to be negative, it would show that the bar 
required to be drawn or pressed down to bring it into contact with all the rollers. The 
values of 6 3’ are then restricted within certain limits which must be ascertained. We shall 
proceed in the following manner : 


Multiply and divide the equations (46) (47) by /(-17156)* + (- 15012)’, and multiply 


and divide (48) (49) by “(-06434)? + (-04289)*, writing them thus: 





r = 0:2280 (1-3252 + -75263 — -6585 3) (50) 
5 = 0-2080 (1-3252 — -6585% + -7526 9’) (51) 
. = 0:0773 (2-5593 — -83213 + -5547 2) (52) 
D = 0.0773 (2-5593 + -55473 — -8321 4) (53) 


If z cos 8 + ysin 8 — «a be the equation of a straight line, 2 the perpendicular 
from the origin of co-ordinates on that line, always a positive quantity, increasing from 
o to 360°; the perpendicular from a point whose co-ordinates are 


v=oy=0 
upon the line, is, if the point be on the same side of the line with the origin, 
a —4cos 8 — 9% sin js 


Now the quantities within the brackets in (50), (51), (52), (53), are of this form, the 
values of « and # being :— 


= 11-3252 8, = 138° 49 (50°) 
y= 11-3252 By = 311° 11’ (51) 
ay = 2-5593 By = 326° 19° CO) 
a, == 2-5593 8, = 123° 41 (53) 


which determine four straight lines, and these straight lines fix the limits within which 4 4 
must be confined in order that the bar may take a bearing on cach of the rollers. 
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In the adjoining figure let X’ X be the axis of +, Y Y’ that of y intersecting in a right 
angle at the origin O. Construct the line / & such that the perpendicular let fall upon it 
from the origin = 1-325, making an angle of 138° 49 with OX. Draw kJ at the 





& 


same distance from the origin, but. the perpendicular making an angle of 311° 11’ with O X. 
It will be seen that the point & in which these two lines intersect lies on the line bisecting 
the angle X‘O Y’. Again, construct the line / m, having its perpendicular = 2-559, and 
making an angle of 326° 19 with O X; finally at the same perpendicular distance from 
the origin, the line mh, the perpendicular making an angle of 123° 41’ with O X. The 
four lines hk, k l,m, mh, it will be scen form a quadrilateral which is symmetrically 
bisected by the line bisecting the angle X O Y. 

Now take any point within the quadrilateral / 4 / m, and let the co-ordinates of that 
point be « = 4, y = 4’, and let the perpendiculars on the four lines be p p’ 7’, then 


t= +2280 p 
= = 2280p’ 
2 = 07737 
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We see now that 4 4 are so limited that the point they represent must fall within the 
rectangle Ak im; for if we take a point without the rectangle, one or more of the 
perpendiculars will be negative, and therefore the pressures negative. We proceed to 
the following deductions: (1) As long as 4 and @ are of the same sign they may be com- 
paratively large quantities, whether the sign be + or —, but larger if both are negative. 
If they are equal and at the positive maximuw, (52) or (53) gives 


2-5593 —0-27743=0 
29 9:22 
that is, ‘0g22 inch. If both be equal and at the negative maximum, (50) or (51) gives 
1+ 3252 + 0:0941 6=0 
v2 9= —14-08 
which is nearly a seventh of an inch. 


In the former case there is no pressure on the supports Q QQ, in the latter there is no 
pressure on PP’, 


(2) If the quantities 3 0 are of opposite signs, then their range is much more limited, 
they must be such that the poiuts they represent fall within either of the spaces X’ OY’ or 
Y OX. If one be + +44 and the other — ,},, of an inch, there will be xo contact with 
one or other of P, P’. . 


(3) Suppose that all the supports being first in a horizontal line (that is, = 0, 0’ = 0) 
the support P is raised until the pressure on P’ becomes zero, that is, until the bar is about 
to cease having contact with P’; then Ow represents the quantity 4 by which P may be 
raised. Similarly supposing all the supports to be at first in a straight line, Ou’ will 
represent the amount (— 4) by which P may be /owered without coming away from the 
bar. The valucs in hundredths of an inch are 


Ov = 2-01, Ow = — 1-7 
Oy, Oy’ have the saine meaning with reference to the support |”. 


(4) Suppose the bar to be resting only on Q’ and P, having bare contact with P’ and Q, 
The values of 3 @ will be those which correspond to the point /, both positive, namely, 
3 = 4°56 Xs 


a = 2-23 


and the pressure on Q’ and P : equations (38), (39), (40), (41)- 


P_ 3 
wo 4 
Q_i 
wo” 4 


5 (5) If the supports be truly in line, then we see by equations (42), (43), (44), (45) 
that 


P=P:Q=Q::3:2 
very nearly, 
(6) If the pressures on the four rollers be equal, we must have 


s=¥ = — 2-43 
11423, 
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hundredths of an inch. In this case by equation (A,) we can show, making 2 = 0, that 
d,= — 2-81 
If therefore the Prussian bar were supported at the same four points of its length at 
which it has always been supported, but on lever rollers instead of rigid supports adjusted 


into a straight line, the centre of the bar would be deflected .0z8 inch below those parts 
which were in contact with the outer rollers. 


From what we have now seen we conclude that if the errors of adjustment 3 3’ of the 
two centre rollers be confined to smal! quantities such as -},. of an inch, there will not fail 
to be contact on all four rollers. If we knew only for certain that neither 6 nor 0 exceed 
xy, then we cannot say positively that there wi// be contact on all the rollers, but the 


chances are in favour of it. 
‘s 


4. 


We shall next ascertain how much the horizontal projection of the bent bar differs 
from its unbent length. Let the equation of the curve be 


We require to find the difference of the length of this curve from 2 = h to x = k, and 
its projection on the axis of « between the same limits. ‘The character of the curve being 


d 
such that cai is a very small quantity, we have 


af" (1+ Ga) dv=h—h+} sf “ae 
e h 


The difference in question thercfore is 
tk d y 2 
cia Lf, (a3) ae (55) 
differentiating (54) and squaring 
d r 2 ; 
G Ly = =Ai+2A,A,2+ (AZ +2A,A,) 22 +2 (A, A, + A, A,) 24 
+ (2 A, A, + A,’) at +2 A; Aya? + A? 2? 


Wherefore ? 
= B,(k —h) + B, (e — 2?) + B, (4 — 2°) + B, (At — 1) + B, (4 — A) 
+ B, (lt! — hi) +B, (= 1) (56) 
the values of B, B,.... being 
B= 3 A}; 4 A, A, 
B=} (A? +2A,A4;); Bk= 4 (ALA a Hat Bes tee +2A, A,) 
B, = 7A, Ay B= 7 Ae 
From the equations (A,), (B,), (C,), page 118, we may, without any further difficulty 
than some little labour, obtain ee alues of B, B,..... B, for each of the curves. In the 
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equation of P P’ to obtain ¢ we shall integrate from —46to +35. In the equation of 
the part P Q we shall integrate from } 4 to 34.. For the part beyond Q we shall integrate 
from $4to}a. Vor the part P’Q’ the result obtained for P Q will hold good on 4, 4 being 
interchanged ; and for the part to the left of Q’ the result obtained for the part to the 
right of Q will hold good on 4 4’ being interchanged. 


The results obtained for the five different parts are as follows : 


P’ P; + -cocc00008 — -00000242 4% — -00000242 7 
+ -025116277 & — .04744185 6 6’ + -02511627 4? 

PQ; + -000000167. — -000036725 + -00002454 4 
+ -02995612 3 — -00893287 4 0’ + -00297677 8” 
PQ’; + -000000167 + -000024544 — -00003672 7 


-00297677 3° — -00893287 4 3’ + -02995612 4? 


+ 

+ -000000026 — -0000397! 4 + -c0000992 4 
+ 01522985 2 — -00761493 44 + -00095186 4” 
+ 
+ 


-e00000026 + -a0000992 4 =— -00003971 4’ 
-000951866 4 — -00761493 49 4 -01522985 3 


Adding together these five quantities we get the quantity « for the whole bar as 
follows : 
@ = 00000039 — 0000444 (4 + 9’) + -0742 8 —-0805 68 + -0742 8" 


This is the difference between the actual length of the bar and the horizontal 
projection of the same: 46’ being expressed in inches. If 64’ be expressed in hundredths 
of an inch; 


1000000 5 = 0-39 — 0-444 (0 +4 8’) + 7-423? — 8.0500 4 7-428" 
To apply this in some particular cases 
(1) Let 3 =0, & = 1-00, 
o =-0000074 inch 


The probable error of a single observation (reading) with the micrometers in use is 
just + 0-000007 inch. 


(z) Let § = ¥ = 2-0 then 
o =-0000258 inch 
but if = & = — 2-0 
o = -0006293 inch 


(3) If the two centre rollers be lowered until the pressures on all four are equal, we 
have seen that in this case 8 = 3’ = — 2-43, and corresponding shortening is 


a = -0000426 inch 


which is equivalent to one and a half micrometer divisions. 


We conclude from these results that if the rollers P P’ can be adjusted into line with 
an error not exceeding say the one hundred and filtieth part of an inch, there need be no 
fear either of a false bearing or of an alteration of apparent length. If the bar were 
supported at the same points of contact as at present, but upon lever rollers, its length 
would differ very sensibly from the truth. 


Qge2 
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5. 


We have seen that in the positions in which the supports of the Prussian Toise are 
actually placed, the pressures upon the centre supports are half as great again as the 
pressures on the outer supports. It may be interesting to inquire at what intervals the 
supports should have been placed so as to sustain equal pressures. 

For this purpose in the equations (38), (39), (40), (41), make 6 = 6’ = 0: then since 
P=P=Q= Q we must have 


a b ; 
Sg Tages =e 
Solving this quadratic equation we get 
2 = 0-256 


Which, a being = 75-5, gives 
b = 19-33 inches. 
By this arrangement the overhanging extremities of the bar would have been each 
8-75 inches instead of, as they are, 5-5 inches. 
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XI. 


DETERMINATION OF THE LENGTH OF THE 
PRUSSIAN TOISE. 


1. 


The comparisons of the Prussian Toise No. 10 with the Ordnance Toise are divided 
into six series, as follows :— : 


‘Series 1. Comparisons on September toth, 11th, 12th, 14th; ten comparisons. 


2. 43 5 18th, 19th, 21st, 22d, 23d; ten comparisons. 
3. ” 3 29th, 3oth, October ist, 2d; ten comparisons. 
4. . October 20th, 21st, 22d, 23d; ten comparisons. 

5. ‘ January 5th, 6th, 7th, 8th, gth; fifteen comparisons. 
6. 5 May 12th, 13th, 14th; ten comparisons. 


In all 65 comparisons, that is, sixty-five visits to the bars, the readings at one visit being 
taken and entered precisely in the manner explained in the comparisons of OT and Y,,. 
The total number of micrometer readings is 65 x 36 = 2340. If we consider that at cach 
visit three comparisons are made, this would make the total number of comparisons, 195. 

The bars were visited generally three times during the day, at hours as far apart as 
practicable. At the close of cach visit the cantucts were re-made, that is, the small contact 
pieces were drawn away from the ends of the Prussian ‘Toise and brought up again to 
contact; thus for every visit there was a fresh contact made: the object being the 
elimination of any constant error from this source. Also at the close of each visit the bar 
left under the microscopes (alternately one and the other) was re-adjusted to focus. 
The space to be measured by each microscope in this operation being about 260 divisions 
—a large quantity, it was very necessary to guard against any constant error that might 
arise from focussing, although, indeed, it would appear from what has been shown at page 63 
that very little error is to be feared in measuring such a quantity as 260 divisions. Irom 
these precautions it must be pretty clear that the errors arising from errors of contact and 
errors of focussing are fully brought out in our individual comparisons, and in great measure 
eliminated in the final result. 

With respect to temperature, the first four serics and the last series are at temperatures 
ranging between 58°.33 and 63°.69; and the fifth series at low temperature between 30°.79 
and 34°.61. By this disposition we have ascertained the difference of length very nearly at 
the normal temperature, and have ascertained very accurately the difference of the expan- 
sions of the bars. 

In general, the readings of the thermometers at the close of a visit are highcr than the 
readings at the commencement. The reason is obvious,—the lighting of the candles and 
the warmth of the person of the observer conspiring to raise the temperature. But the actual 
amount is very small: from an examination of al] the readings it appears that the average 
increase is 0°.02. 
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After each scries of ten comparisons the Prussian ‘Toise was dismounted and placed in its 
case while other comparisons were made on other bars. ‘Thus cach series of ten is entirely 
independent of the other. Apparently, there can be no crror common to any two, as all 
adjustments are completely thrown out and renewed. An important point for consideration 
is the proper swpport of the toise. As has been explained, it rests on four rollers, which 
are supposed to be in a straight line, that is, their upper surfaces to have a common 
tangent plane. In order to attain to this, the upper surfaces were brought into line by 
meane of a long level, mounted on a piece of very carefully planed mahogany about 
2 fect long: the value of one division in this level is 4”. The level is first laid on the 
left roller and the left centre roller, and, after a minute or two, is read. It is then placed 
on the two centre rollers and read. Finally, on the right centre roller and the right roller, 
and read. From these readings it is easy to see which of the centre rollers is too high 
or too low with respect to the extreme rollers (which are fixed and do not admit of 
vertical motion). The centre rollers being accordingly elevated or depressed, the level 
readings in the three positions are again taken. If, as is very probable, one or both of 
the centre rollers require further adjustment, they are altered and the Jevel read again, 
This process is continued until the readings of the level in its three positions are very 
nearly the same, that is, within one or two divisions. The distance of a contiguous 
pair of rollers is 21-5 inches, consequently one division of the level will indicate a 
vertical displacement of 21-5 tan 4” = -o0042 inch. In the first series of comparisons 
the residual readings of the level were not recorded. On removing the toise at the 
close of the second series the rollers were tested, and it was found that the three rollers 
on the right were sensibly in line, the left roller indicated 5 divisions of the level in error 
which is about .;},; of an inch. At the commencement of the third series, after the level- 
ling of the rollers, the residual readings of the level in the three positions were 


15-0, 16-0, 17-5 
which indicate very minute vertical displacements of rollers, 


At the commencement of the fourth series, after the levelling of the rollers the residual 
readings were 


15-5, 16-5, 16-5 
At the commencement of the fifth 

17-0 17-0 18-3 
At the commencement of the sixth 

16-0 16-7 17-5 


From this it would appear that there is not much to fear from any curvature of the toise. 
At any rate the error is not the same for any two series. 

With respect to the form of the rollers, the intention was that one should be a perfect 
cylinder with its axis truly horizontal, and the other three barrel-shaped. Thus the contacts 
of the Prussian Toise would be along its whole breadth on the cylinder roller, but merely 
in a point on the barrel-shaped rollers, and that point at the centre of the breadth. The 
cylinder roller to be one of the centre ones. But it was not discovered at first that all the 
rollers were truly cylinders. This was remedied after the first series. As it would be 
difficult or impossible to adjust these rollers so that their four axes should be truly parallel, 
so we must expect that the toise resting on them would be supported on its outer edges, 
and so subjected to a slight degree of torsion. ‘This circumstance may, perhaps, render 
the first serics of ten comparisons less unexceptionable than the remainder. 

The contact was made at either end of the Prussian Toise, as near as practicable to the 
centre of the sinall circular polished disk forming the end of the toise. There is near, but 
not af, the centre of cach of these disks a small speck, visible with a magnifying glass, pro- 
bably of rust. In making the contacts care was taken to avoid these spots, still keeping as 
near as possible to the centre. 
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The following Table contains the results of these comparisons ; each line shows the mean 


T,, denotes the length of the Prussian Toise, T, that of the Ordnance 
Toise, + the space on the contact apparatus. 


result of one visit. 


RESULTS or COMPARISON or PRUSSIAN TOISE wits ORDNANCE TOISE. 





Mean 


Date. ‘Temp. 


63°69 
63°67 
62°85 
63°02 
62°08 
62°11 
62°34 
61°22 
61°33 
61°37 
61°73 
61°60 
62°26 
61°59 
61°67 
61°96 
6o-g4 
61-01 
61-01 
60°30 
59°18 
5914 
59°97 
58°42 
58°49 
58°53 
58°33 
5844 
58°54 
2 58°50 
63°16 
63°31 
63°37 
62°39 
62°39 
62°49 
62°03 
62°12 
61°62 
61°63 


34°48 
34°61 
32°76 
32°79 
32°93 
3129 
31°09 
3I'41 





Prussian Toise. 


—19574h+ 3°67 
—1ig2z11h— ogrk 
—19273h+ g7tkh 
— 62:98 h—12a1rirk 
48°89 h—123°73 4 
53°27 h—120°51k 
40°41 h—127°77k 
50°27 h—103'93 kh 
57°79 h— 98-44 h 
67°92 h~ 87:26 k 
— 29828 h+155°38 k 
—264°33 h+ 124°56 hk 


— Br51h— 65°30 k 
810g h— 58°39 
— To16h— 117k 
— g2grh— 518i hk 
— 84:60 h— 47°54 Es 
— goby h— 42°52k 
— 7aqoh— 5y18 h 
— 696g h— 58-08 hk 
—13614h— 56°63 h 
—154'98 h— 36°71 k 
—168°82 h— 20°20k 
—~144'61h— 3g°22k 
— 10432 h— 7881k 
— 8240 h— 99°63 h 
—13g'00 h— 39.20k 
—157700h— 23°43 k 
—117°42 h— 62884 
—103°96 h— 76°93 hk 


—154'18 h— 100754 h 
— 12714 h—130°61 & 


j— 13142 h—-1251g k 


—137°21 h—103'56 k 
—ragor h—11311k 
12802 h—113°62 h 
— 13121 h—105°78 
—118°31 A—120'43 & 
—129°52 h—105748 2 
—123°29 h—110°63k 


— 13312 h—113'28 2 
—141°28 h—107'4y & 
—113°34 h—120°715 2 


Ordnance Toise. 


+199-:goh+122-96h 


+ 190-47 h+ 132-53 % + 


j+194-9244+136-44% 
+ 164-38 A+ 165-44 h 
+ 174-43 A+ 168-58 4 
+379:19h+162-13% 
+ 216-03 h+ 130-244 
+ 224:63 44135 142 
+209:69h+148-87 hk 


is 19g: 12h+160-174% | 


+ 199-47 h+ 176-49 h 
1+ 190-53 k+ 186-89 h 
+172:16h+ 200-02 k 
+185-79 h+ 192-69 & 
+ 191-13 h+ 185-09 & 
(4175-78 h+ 197-43 + 
4185-72 h+ 198-324 
| + 183. 96 h+ 200-43 h 
+192-43 b+ 192 51h 
+192-goh+197-18h 
i+ 94°32 4+4+228-67h 
(4315-57 h+ 209-42 4 
|+ 80-68 h+247-86h 
[+139 Ig h+193- 42h 
+183 -41 A+ 149-164 
[+198-77 h+ 134-22 h 





ease: goh+177-8y9 & | 
+131-21 A+ 205-88 & | 


+150-68 h+ 184-98 % 
+192-40h+142-78h 
|+ 56:62 h+206-02 & 
+129:29h+131:19 h 


4$127-27 h+133-284 | 
+119-37h+155-204k | 


+ 129-89 h+ 146-99 & 
4127-0444 149-47 % 


+:132:78 h+ 146-84 4 | 


+141-78 A+ 1395-89 k 
+134:04 h-+ 148-97 hk 
+ 136-48 A+ 146-02 % 


+ 126-88 2+ 134-06 h 
[+ 225° +46 h+132-19h 
'+149-32h+4+125-12k 


+ 
+ 
i 
+: 
4+: 
+ 


~1171L h—-115'60 Ak | 4129-81 h+143-214 
—119°56h-117-41 hk i+ 136-98 h+ 133-09 
—112-90 h—107-28 hk 4117-464 + 165-69 % 





—110-89 A—109-48 kh '+138-94h4147-71h 
—116-02 h--110 20 & | 4136-66 A+ 143-098 


, _ Difference 
in Micrometer Divisions. 


‘+ 395-64h+ 119-29 hk 
382-58h+133-44h 
+387-6544126-73h 
+227-36h+ 286.55 k 
223-32k+292.31k 


4:40 h+ 239-07 k 
45 A+ 247-318 
67: Og ht 247-43 h 


32 
56-44 h+258-01 
7+ 
67 


Re kw _ls 


+454-86h+ 62-33% 
+ 253-67 h+265-32k 
+ 266-83 h+251-08 k 
+261-29h+256-26k 
+ 268-69 h+249- sat 
1+270-32h+ 245-86 h 
14+274-65 h+ 242-95 & 
'4 266-83 h+251- oF 
[+ 262-54 h+255:264 
| +230-4 46h+285-30h 
)+270-55 h+ 246-13 h 
249:50 h+ 268. ob k 
+ 283-80h+232-644 
+ 287-73 h+ 227-97 k 
+ 281-17 h#4+ 233-85 h 
297-90 h+217-09h 
288-21 h+4+229-31rk 
268-10h+247-86h 
296: 36 h+ 219-71 k 
plore ae 564 
6-43h+261- a 
8-69 h+258-47 & 
236.58 h+ 258-77 & 
8-goh+25y-104 
255:06 h+263:09 & 
263° ‘99 h+ag2- sea 


a 


De 


tf lo Ww 


Pook ees 
_ 


+ 263 56 A+ 2540 aa 
+259°77 h+256- 65k 


+ 260-00 h+ 247-344 
+ 266-74 h+ 234-684 
+262:66h+ 245-27 k 
+246-g2h+258-81k 
+256-54h+4+250-50h 
+230:-36h4272-97h 
+249°83 A+ 257-19 h 
+ 252-68 k+253-29 4 





+497-75h+ ararrk 


46 h+ 282-64 k | 


Ti, = 





To 
+a 


409°70 
410-62 
40929 
40941 
410-80 
410-34 
409°74 
40931 
4+029°99 
409'73 
412-53 
411-33 
41338 


| 402-47 


412-21 
412-49 
411-09 
412-21 
412:96 


| $T2-4y 


410-87 
411-48 
41292 

411-25 
410-65 
410-12 
410-05 
412-10 
410-91 
410-92 
412-31 
412°77 
4C1-90 
410-47 
412-56 
412-71 
4lld5 
411-31 
412+56 
411-31 


404-06 
40331 
40453 
402-82 
403-83 
400-79 
403-84 
403-00 


128 


RESULTS OF COMPARISON &c.—continuwed. 





































; Difference Ty > T, 

Mean Temp. Prussian Toise Ordnance Toise in Micrometer Divisions. ies 

° 

30°79 |— 108-43 h—-T14-41 Ay +135-y4 ht 147-09 hk [+ 244-37 44+261-50k | 402-94 
3 » | 30°87 |—110-06 A— 113-36 hj} 4+134:62h4+146-69h |+ 244-68 2+ 260-05 hk | 402-03 
os oy | 3143 [113-88 h—119-3y9 A]-+138-73h+135-054 |4252-61h+254-44h | 403-86 
a 9 | 32°22 |—I14-98 h—130-80 ki 4129-12 h4132-62h |+244-10h4+263-424 | 404-26 
45 » | 32°65 |—120-g1 h—128-86 hi + 130-09 A+127-82 hk |4+251-00h4256-68 hk | 404-36 
a3 yy | 33°03 |—112-39 h— 140-26 ki 4+ 129-32 h4+ 124-934 |+aqr-7rh+265-19k | 403-76 
’ » | 33°35 [— 126-80 h— 131-32 hi 4123-58 h+127-97 k |4+250-38h+25y-29% | 405-96 
May 12] 62:73 |—134-44 h-134+54 hj +128-46h+122-10% |+ 262-90 h+253-644 | 411-40 
a » 62°86 |— 134-88 h—132-98 ki +124-81h+123-23% | 4259-69 h+256-21h | 410-g0 
43 ay 63°00 |—135:87 A—131-08 kl + 191-464 127-36 k |4+257-33h+4+258-44h | 410-80 
» 138 | 6345 |—134-24 A—-138-71 ki +1ar 19 h4123-38h |4-255-40h+262-09h | 413-18 
ao 2 uss 63°52 |—137-73 A—137-77 ki +116: Ree ae 4ok +254-40h4+263-:17k | 412-24 
e si 63°57 '— 138-16 h—133-g9 ki +190-74 hv 192-76k |4+259-90h4+256-75h | 411-49 
» 9 | 63°66 | ~-135-01 h— 137-06 hi-+ 122 59 h4122- 00k |4+257-60h4+259-06k | 411-51 
» 14] 63-46 !—135-01 h—134- 34 kit 126- 02 h4-122-27k (4261-0324 256-61 k | 412-28 
- 3 63°51 !—134-52 h—1359-87 h,+120-76 h4127-22k | 4255-08 h4+264-09h | 413-68 
sie. S88 63°58 |—133:20 h—135-58 fees 7Qh+126-93 hk |+256-g9h+ 262-51 hk | 413-48 








Temperature corrected for errors of thermometers. 


Each line of this Table gives us a result of the form, 
; Tr, +¢—T=a 
where a varies with the temperature. Let y be the excess of the expansion (for 1° 
Fahrenheit) of the Prussian zal above the Ordnance, and put 
Ty to¢—T,=400twatfy 
where f is the excess of the temperature of the bars at the time of observation above 
62°, then every comparison gives an equation of the form 
w«+fy—-a=o (1) 
Treating the 65 equations thus formed by the method of Icast squares we get for 
the determination of 2 and y the equations 
65%— 462-07y— 625:50=0 (2) 
— 462-07 2 + 13333-54y + 1756-59 =0 
If we write A and B for the absolute terms of these equations, we get 
u + -0204135 A + -0007074 B=0 
¥y + -0007074 A + -c000995 B=0 
Restoring the values of A and B we find 


(3) 


v= 11-526 (4) 
y = 02677 
and for the reciprocals of the weights of x, y, and a + fy 
Bee. 102041 (5) 
Yous. “00010 


et fy... 02041 + -00141 f + GooteF? 
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Substituting in the sixty-five equations the above values of 2 and y we get their 
errors, or the errors of the comparisons, as shown in the following Table :— 








Date. 









1863: 1863: 
September 11 — 2:28 | September 
” ” a 1-36 
” » — 247 
» ” ar 2°39 
35 12 — 0-75 
” ” — 1:22 
” ” — 1-88 
7 14 — 2-01 
»” ” = 1-36 
” ” = 1:63 
September 18 + 1-07 
55 19 — 0-09 
” ” + 1-78 
» 21 + 1-05 
” »” + O-77 
» ? + 0-97 
es 22 —0-17 
” ” + 0:95 
» ” + 1-70 


S5 23 + 1-36 





The sum of the squares of these errors is 82-589. Hence the probable error of a 
single comparison is 


82-8 
+0: 674/939 <3) = + 0-772 (6) 





Now, if we count the number of errors which are greater, and the numbcr that are 
less than the computed probable error we find 32 errors Jess than -772 and 33 errors 
greater than -7723; and so far all is in accordance with the supposition of’ perfectly 
accidental errors. But on examination it will be scen that the errors in the first scries are 
all of one sign as though affected by some constant error. ‘The only cause that suggests 
itself is that the bar was supported on rollers which were truce cylinders. On the other 
hand, the makers, Messrs. Troughton and Simms, were very careful to adjust these 
rollers into parallelism, and it is, therefore, scarcely safe to conclude that this is the 
cause. In the second series there is a preponderance of positive crrors suggesting a 
possible constant error here also. If by the value of y which has been obtained we correct 
all the comparisons to 62°, the different series give by tuese means the following results :— 


11423, R 
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Series. Tro a —T. Error. 
62°. 
I 409-80 — 1°73 
a 412-47 + 0:94 
3 411-95 + 0-42 
4 411-80 + 0:27 
5 41-49 — 0-04, 
6 411-67 + Oly 


Taking the mean of the determinations in the first and second series, we obtain as the 
value of T,, +o — T, at 62°, 411°14, which does not differ materially from the results in 
the other series. ‘The errors, therefore, in the second series nearly balance those in the 
first, and for this reason we shall not reject the first series, although there is a strong 
temptation to do so. 

Tas + 0'772 as the probable error of single comparison or equation, the probable 
error of z 


= $0772 V-02041 = £0110 (7) 
and the probable error of y 

= $0772 Y‘00010 = + 0°0077 (8) 
So that our final results are— 

Ty —- T= 4153 to0l—o (9) 


at the temperature of 62° Fahrenheit. And the excess of the expansion of T,, above that 
of T, for 1° of temperature 
= 0'2677 + 0°0077 (10) 


If the first series were rejected, we should have obtained T,, — T, = 411°98 + ‘095 —o 
at 62°; and the difference of expansion = 0'2842 +. ‘0061. 


3. 


To the description of the contact apparatus it has been shown, that if, when the 
parallel or longitudinal and transverse lines were drawn, the centres of the semicylinders 
were not ina line parallel to the direction of motion of the needles, but were moveable 
in two distinct parallel lines as represented in figure 2, page 12; then the distance of 
the transverse lines from one another will be increased when the semicylinders are brought 
exactly opposite to one another by the amount 


re am 


where 6 and 4’ are the distances apart of the transverse lines, first, when (by the motion 
of the transverse slow motion screw) the lines « and J’ are brought into one straight line, 
and, second, when the lines a’ and 6 are in one straight line. If then d be the distance 
apart of the transverse lines when the longitudinal lines are normally adjusted as in figure 2, 
the maximum distance or the quantity « (= a + 2) is 


o=o+ £3 — 7) (11) 
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We shall first consider the measurement of the quantity ¢. The approximate value of 
this space is 1, of an inch from which it differs but very little. The easiest way of measuring 
this would be simply to run it over with the micrometer screw of either or both microscopes, 
but the largeness of the space requires that the value of a division be very accurately 
known: 3 being over 7oo divisions. By the formula (23) page 63, it would appear 
that the probable error of a single measurement of this space with the micrometer is 


forH.... + V +187 (4;)? + -20= 40° 
forK.... + -347 Gy)? + -20= 4061 


From this we might conclude that not much error need be feared from the actual 
measurement of the space by the micrometers; yet it was thought better to compare the 
space 5 with some of the fiftieths of an inch in the foot OF. ‘The five equal subdivisions of 
the tenth of an inch [6-7] on O F were accordingly chosen; and on four different occasions, 
September 15th, 24th, 26th, and October 2d, the space 4 was compared with each of these 
five spaces. In Table VIII., page 59, we have the errors of the subdivisions expressed 
in the micrometer divisions. The errors of the four lines subdividing [6-7] into fiftieths 
are 

—4(0- 99h +0-61 k)= —0-64 
—4$(2-31kh+1:70k) = —1-60 
—$(3:56h+4 2-97 k) = —2-60 
—4(3-14h 42:55 k) = —2-27 


Consequently the errors of the five spaces as fifths of [6-7] are 
Ist. 2... — 0-64 


ad..... — 0-96 
$0 te ak — 1-00 (12) 
4th. ...., + 0-33 
5th. .... + 2-27 


The space 5 was compared with each of these fiftieths of an inch in precisely the same 
manner as the tenths of inches on O F were compared with 4%, of an inch and 4%, of an inch 
on the small silver scale, see page 52. The only difference is, that the contact apparatus 
was on the right of the foot O F. See fig. 5, Plate VI. 


Each comparison was conducted exactly as in the comparison of two bars, viz., in the 
following order :— 


Left lines, 3 readings of H, and 3 readings of K 
Right lines, - 


Right lines, 55 


Left lines, ” ” ” ” 
Left lines, »” ” ” ” 
Right lines, % ” ” ” 


In all, 36 micrometer readings, forming one comparison. 


The following Table contains the results of the twenty comparisons. The sixth column 
contains the correction from equation (12), to be applied for the errors of the spaces as 
fifths of [6-7]. The seventh column contains the corrected value of the excess of 3 over 
one-fiftieth of an inch. 


R2 






Space. 


Left Lines. 
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Right Lines. 





First 
pith 


100 


Second 
2 


100 


Third 
as 


100 


Fourth 
ne 
100 


Fifth 
2 
100 





+ o7oh—15-17k 
+ 9:20h + 23-03h 
+ 20-63h+ 8-63k 
+ 167h+ 55:10k 


—12-50h+4+ 2-40hk 
+ 087A + 3r-I13k 
+ 16:80 + 10-13 
+ 36-934 + 23-47h 


+ 687h+ 537k 
+ o57h + 32-43h 
+24-20h+ 8-17h 
+ 18-13h + 28-63k 


+ 897k + 1-874 
+16-977h+ 8-23h 
+2re57h+ 817k 
+17-:07h + 32-90h 
+13:03h— 3-27h 
+ 11-47h + 14-60h 
+30-50h+ 2-50hk 
+ 20-97h + 32-57k 





—12:60h —14:17k 
+ 3-80h + 14:73h 
+ 4:70h + 10-50h 
+ 017k + 43-70h 
—16-24h— 8-00k 
— 1-57h + 18-57h 
+ 1:87h +4 10-374 
4+23:83h + 22-304 
6-27h+ 307k 
6-13h + 11-83k 
863k + 8-g0k 
3:60h + 29:00k 
0-03kh~— 0:23k 
3°37h + 883k 
8-6oh+ 7:-73h 
513k + 31:83k 
187h— 1-20k 
o-0gh + 14:°33h 
+18-Soh+ 5:17h 
+ 993k + 34-50h 


t+ tttt+ +444 


LR. 
in Mier. Divisions, 


13:30h— 1-00k 
5:40h + 8-30k 
15:93h — 1.87% 
1-50h +11-40h 


3:74h + 10-40k 
+ 24gh 412-564 
+ 14:934— o-24h 
+1310k + 1617k 
+13:14A4 + 2.304 
— 5:56h +20-60h 
P1557 8 01738 
+ 14:53h— 0-374 
+ 8-94h 4+ 2-10k 
+13-40hk — 060k 
+12-97h+ o-ggh 
+ 11-g4h + 107k 
+ 11-162 — 
+ rreggh + 
+ 12-00h — 
+ 11-04hk — 


+ 
+ 
+ 
+ 
+ 


207k 
o:27k 
267k 
1-93% 











Diff. of 
Length. 


+ 9:77 
+ 10-91 
+ 11-17 
+ 10:29 


+ 11-27 
+ 11-96 
+ 11-68 
+ 11°34 
+ 11:29 
+ 12-02 
+ 11-80 
+ 1125 


+ 8-79 
+ 10-17 
+ 10-66 
+ 10-34 


+ 7:22 
+ 9:30 
+ 7-41 
+ 724 


Cor- 
rections, 


—0:64 


” 


” 
”» 


—0:96 








rected 
Diff. in 
Length. 









9°13 
10-27 
10°53 

9°65 
10-31 
11-00 
10-72 
10-38 


11:29 
IT-02 
10-80 
10:25 
g:12 
10:50 
10:99 
10-67 
9°49 
11-57 
9:68 
9°51 





The mean of the quantities in the last column is 10°34, and the sum of the squares of 


the errors is 9°55. 


and the probable error of the final determination 


We have then 





+ -674 VV 255. = + 0-478 
478 
ao Ve = 40-107 


8 = $ [6-7] + 10-34 


Hence the probable error of a single determination is— 


(13) 


(14) 


(15) 


Here ¢ is composed of two parts, and has consequently two partial probable errors. 
The probable error of the second part results from the comparisons in Table H., and we 
have found it to be + -107. The probable error of the first part depends on the probable 
error of the determination of the value of [6.7] on © F or rather is affected by one-fifth 
part of that error. ‘The errors of the determinations of the subdivisions of [6-7] do not 


enter. Now, by equations (3), page 49, [6-7] is expressed thus :— 
F Ly x, F 
[6-7] = a5 7 teh + 6 + G0 = 20 — 1 


From equations (12), page 56, the reciprocal of the weight of — a5 + <; is 


28 12 | 27 _ 43 
40 7 40 7 40 = 40 
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consequently by equation (32), page 65, the probable error of the determination of 


— I, + 2,18 
1386, /43 _ 
+ . Jt = + -080 


The probable errors of x, and ., were shown to be + -036 and + -037; hence 
finally the probable error of the determination of [6-7] is 


4 1 Coto)" + (004) Cool)! = + -o80 
and 


$ (6-7) = ae, — 0-28 + -016 (16) 
Thus, the value of 3 becomes 
F a * . 
8 = go + 10-06 + V(- 107)? + (-016) 
Now, expressed in millionths of a yard F = 333333-33 and gi, F = 555-56, 
1.3 = 565-62 + 0-108 (17) 


It remains to compute the small correction to this quantity ¢ which is exhibited in 
equation (11). In order to obtain 3, — % both 6, and 3’ were measured by runs of the 
micrometer H. Fach quantity was measured ten times and they were measured alternately, 
first, 5, then 8’ and so on. Thus, each measure was cntirely independent as far as contact 
and adjustment of the longitudinal lines into one, are concerned. But the focal adjustment 
remained constant through the series, purposely, this error disappearing in 3, — 4. The 
following Table contains the result of these measures; each number is the difference 
pers the mean of two readings of the left line and the mean of two readings of the right 
ine. 





Divisions of Micrometer H. 


&, wv 
a a 
695-3 702:8 
695°9 FOI-2 
695-6 701-8 
694-3 7OL-4 
694-5 702-4 
694.6 | 702-6 
694°8 702-7 
694-5 702-3 
694-3 703-3 
694°2 702-2 


Therefore 
694-80 + 0-127 
702-17 + 0-115 
6-v= 7°37 40-171 
or, expressed in millionths of a yard 
6 — ¥ = 5-86 + 0-136 (18) 


2 97 
tI 


St 


The distance apart of the parallel longitudinal lines (= ¢) is 775 divisions of H or 616-0 
in our unit; also the radius e of the cylinders is o- 365 inch, which referred to the unit 


— 365 | 1000000 


=Tooo 36~—~O «10739 
et 86 + -156\? 
‘. zi (3, — 8)? = 2535 CHa) 
pp — 8) = 0-23 + 0-011 (19) 


The correction is, therefore, a very small quantity, and its probable error we may 
neglect. Hence, finally, from (11), (17), (19), 


o = 565-85 + 0-108 (20) 


A. 
If in equation (9) we substitute the value of « given in equation (20) we get 


Ty) — To = — 154-32 + V (-110)? + (- 108)? 
oe Tay = Ty — 154-32 40-154 


For the value of T, we refer to page 144, where equation (16) gives 
Ty = (2-13167512 + -000000214) Y,, 
from which there follows 
Ty, = 2-13152080 Y;, 


5. 


With respect to the probable error of the result at which we have now arrived, it will be 
necessary in order to obtain it with precision, to review the whole of the operations which 
have led to the number 2- 13152080, and to show the manner in which it is connected with 
each of these operations, and the extent to which it is dependent on them severally. 

Retaining the notation of equations (1), (2), (3), pages 48, 49, we have by equation 


(42), page 70, 


= ATE FS Bey nies Oe 28. 474 
[74] Te io 8 OP ao joo or et Goa! 


Thus the determination of the length of [r./] as a portion of O F depends on four 
entirely independent operations. 
1. The bisection of O F, 
2. The subdivision of one-half of O F into six equal parts, 
3. The subdivision of one of these sixths or inches into ten, 
4. The subdivision of one of these last parts into ten. 
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The corresponding parts of the above expression for [7. /] are as follows :— 


474 
Wai aa pa ee 
rie Bate, 
6 
Breese 4k yon 


fe lilies eet Ry 


Let a, be the excess of F over 4 Y,, at 62°, «, the excess of the expansion of F over 
4 Y,, for each degree Fahrenheit, then 


F=4Y,, +4, + 4 (¢ — 62) 


Let a, represent the excess of the length of the two adjacent yards on OT above 2 Yu 
at 62°, and let «, represent the excess of the expansion of Y above one yard of OT then 
the length of the two yards of OT 

= 2 Yi + %— 26,(¢— 62) 


Let a, he the excess of length of the small space of 4-74 inches on O T above [17 -/'] on 
O F at the temperature 62° + 6, then the excess of the space on OT above the space on 


OF at 62° is 





As + b aut (4+ 344) 
Hence the length of O T at 62° is 
2 Vos + [r-f] + a2 + a3 + b ACE (a + a) 


Now at 62° 
: 26 474 
[rf] = Soa Yo + AZo, = yy Fo Ur — 35 2s — Too 7% + ty + § 59% 
And the consequent length of the Ordnance Toise is, at 62°, 
6 4 26 474 
ree Vs + sit 4, +a, +a; + 4A y (8 + ge) m yy tam tr yg Me Too te + + 600% 


Thus the length of OT depends on the four operations enumerated above, together 
with the following :— 
5. The comparisons of OF with Y,, 
6. The comparisons of the two yards of O T with Y;5 
7. The comparison of the small space on OT with the corresponding space 
on OF 
Again, the distance of the two lines of the contact apparatus when brought into con- 
junction has been found to exceed the fifth part of [6-7] by a quantity, say a, 
c= 4[6-7]+% 
i F : ; vy, ve 
= — be F3% Foot 550 





+a; 


600 


Vis 
1800 


iy 1» ip ce ee 
+8605 sate EEN 50 * 300 
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Finally, let a, be the excess of the length of the Prussian Toise + so, above the 
Ordnance Toise at 62°, then 
T, —T =a, —¢ 
Ys Ay 


Bd 
= ——— 7 mm , A, la —ta-—- = — 
1800 ~ 600 — 4 TF 5% Fa 50-300 





where two further operations are involved ; viz., 
8. The determination of the value of the space on the contact apparatus. 
g. The comparison of the Ordnance and Prussian Toises. 
We have then the following expression for the length of the Prussian Toise at 62° 
7672 A472 474 e 
3600 VS + zoo"! Hg + Ag — Ay + AS + 1200 b («, +3) 
28 


4_ » . G y 1 
py Ug 8 5 T, + a 5 D, 
TO “a T To "3s BG a7 100 


2 
Ly + ay + 1, 


The parts of this formula which appertain to the several operations in the order 
enumerated above are 





472 ,. 
™ 600 “# 
2, a 28 Uy, + Ty 
100 
3. b(— 24, — 3454+ 0 — 2%) 
4. — dr 
72 
5: ie Aah Sa ba 
A74 
6. Ag + 3600 b €, 
7: As 
8. -”, 
9. As 


Now by equations 6, page 51, the reciprocal of the weight of « 2, 4+ zis 


11@+a2e41!1 
18 


: 28. 113024 
and ifa= — 7S this becomes TBoooo? *nd consequently the probable error of the deter- 


mination 


WSS of NS 
+ 5 T8o = + °0% 


Again, from equations (12), page 56, the reciprocal of the weight of the determination 
ofaz,+ ba,+ 72,+ 62; is 


“Lait 3a8+ bay+7ad 
+ Ze 414 By + 3B 
+147 +678 


2 
+2» 


-+- 20 
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And making a= —2; 8= — 3; y=1; = —1, the reciprocal of the weight of 
the determination of — 2.7, — 3 25 + 24 — 2, becomes 
184 
20 


and the probable error of the determination of — 2 2, — 3.2 + 2,— 2, 
= 4 7386 92 _ 4 9.05 
= 5 WA igen 


and the probable error of one-fifth of this is 
+ 0-017 


The reciprocal of the weight of a, + 4, by equation (3), page 76, is 
-10723 + -011505 + -o00447 6 
now = -53, and if 6= #744 this becomes = -11348, and the probable error of 
a+ $Pp be is 
+ 0-330 ¥ 11348 = 40-111 
and the probable error of 


472 4/4 4b; 
+ 4260 wa 
becomes 


+ a7e X O-11l = + 0-04t+ 
1200 


Again by equation (8), page 100, it appears that the reciprocal of weight of the 
determination of x, + 2° + 6 y is 


-12666 + -00663 § + -000183 6 
In the formula we are now considering, A, corresponds to 2, + 2", and ¢, to — y, we 
must therefore in order to obtain the reciprocal of the weight of the determination of 
474 
Ae Hf TL 6 ee 
2+ 3600 a 
make 


6= Steg co Set x53 
3600" ~ ~ 360000 


which gives for the reciprocal of the weight 


- 12620 


and therefore the probable error of A, + are. 


3600 ° is by equation (10), page 101, 


+ +518 Vv -12620 = 40-184 


11423. s 
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The following Table shows the amount of probable error due to the nine operations. 








Nature of Operation. Probable 
Error. 

1. The bisection of the foot O F - - + 029 
2. The subdivision of one-half of O F into six equal parts + +037 
3. The subdivision of one of these parts into ten - -| + ‘047 
4. The subdivision of one of these last parts again into ten = -| + ‘098 
5 The comparison of O F with Y,, - - “ - + "044 
6. The comparison of O T with Y,,; - - - + °184 
4. The comparison of O T with OF - - - z + '064 
8. The measurement of the space on the contact apparatus -| + 107 
g. The comparison of O T with the Prussian Toise = - : + ‘110 





(-029)’ + (-037)* + (047) + (-098)* + (044)? + (-184)?+ (-064)" + (-107)? + (-110)? 
= (-278) 
Hence the length of the Prussian Toise in terms of the Copy of the Standard Yard 
No. 55 both being at 62° Fahrenheit is 


T,, = (2-13152080 + - 00000028) 
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XII. 


DETERMINATION OF THE LENGTH OF THE 
BELGIAN TOISE. 


The Standard Toise of the ‘ Dépdt de la Guerre” of Belgium is in all respects similar 
to the Prussian Toise which has been already described. ‘They were made by the same 
maker nearly at the same time, and are according to the determination of General Bacyer 
almost exactly of the same length. The only difference is that one is marked No. to and 
the other, the Belgian, is No. £1. 


The Toise was lent to this Department in 1862 by General Nerenburger and was 
brought to Southampton by Captain Libois in the month of September that its length 
might be obtained in terms of the Standard Yard. Being the first experiment in com- 
parisons between a measure a ¢raits and a measure « bouts much difficulty was found in 
getting satisfactory results. The computed probable error of the resulting length was 
2-13 (millionths of a yard). This is rather a large quantity for a computed probable 
error, and moreover the manifest imperfections of the means then available left much to 
be desired. 


Accordingly, in September 1864, the Toise was again, at the request of Colonel Sir 
Henry James, R.E., lent by the Minister of War at Brussels, General Simon, for com- 
parison with the Ordnance Toise in the same manner and with the same apparatus as the 
Prussian Toise had been compared. The Toise No. 11 arrived at Southampton on the 
morning of zgth September, and was immediately placed on the apparatus, and the com- 
parisons commenced next day. 


1. 


In order to guard against any possible change of length in the Ordnance Toise, O T, 
which might have taken place since October 1863, it was considered advisable to examine 
each of its three spaces (a6, [8-y], [y-4] previously to the comparison with the Belgian 
Toise. A series of ten comparisons of [«-] with the copy of the Standard Yard No. 55 
was made accordingly on September roth, 2oth, 22d, 23d: ten comparisons of [8 7] were 
also made on the 21st, 22d, and 24th, where by a comparison is meant the mean result of 
one visit. 


On 26th September ten single comparisons of [y-3] with the space [r-/] on the bar 
OT were made. Here by single comparison is meant three micrometer readings with each 
microscope of the one bar, and the same of the other bar. 


82 
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The two Tables following contain these comparisons. 
Comparisons oF the Two Yanrps or OT WITH Ys. 


Difference 


tees Teepe OT | Ys in Micrometer Divisions, | Eavivalent. 
pt 
Yard [2-6]. 

Sept. 19 | Go-g4 11-38 hk +26-42 h | 20:17 h 424-50 h +8-79h —1-g2h 5°46 
54 5b 60-95 19-95h +17-07k | 19-57h +25-72h —0-38h +865 4h 6-60 
5 55 60:86 T5434 +22-98k | 1945 h + 26:50 h i +402 43-52 h 6-0c 
» 201 60-20 26-Boh +28-92h | ay 5zh +34:35 4 +2:73h +5-43h 6-50 
”» oo» 60-20 28-00 h +28-05h | 30-08h 434-03 2 +2-0Bh +5-98h 6-43 
re ” 60-13 27-45 A 428-53 h 29:13 h 433-674 +168 + 5-14 h 5d 
» 22 | 50-44 28-45 h 433-224 27-75h +43-10k —o-7oh +9-88h 7°33 
» 23] 59-50 31-08 A +2915 kh 33:87 h +3407 h +2-79h +5-82h 6-86 
” » 59°51 28:03 hk +33-38 kh 30-72 h +3842 4 +2:69h +5-04h 6-16 
» » | 59°53 19:80hk +4093h | 27-:907h +40-60h +817 hk —0.33h 6-23 


Yard [8-y]. 


nm 21 | 59°56 | 30-87 k +33-45h% | 32-334 +3485 k | +1-46h +1-4ohk | 2-28 
at + cies 59°59 | 29-20h 435-28 hk | 33-20h +3432k | +y00hk —0-96k 241 
iy a 59°55 | 37°25 427-97 h 37:23 4 429-57 k —0.02h +1-60% 1-26 
» 22 | 59-34 | 33°98 A +2967 hk | 36-03h +33-87k | +2-05h +420h | 4.98 
” s 542 29:28 h +33-65% 36-00 h +34-15 kh +6-72h +0-50h 5°74 
oy | $948 | 32-20h +31-25hk | 31-60h +36-65h | ~o-6oh +5-40h 3°83 


24 59-37 | 33-404 432-554 | 32-104 438-274 | —1-30h +5-72h 3°53 
» 9 | 59°39 | 3427 kh 431-724 | 33-03h +36-654 | ~—1-24h +4-93h | 2-95 
ni 8 85 59-44 | 32°85 hk +32-B8h | 35-08 +34-45h | +2-23h 41-57 hk 3-03 
yn | 59:5 | 33:95 +30-634 | 33-75h +35-30hk | —o20h +4-67h | 3-57 











—_—_—_—_———_:._aS— oo 


Temperatures corrected for errors of thermometers. 


Comparisons or Space [y-2] on O T wirn Sprace [7-f] on © F. 
September 26th 1864. 


Mean temperature 59°: 80. 





| { 
Difference 


: \ 
OT | OF ‘in Micrometer Divisions. ty J—[] 





+6-47 h —0-13 h 


\ 
| 
15°53 kh +24-40 h 22:00 h +24:27h | 
—o17h +4:56h 3°50 


12-304 4 28-17 kh 12-13h 432-734 


18-50h +21 80h 20-33h +24-47h +1:83h +2-67h 3°59 
21-87h +19-23h 21-83h +2387 h —oogh +464 h 3°67 
19-4oh +21-77h 2f-0Zh Farizgh +463 h —0-64h 3:17 
19:23 h 421-33h 1g: 80h 425.27 hk +0-57h 4+3-92h 8 


| 
22-70h +18-10k 19-67 h +25-13h | —3-03h +7-03h 
2gqoh +17-97h | 24pogh +21-37h | +0-63h +3-40h 
2943 h +18-47h | 2gp-1Zgh +21-30k +1-70h 42-834 
22-67h 4+17-80h 23-07 hk +22:10k ! +0-40h +4304 


ny a 


lil 


If we take the means of the second and last columns of the first Table we find that the 
yard [a-/] was at the temperature of 60”- 13, greater than the Standard Yard by 6-20 ; aud 
the yard [-7] at the temperature 59°-46, greater than the Standard Yard by 3-36. Now 
the values we have obtained for these yards are, see page 102, 

(a-@] = Vs5 + 6-18 — 0-442 (¢ — 62) 
[B-v] = Ys; + 2-45 — 0-442 (t — 62) 
if here we make in the first equation ¢ = 60-13 and in the second ¢t = 59-46 we obtain 
at 60°-13 [a-6] = Y,, + 7-01 
at 59°-46 (8-y] = Vos + 3°57 
which are somewhat larger than the quantities given by the last series of comparisons, but 
not sufficiently different to indicate any real change of length. 

We shall therefore combine these observations with the thirty comparisons of each 
yard given at pages 98, 99. 

As before, let ; 

[a-] = Y;; + 2” +Sy 
[2-7] = Vest, thy 

Where fis the temperature of the bars — 62°. Then we have for the determination 
of 2’ x, and y a series of eighty equations of the form 

vtfy—dad =o 


. 


“+fy—a =o 


which treated according to the method of least squares give 
gor + (P)y— (2) =0 (1) 
gor, + (f)y—(a)=0 
CP) + A) + (PY + My — (F'@) + (Fa)] = 0 


The results of the multiplications here implied, are 


(f’) = — 288-19 (2) 
(c’) = 367-58 
(af) = — 4220-5802 
(f?) = 5676-1503 
(7) = — 298-95 
(a) = 227-98 
(af) = — 2906: 3723 


(77) = 4803-8443 
And the final equations, 
4ou'— 288-197 — 367- 58=0 (3) 
4ox,— 298-95y— 227: 98 =0 
— 288-19 2 — 298-95 x, + 10479: 99y + 7126-952 =0 


From which 


“= 5-949 (4) 
t= 2-338 
¥ = — 0-4498 
If we write A B C in place of the absolute terms of the equations, we get 
o= 2’ + -0334139 A + -0087280 B + -0011678 C (5) 


O= 2, + -0087280 A + -0340539 B+ -oo12114C 
o=y + -0011678 A + -0012114 B + -0001621 C 
Thus we have for the lengths of the two yards 
[-B] = Vos + 5-95 — 0-4498 (¢ — 62) (6) 
[8-7] = Yss + 2-34 — 0-4498 (¢ — 62) 
which are less than the values resulting from the first 30 comparisons of each yard by 
0-23 ando-1l1. 

From the last column of the Table, page 140, it appears that at the temperature of 
59°: 80 [7-8] is greater than the space [r-f] on OF by 3-63. Now the excess of the 
expansion of the former over the latter we have found, page 103, to be 

4 
ee = “0026 

where y is as found above — -4498; that is, — -0618 per 1° Fahrenheit. Consequently 
the correction to reduce observations at 59°: 80 to 62°00 is — -0618 x 2-20 = — 0-13. 
This is to be applied to the observed results, and if we correct (by + -03), the observed 
differences taken at the temperature of 62°-53, recorded page 102, the general mean of 
the forty comparisons is 3-40, so that at 62° 

[v-4] = [rf] + 3-40 (7) 
This differs but little from the result of the first 30 comparisons, viz., 3-37. 


We shall now bring together the errors of the 40 comparisons of cach space in the 
following Table :— 
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The errors in the last series of comparisons of the yard [¢-y7] are unusually large. 
Particular attention was drawn to the irregularity of the results while the observations were 
in progress, but no cause could be assigned, unless it might possibly be that the stone 
piers were of a slightly different temperature to that of the air of the room. It will be 
seen that the three first observations have positive errors while the next three have negative 
errors. Jn the first three the bar O T was next the piers, but in the next three Y,, was 
next the piers. The thermometer readings, however, do not indicate any change in the 
temperatures that would account for the apparent change of results. The cause of dis- 
crepancy, whatever it be, seems to vanish at the end of the series. 


From equations (5) we find the reciprocals of the weights of the several determinations 
as follows :— 


De comes 0:03341 (8) 
Be A in eae 003405 

Btu. .es 008492 
Y + ++ + 0000162 


The sum of the squares of the residual errors of the 80 equations from which these 
quantities were obtained (being the errors in the first four columns of the last Table) is 
54:65. Hence the probable error of a single comparison is 


+ -674 V gt Be ae 0 60s (9) 
The probable errors of the several determinations are therefore 
eee es + 0-568 V-03341 = + 0-104 (10) 
We gang + 0-568 7-03405 = + 0-105 
Pw... 5. £0568 V-08492 = + 0-165 
Yowierdvesie + 0-568 V-ooo162 = + 0-0072 


The sum of the squares of the 40 errors of the comparisons of [7-2] is 10-51, con- 
sequently the probable error of a comparison is 


+ 0:6744/ 2251 = + 0.550 (11) 
and the probable error of the mean of the whole 
£0350 = + -055 (12) 
Vv 40 
We have therefore 
[y-8] = [rf] + 3:40 + 0-055 (13) 


Also, for ¢ = 62°, see page 72. 


[rf] = Ses Yes — 3:24 + 0-197 


therefore, 


[y-8] = Fed Vu + 0:16 + 0-137 (14) 
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Adding to this the sum of equations (6), viz. :— 
[a-y] = 2 Y,, + 8-29 + 0-165 (15) 


we get for the entire length of the bar— 


[a-d] = ois Y,; + 8:45 + 0-214 


so that the length of the Ordnance Toise in terms of Y;;, both being at 62°, is 
T, = (2:13167512 + -00000021) Y;; (16) 


2. 


A series of measures of the space between the lines on the contact apparatus when the 
two parts are brought together was also made with the micrometers H and k. In each 
measure the focus was re-adjusted, and the contacts renewed. The results are given in 
the following Table, each number being the mean of three micrometer readings. 










Micrometer }4. Micrometer K. 








Left Line. Right Line. Left Line. | Right Line. 











1366-17 | 654-83 | 711-34 
1364-13 652-50 711-63 
1359°83 | 650:03 | 709-80 
1358-03 | 647-33 710-70 
646-63 


659-25 1366-57 
659-40 1368-00 
657-30 1366-13 


657°67 136553 | 
| 
658-60 1366-50 | 


The mean of the measures by H is 710-75, which in millionths of the yard = 564-97; 
and the mean of the measures by K is 708-10, which in millionths of a yard = 565-06. 
The mean of these, 565-04, may be taken, when compared with the value (17), page 133, 
otherwise obtained, as a satisfactory proof that the contact apparatus has not undergone 
any change. We shall not make any further use of this result, retaining the value given in 
the Section on the Prussian Toise. 


3 


Rather unfortunately for the comparisons of the Toise No. 11 with che Ordnance Toise, 
the temperature commenced to fall just after September 29, falling 5° in the next week. 
Unfortunately, inasmuch as we have to make use of the relative expansion of the two bars 
to reduce our results to 62°. If 7, +, be the expansions per 1° Fahrenheit of the ‘Toises 
Nos. 10 and 11, 7, that of the Ordnance Toise 


(tm = T) = (To = 7) — To + TH 


Now from page 49 of the “ Compte rendu des opérations..... pour étalonner les 
regles qui ont éé employées ad la mesure des buses géodésiques Belges,” it appears 
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that the expansions for 1° Centigrade of the Toises Nos. 10 and 11 are o!-009128 and 
o'-009156 respectively ; that is for 1° Fahrenheit, the expansions expressed in milliontha 
of a yard are 

No. lo... .. [2°511 


No. 11 2.6. 12-549 


Let the probable errors of these quantitics (not known) be ey ¢,. By page 130 we 
see that 
Ty) — T) = 0-268 + 0°008 
Then if 74) and 7,, had been independently determined 


ry = y= 0-506 t Va EE CORY 


Twenty-five comparisons were obtained on September 30 and October 1, 3, 4; 5, 6, 7, 
8, at which time the temperature had fallen to 53°-9. As it was very desirable from the 
shortness of the time in which the comparisons were to be made, to have all the circum. 
stances varied as much as possible, the bars were frequently dismounted in the evenings and 
the adjustments renewed previous to the next morning’s observations. 


In order to ensure the non-existence of a constant error in a serics of observations of 

this kind, the following points require to be attended to :— 

1. The axes of rotation of the microscopes to be vertical. 

2. The outer foci of the microscopes to be in a horizontal line. 

3. Ordnance Toise to rest symmetrically on its rollers. 

4. The supporting rollers of the Belgian Toise to be in a straight line. 

5. The toise to lie symmetrically on them. 

6. The steel needles of the contact apparatus to be horizontal. 

7. Point of contact to be on the horizontal diameter of the circular terminal disk of 

the toise. 

8. Point of contact to be on the vertical diameter of the same. 
g. Each piece of the contact apparatus to be level transversely. 
10. Care to be taken that no partical of dust intervenes at the contacts. 
11. The bars to be adjusted to distinct focus. 
12. The bars to take alternately the inner and outer positions. 


If any of these adjustments should remain unaltered during the series, there might be 
room to fear a possible constant error; and on the other hand the more frequently they are 
renewed the more confidence may be placed in the results. If it were practicable it would 
be well that they were all renewed previous to each comparison, but the time that would 
be required for this purpose renders it impracticable ; besides which the mere presence of 
the observer for the length of time requisite for correcting many adjustments produces a 
considerable disturbance in the length of’ the bars, so that they require to be left alone for 
many hours to settle to their natural lengths. 


The manner in which the adjustments were actually renewed, will be seen from the 
notes following the Table subjoined, which contains the results of the twenty-five 
comparisons. 
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: eaters Difference 
Temp. Ordnance Toise. Belgian Toise. in Micrometer Divisions. 


t 


1864: | , 
Sept. 30 | 58-94 |1130-54 +1129-00A4| 874-82 h +871-23h) 255-72h +257-97k 

» 9 | 58-92 |£128-27 kh +1131-50 4) 874-07 h +872-70k| 254-20h +258-80h 
Oct. 1 | 58-41 1132-75 Ah +.1129-95 hk) 875-43 kh +873-84h] 257-32h 4256-114 
vy | 58-43 1130-77 kh +1132-57 kh) 873-55 h +876-022| 257-2.2h +256-55h 
ys | 58-37 11130-12 kh +1133-58A| 875-08 h +875-552) 255-04h +258-03h 

| 57:04 \1134-80 kh +1135-30 4| 878-03 h . 256-77 hk +256-08 h 
57°01 |1135°97 h +1134'55 k| 878-80 h : 257-17 kh +256-92 
57-01 41137-18 fh +1135-02 4| 877-63 h . 259°55k +255:25k 
| 57-02 (1138-07 h +1133-10 hk 880-27 h . 257:80h +255-82h 
56:26 (1138-82 A +1137-88 k| 882-63 h . 256-Igh +254-31k 
56°27 |1137°92 h + 1138-47 k} 883-70 h : 254°22h 4255-54 h 
56-20 1136-38 h +1139-92 hk) 886-18 h : 250:20h +260-05h 
56-15 |1136-40 h +1139-25 k| 882-88 h . 253°52h +256-53 h 
55°16 [1144-63 h +1139-42 4] 887-55 h . 257-08 h +253-29 k 
55:26 [1141-05 A +1142-02 k| 885-75 h . 258-30h 4257-09 kh 
551 [1142-77 hb +1142-33 A| 886-12 h . 256-65h 4+254-76 k 
55°10 [1141-98 h +1143:28 A} 888-12 h . 253-86 h +257-98 
54°39 [1143-38 kh +1142-47 2; 886-20 h 129 257-18h +254-65 k 
54°36 [1145-03 h +1141-25 4) 887-45 2 25753 h +255-20h 
54:28 1142-05 h +1145°33 | 886-77 h + 888-45 hk) 255-28A +256-88 b 
53°89 [1147-20 h +1142-57 hk} 888.17 kh +891-08h) 259-03 hk 4251-49 h 
53°94 |1148-35 kh + 1141-47 hk} 888-90 hk +B8y0-00h| a5g-45h +251-47 b 
54:04 [Li 44-12 h + 1144-30 k! 889-27 h +887-20k) 254:85h +257-10k 
53:88 ]1127-37 kh +1129-28 hk} 872-02 h +872.85h| 255-35h 4256-43 k 
53°92 |1128-30 A + 1128-33 hk) 871-43 h +873-084) 256-87 h +255-25 kh 

















Teomperatures corrected for errors of thermometers, 


) Bars re-adjusted to focus. Contacts renewed. 
3.) Bars re-adjusted to focus. Contacts renewed. 
5.) Microscopes re-levelled and re-adjusted. Contact pieces re-levelled, re-adjusted. 
6.) 
) 
) 


I 
Bars re-adjusted to focus. Contacts renewed. 

(7.) Bars re-adjusted to focus. 

(8.) Bars re-adjusted to focus. Contacts renewed. 

(g.) Bars dismounted and interchanged. Rollers of Belgian Toise re-adjusted into 

line. Bars re-adjusted to focus. Contacts renewed. 

(10.) Contact pieces re-levelled. Focus of bars re-adjusted. 

(11.) Bars re-adjusted to focus. 

(i2.) Microscopes re-levelled. 

(13-) Bars dismounted and interchanged. Rollers of Belgian Toise re-adjusted into line. 
Contact pieces re-levelled and adjusted transversely. Bars re-adjusted to focus. 

(14.) Bars re-adjusted to focus. Contact pieces re-levelled and adjusted in vertical 
height. 

(15.) Bars re-adjusted to focus. 

(16.) Bars re-adjusted to focus. 

(17.) Bars dismounted and interchanged. Contact pieces levelled and adjusted 
transversely. Bars adjusted to focus. 

(18.) Bars re-adjusted to focus. 

(19.) Contacts renewed. 

(20.) Bars dismounted and interchanged. Rollers of Belgian Toise re-adjusted into 
line. Contact pieces re-adjusted and levelled. 

(21.) Bars re-adjusted to focus. 

(22.) Bars re-adjusted to focus. 

(23.) Microscopes re-levelled. Focus re-adjusted and contacts renewed. 


147 


The several adjustments here enumerated were made at the close of the comparisons 
against which they are written. In renewing the contacts, the steel needle of each piece 
was drawn back (against its spring) from the bar, and both the contact piece and the end 
of the ‘Toise very gently rubbed with a piece of a fine kid glove. 


The following Table shows the corrections for temperature, taking 0- 306 as the excess 
of the expansion of the Belgian Toise above the Ordnance Toise for 1° Fahrenheit. 


Observed Correction Difference of 
differences of for Length 
Length. Temperature. at 62”. 





408-97 0°94 409-91 
408-59 0-94 409-53 
408-92 1-10 410-02 
409-1y 1-09 410-28 
408-64 Tel 409-75 
408-46 I-52 409-98 
409°45 1-53 410-48 
410-01 1:53 411-54 
409:07 1-52 41059 
406-58 1-76 408-34 
406-00 1-75 407°75 
406-40 1-77 408-17 
406-23 179 408-02 
406-46 2-09 408-55 
408-10 2-06 410-16 
40731 2-11 40942 
407-66 2-11 409°77 
407-64 2-33 409-97 
408-40 2-34 410-74 
407-91 2:36 410-27 
406-59 2-48 409-07 
406-91 247 409-38 
497°75 2rd 410-17 
407-61 2-48 410-09 
407-88 2-47 410-35 





4. 


The mean of the corrected differences of length is 409-71 and the sum of the squares 
of the differences of the individuals with the mean result is 21-612 which would give the 
probable error of a single observation or comparison as +0-640. But this is greater 
than the actual probable error of a comparison, as it 18 affected by the probable error of 
the assumed rate of relative expansion. 

But in consequence of some of these comparisons being further from the normal 
temperature than others, it is not correct to take the simple mean of the third colunin as 
the final result. If we denote by @ the observed differences of length, the ditferences of the 
corresponding temperatures from 62° by a, and the difference of expansions of the Belgian 
Toise and Ordnance Toise by 2; then the results for the difference of leugth y at 62° are 


yrautaer (17) 
YHa,+- av 
YH Qt ar 


y —= G,, + a, xv. 
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In order to obtain the most probable value of y we shall multiply these values by a 
series of multipliers 4,4, ..... a, such as will give a resulting value of y with the 
minimum probable error: the sum of such multipliers to be unity. If E; be the actual 
error of the measured quantity a; and E, the actual error of the assumed relative expan- 
sion 2, then the error of the adopted result for y is 


aE, +a,E, 4+ ..... a, BE, + (a, a + aa, +... 4, ,) E, (18) 
Write V for the coefficient of E, so that 
Voeoaryataat..... a, Ay (19) 
then the square of probable error of the adopted result for y will be 
e(arptarz+t... az) + Ve (20) 


where ¢ is the probable error of a single comparison, « the probable error of our assumed 
rate of relative expansion. Now this quantity is to be a minimum, subject to the 
condition 


Ata tat... a, = 1 (21) 
Differentiating these two equations, we have 
o= (Pa +2Va,) dat (erate Vaj)dat-. +--+ - (a,+e2Va,)da, 
o= da, + da, tay ie Al. Sea occ eat, dns @ +d4, 
from which 
ea teVa=C (22) 


@a+e2¢Va=C 
@a,+eVa,=C 


@a,+eVa,=C 


The sum of these equations gives 


e+e2V(a)=nC (23) 
and if we multiply them by a4, a,- - + - @, respectively, and add, we get 
OV+eV (e) = C (a) (24) 
eliminating C, we get 
(a 
= —— (25) 


and further 


mot 4 £8) —alv (26) 
wade SO =a) 
w= ht SLO - aly 

(a) 
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_ These are the multipliers which render the probable error a minimum. The eum of 
their squares is : 


ay paytoe ryt = + [@)- Gr 2 y3 


n tet 


Hence for the square of the probable error we have 


+e[e) Oi Evsen 


preheat 


Il 


2 (a! 
= ey — at z (27) 
Tea 


And this is a smaller quantity than would result from any other system of multipliers. 


Now the quantity «is not given. We may, however, get an estimate of its amount 
probably not very far from the truth, by an examination of the probable errors of the 
determinations of expansions of other bars. Referring to a previous section, we have 
obtained for the expansion of the bar 10, the value 21-055 + -089, and for 10, the 
value 21-400 + 050 (see page 79). Now in this last case, the probable error of the 
determination is about <},th part of the amount of the expansion. Again, at page 49 of 
the Account of the Russian Meridian Arc, Vol. I., we have the probable errors of the 
determinations of the expansions of the four Standard Bars N, P, F, H, and taking the 
mean we get this, that the probable error of the determined amount of expansion is 7};th of 
that amount. Taking this as a guide, as the expansion of either toise is about 12-5, the 
probable error of the determination would be + -03, and if the determinations of the 
expansions of the two toises were independently made the probable error of the relative 
expansion would be  (-03)?+ (-03)*= + -04. In adopting this value we shall not err 
very materially from the truth; that is, not so much as to be misguided. 


If further we take for the value of e + 0-60, then 


2 


ee 1 

@ ~~ 225 (28) 
This gives for the value of V 

V = 4-577 


Forming now the values of 4 and multiplying each result by the corresponding multi- 
plier, we have finally 
¥ = 409°75 (29) 
differing but very slightly from the mean, which was found to be 409-71. 


By equation (27) the probable error of our result is 


1 (a) 3 


e 225 25 


yn? = ee 
Ee 


225 


+ = + -40€ 
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Now we have seen that eis something less than + -64, so that our probable result 
may be set down as + -25. 
Hence 
Ti = TT) — ¢ + 409-75 + 0-25 (30) 


Where T,, is the length of the Belgian Toise at 62° ahr, T, that of the Ordnance 
Toise, and ¢ the value of the space on the contact apparatus. 


The value of « is given at page 134 as 
o = 565-85 + -108 
and for T, we have found ‘ 
T, = (2-13167512 + 000000211) Y,; 
consequently 
Ty = 2-13151902 Y, 


with a probable error, to be regarded only as approximate, of 


Therefore, finally, at the temperature of 62° we have the length of the Belgian Toise 
T,, = (2:13151902 + -00000035) Y,, (31) 
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XIII. 


COMPARISONS OF STANDARD YARDS. 


1. 


Tle copies of the National Standard Yard assigned to the Ordnance Survey are— 
No. 29 Bronze. 
No. 55 Swedish Iron B. 


It is stated in the official report that the temperatures at which they are exactly one 
yard, are as follows :— 


No. 29 at 61°-51 = National Standard Yard. 
No. 55 at 61°-93 = National Standard Yard. 
these values being the results of the comparisons made by the late Mr. Sheepshanks. 


Of these two bars, the iron bar No. 55 appears to be best determined. According to 
information kindly supplied by the Astronomer Royal, No. 55 was compared directly with 
Bronze No. 28 (the Standard) on March 21, 22, August 10, 11, 12, 13, 18, 1853; 
Bronze 29 was compared on five days; some of the comparisons were with Bronze 28 
direct, and some indirectly through another bar, Bronze No. 12. 


That a standard bar does retain an invariable length at a stated temperature is a pro- 
ponon not altogether established, though it may perhaps be said that in very few cases 
rave actual suspected alterations or fluctuations of length been sutliciently proved. In the 
very bar chosen by Mr. Sheepshanks as the representative of the national unit, we have, 
for instance, strong cvidence of a temporary alteration of length. In the ten feet standard 
of the Ordnance Survey, there is much reason to doubt the constancy of the coetticient of 
expansion, and if this be uncertain, it cannot be said that the length of the bar at 62° is 
invariable. In the Report* of the Comparisons of Standard Bars in Brussels, 1854, we 
find similar instances of apparent changes both of length and of rates of expansion, pp. 105, 
106, 126. 


How far these discrepancies may be due to errors of observation and faulty methods 
of comparison, it is not easy to say; but the fact of their having been observed at all 
renders it very desirable to re-compare some of the Copies of the Standard Yard, with a view 
of ascertaining whether the differences obtained at present agree with those assigned by 
Mr. Sheepshanks ten years ago. 

* « Compte rendu des Opérations de ln Commission instituée par M. lo Miuistre de la Guerre, pour étalonner 
les régles, &c.” Bruxelles, 1855. 
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Three copies were accordingly borrowed from the Astronomer Royal. They are 
designated— 
No. 65. Cast Steel A 
No. 66. Cast Steel B 
No. 67. Cast Steel C 


and their lengths as assigned by Mr. Sheepshanks— 
No. 65 at 62°-22 = National Standard Yard. 
No. 66 at 62°-11 = National Standard Yard. 
No. 67 at 62°.47 = National Standard Yard. 

Of these copies, No. 66 appears to be the best determined ; it was compared (according 
to information supplied by Mr. Airy) on 13 days with Bronze 28 direct. No. 65 was 
compared on one day only, and 67 on two days; in both these cases the comparisons were 
not directly with Bronze 28 but indirectly through an iron bar (Low Moor B) whose 
length was well determined. 


Referring to the “ Account of the Construction of the new National Standard of 
Length and its Principal Copies,” we find that the excess of the lengths of Cast Steel B 
and Swedish B above Bronze 28 are (p. 57) 

No. 66. Cast Stcel B = Bronze 28 — o°-006565 — 0°-03730370 (¢ — 62) 
No. 55. Swedish Iron B = Bronze 28 + 0 .004267 — 0 -03350280 (¢ — 62) 
where 17 = 0 -003587 
In the same place we find 
Brass 2 = Bronze 28 + 0°-082740 + 0°-00072975 (t — 62) 

It does not appear from the “ Account” that the absolute expansion of Bronze 28 
was ever determined. It appears to have been assumed to be the same as that of another 
Bronze Bar No. 12, of which the absolute expansion was deterinined by direct experiment. 
But we have the absolute expansion of the bar designated Brass 2 by direct experiment 
(pages 48, 49), it was found to be 

o'-o9601 : for 1° Fahrenheit. 

From this and from the relative expansions shown above with reference to Bronze 28, 
we pet for the expansion of Cast Stecl B, 0-057977, and for Swedish Iron B, 0-061777, so 
that the absolute lengths of these bars at the temperature ¢ are, if we put 7) to represent a 
TRUE YARD, 


No. 66. . . Cast Steel B = 3 — of-006565 + 0°-057977 (¢ — 62) 
No. 55. Swedish Iron B = 9 + 0 -004267 + 0 -061777 (¢ — 62) 
or, if we express the small quantities in millionths of the yard— 


No. 66. . . Cast Steel B = 9 — 0-65 + 5-7768 (¢ — 62) = Voo 
No. 55. Swedish Iron B = ¥ + 0-43 + 6-1555 (¢ — 62) = Vis 
We find at page 59, that at 62° the length of Bronze 29 is in excess 4-60 divisions ; 
at page 60, that Cast Steel A at 62° is in excess — 1-28 divisions, and Cast Steel C in 
excess by — 2-70 divisions. Expressing these differences in millionths of a yard, we have 
for the lengths at 62° 
No. 65. Cast Steel A= 9 — 1-28 = Y,; 
No. 67. Cast SteelC = 9 — 2-69 = Yo, 
No. 29. Bronze =)94+4-58= Y. 
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2. 


In order to determine not only the present differences of length of these five bars but 
their differences of expansion, observations were made upon them, both at low temperatures, 
38° to 40°, and in the vicinity, as near as practicable, of the normal temperature of 62°. 


The three bars, 66, 55,67, were compared on two days in February, 26th, 27th, being 
visited three times cach day. The three bars, 65, 55, 29, were compared on Tebruary 29th 
and March 1, three times on the former and twice on the latter day. The order of obser- 
vation and number of micrometer readings were as indicated in the following ‘Table ;— 





Number of readings of 


Bar. ——--- 
H K 
No. 66 | 3 4 
» 3B | 3 3 
» 67 3 3 
» 67 3 3 
» 55 3 3 
» 66 3 3 





besides the reading of four thermometers iu the bars at the commencement and close of 
the visit. 


In cach case the three bars were placed (in line) in the box of the ten feet bars. Each 
bar rested on two freely-moying rollers, which were capable of being raised or lowered by 
small quantities for accurate focal adjustment. ‘These supporting rollers were in each case 
nine inches right and left of the centre of the bar. As indicated in the above Table, the 
three bars were brought under the microscopes successively, and observed in the direct 
order, a, 6, y, and then a second time in the reverse order, y, 8, «. 


The long box not being suited to these comparisons, a box of mahogany was spccially 
made, before the comparisons at the normal temperature, for the reception of three standard 
yards lying parallel to one another, and with their centres opposite. The distance apart of 
the outer yards was 2-80 inches, which left sufficient room for a third yard to lie between 
these. Each yard was supported on a pair of rollers 18 inches apart. In order to secure 
for the bars perfect freedom from any constraint, the rollers were two inches in diameter, and 
revolved very freely on their axles, which were of steel working in stcel Y’s. By a special 
construction each of these rollers admitted of being moved in a strictly vertical plane by 
means of a slow motion screw working from below the box. ‘Thus the observer was 
enabled to make his focal adjustments with the greatest nicety and the greatest ease. ‘The 
cover of the box was provided with apertures for the proper reading of the bars and ther- 
mometers. ‘The bars were laid on a slope towards the light, that is, their upper surfaces 
were inclined at an angle tan=?4 away from the observer ; the rollers being in the form of 
frustra of cones, and having flanges to prevent the bars slipping off. 


The inner and the outer bar had each two thermometers, which were read as usual at 
the commencement and close of every visit. The inner and outer bars were systematically 
11429, U 
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interchanged, so that each was as often in the one position as in the other: thus, any 
difference of temperature owing to position is climinated in the mean. Further, every 
comparison is affected with a different error, if it be sensible, of focal adjustment. The 
comparisons at 62° were conducted in exactly the same manner as described for those at 
the low temperature, with this exception, that two readings only of each microscope were 
taken in place of three, so that the small Table on page 153 will apply to these com- 
parisons if we alter the numbers 3 into 2. 


The bars 66, 55, 67, were compared on the following days, July 8, 9, 11, 12, 13, 14, 
15, 22, 23: twenty comparisons or visits. The bars 65, 55, 29, were compared on July 
15, 16, 18, 19, 20, 21, 22: twenty comparisons. 


In the following Tables the results are given; each line being the result of one com- 
parison. The first column contains the date ; the second contains the mean of eight ther- 
mometer readings corrected for the errors of the thermometers; the third, fourth, and fifth 
contain the micrometer measures, expressed in micrometer divisions, h and & being the 
values of one division in the micrometer microscopes H and K respectively. 


COMPARISONS OF STANDARD YARDS. 


Nos. 66, 55, 67. 

















| 
Date, eames Vis Vis Vor 
| 

1864. ° 

February 26 38-26 g 65h + 15-76k 13-46 h + 22-88 h 6-72h + 19:10k 
” » 38-34 19-56h + 4:79k 21-50h + 12-454 15:80h + 7-58h 
55 3 38-43 12-45 h + 10-95 k 17-82h + 15:18h 17-goh + 528k 
$3 27 38-38 | 12-88 + 11-00k 14-80 h + 18-66 igh + 8-814 
” ” 38-54 Weigh + 13-92h 18-00 h + 15-52 h 8-35h + 16-70 h 
” ” 38-63 10-20 h + 13-68% 9:30 h + 24:03 h 14:43h + g-95h 

July 8 62-59 21-08 h + 20-80 k 21-65h + 21-y8h 22-85 h + 20-30 k 
” ” 62-71 17:68 h + 22-10k 20:63 h + 19-604 20:03 A + 20-88 kh 
is 35 62-89 1g-goh + 19-43h 2-50h + 17-40h 19-50h + 20-75 h 
” ” 63-04 20:60 h + 17-43 h 18-08 h + 20-40 h 18-65 h + 21-50h 
39 9 62-90 20:08 h + 18-204 21-83 h + 18-034 arigh + 20-28k 
” as 62-99 18-43 h + 20-63 hk 18-15h + 20-93h 18:03 h + 21-934 
»” BI 62-77 17-85 h + 23-78h 16-98 h + 24:18 h 23-08 + 18-78 h 
33 ” 63-17 19-95h + 19:10k | 19-90h + 19:50k | 19-80 + 19-55% 
” ” 63-39 17-85 + 20-75 h 12-08 h + 25-15% 14-48 h + 25:13 h 
59 12 62-41 19:80 h + 22-23 18-90 h + 22-534 20-90 h + 22-83 kh 
” % 62-49 27-75h + 29-48 h 26-93 h + 32-:10k 26-95 h + 30-10h 
” » 62-82 24-65 h + 31-60k 27-60 h + 28-80% 24:22 hk + 26-98 kh 
5 13 62-13 31 58h + 27-45h 215 h + 30-954 2g:18 h + 29-95 k 
” » | 62-29 30-70h + apigh | 27-55h + 31-23% | 28-43 h + 30-834 
” 14 61-82 35:28 hk + 26-15k 35:03 kh + 26-35 4 35°73 bh + 25:80k 
” ” 62-07 30-48 kh + 28-95 4k 27-7Oh + 31-43 h 27-g5 hk + 30-95 hk 
” ” 62-39 24°38 kh + 31-68 31-33 h + 25-85 h 26-85h + 31-104 
» 15 61-42 30-43 A + 31-884 32-30 h + 30-20k 32-134 + 30-784 
” 22 66-02 35:38 h + 33-93% 34°53 h + 33-32% 36-334 + 32-824 
” 23 | 65-63 36-93 Ah + 32-g2k 34:83 kh + 34:65 36-88 h + 32-40k 


Temperatures corrected for errors of thermometers. 
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Comparisons oF STANDARD YARDs. 
Nos. 65, 55, 29. 








Date. liane | Ves Ys Ves 
ae 

1864. ‘ 

February 29 39-21 g00h + 9-40k 9:52 4 + 19-53 h 50-96h + 74-88 h 
” ” 39°52 973k + B45h 13-98h + 13-40k | 57-53k + 65-854 
» » 39°73 8-26h + 7-62h 11-90 A + 13-884 55 03h + 65:28 A 

March 1 40:03 746h + BO5h 8-20h + 16-65 hk 61-90h + 55-20k 
” » 40°23 16zh + 12-174 14:18h + 8-874 69:00 h + 47-87 k 

July 15 62-50 29:03 h + 28-08 } 27-48 h + 28-05 h 22-73h + 28-73 
» 16 61-97 28-98 h + 32-03h 27°20 hk + 32-03% 27-33 A + 29-75 k 
: 7 62-71 29-B3h + 205k | 29-55h + 26-73hk | 22-33h + 28-334 
» ‘5 63-10 27-00 h + 28-75 hk 25:70h + 28-25k 20-154 + 26-334 
a 18 63°78 23-38 + 29-78 h 19:80 hk + 31-00 k 18-50 A + 22-88 4 
a ” 64:20 25:10h + 26:33 h 20-goh + 28-28 kh 19°55 4 + 18-45 4 
, * 64-54 20-73 h + 27-50 h 22-goh + 25:15 hk 510k + 1g9-33h 
7 9 64-82 27-10h + 21-704 26-20h + 19°55 h 13-632 + 16-85 
i 19 64-91 221Zh + 24-75 h 20-03 h + 25-08 1p45 4 + 16-252 
” » 65-19 22-65h + 24-18 & 22-38 A + 23-274 11-05 4 + 17-48 & 
ia 20 65-74 30:18 hk + 40-17 hk 29-45 h + 40-43 A 24:95 h + 24-90 
; ne 66-05 36-73h + 31-23h 35:98 h + 32-48 2 25-90 h + 21-684 
an i 66-26 34:88 h + 32-272 36-85 h + 29-582 21:08 h + 25-52k 
is 3 66-53 38-18 h + 27-70k 37:83 h + 26-62 k 20:65 h + 20-73 hk 
si 21 65-33 32-28 h + 39-70k 34:95 hk + 38-15 4 25-60 h + 28-63 k 
7 3% 65-74 31:00 h + 39:23h 3r-13h + 37-38h 22-68 h + 25:10k 
7 ee 65:97 Br10okh + 38-25k 29-98 hk + 38-60 k 22-45 hk + 25-584 
F - 66-21 37:80h + 29-43h 37-98 h + 28-57k 23:00 h + ar-5ok 
% 22 65-78 34-03 h + 35-12 h 32-70 h + 36-70k 26-05 h + 23-68 k 
i i 65:97 27-50hk + 40-58 h 27:20 h + 39-80 k 14-00 A + 33-58 4 


3. 


To reduce these observations by the method of least squares we proceed as follows : 
Let: the excesses of the lengths of the two bars being compared with Y,, be, at the tem- 
perature 62° + /, with reference to that bar 


at+fy 
wtfy 
or, if, Y,; be the length of No. 55 at the temperature 62° + flet the lengths of the other 


two be 
Ystrt+s J (1) 
Vis + 2° + fy 
and let the distance of the zeros of the microscopes at the time of this comparison be 
Yes + 2 (2) 
Let the quantities entered in the third, fourth, and fifth columus of the Tables given 
above be designated a, b, c, then we have these three equations at each comparison 
VY; +tz=Y,;+2+fyta 
Yi: +2=Y¥,+6 
Ys +2=Ya_te +fy +e 
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So there results a series of equations as follows 
ex+hy—-%4+a=0 
—%+b=0 
e+fy—-ateag=o 
@tthy —-%+a,=0 
—-2,+b6,=0 
Y+hy —%+e=0 
et+hy —-%4+ay=0 
—2z+4=0 
vU+ fy —%+e=0 
and soon. Let 7 be the number of comparisons, then from these equations we obtain 
na + (fy — (2) + (@) =0 
(Ae+ Py —F2+ (fa) =o 
nad + (f)y¥ — (2) + © =o 
et + (P)y¥ — (2) + Fe) =0 
e+e thy thy -3atatrht+a=o 
ete t+ fy thy —-32+ath+oa=0 
e+e thy thy —34 tari +% 


ete t fy thy —-—3H%tatoa+¢,=0 
Eliminating the z’s from the first four equations 
ane +8(A)y hae —3(fy +2 —4 © -3 =o 
BNeFsPy-kNe-FPI FEA —-EON -4CS) =0 
—jne -—3(S)y +3 ue +3(f/)y7-3 @ -3@ +3 ©) =0 
—EDNa-EP yt eth )y —4@f) -C/) +3 Cf) =0 


lI 


(3) 


(4) 


(5) 


which contain « w’ y y' only. Let P Q R S be the absolute terms of these equations, 


then 
ne+t(fy)y+2P+ R=o0 
Yet(Py t2Q@+ S=o 
ne+(fyy+ P4+2R=0 
v+ (My + Qt28=0 
And finally 
(n(f) — (fe + 2~)P—2)@+ F)R-()S 
(ni) —(*)y —2(*)P + 2% Q- (f) RE 2 S=o 
(n(P)- (FF) et AIP (4) +2) R-2(7)S =o 
(n(—-)¥ —-*P+ 2 Q-2(/)R+2n S=o 


3 


ll 


(6) 


(7) 
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The reciprocals of the weights of the determinations x y a’ y’ are, therefore, 


We have also 


: 2 (f*) 
“ny —) 
2n 
Yes aT =- Cy 
> 2 (f?) 
“AP OF 
, 2n 
Yoon Fy — GF 
2P+ R= (a) — (b) 


2Q+ S= (Gf)-(6/) 


P+2R=— (b) + () 


Q+285=— (bf) + (eS) 


4. 


(8) 


(9) 


Let us now apply these equations to the comparisons of the Yards. The lowing 
Tables contain in the four first columns the data, viz., f, @, 5, c, the latter being reduce 

to the unit for small quantities, viz., the millionth of a yard; columns five, six, and seven 
contain the multiples af bf cf for each comparison. 


—23:46 


I 
» 
es 
w 
“N 


0°59 
O-71 
0:89 
1-04 
0-90 
9°99 
0-77 
117 
1:39 
O-41 
0°49 
082 
0-13 
0:29 
0-18 
0:07 
0:39 
058 
4°02 
on3 


+HE+e ee eetttsgs+ssttstes+ 








Comparisons oF STANDARD YARDS Yog 


19:97 26-69 19-96 — 468-50 
19:02 26-57 Ig-4I | —444-50 
33°35 34°75 3436 | + 19-68 
31-69 3l-24 32°58 + 22-50 
30°93 30-98 3206 | + 27-53 
30-28 30-65 31-98 + 31-49 
39-49 3174 33°00 | + 27-44 
31l-Il 3113 31-83 + 40-80 
33°19 3279 33°33 | + 25-56 
31-10 31-38 31:34 | + 36-39 
30°75 29-67 3155 | + 42-74 
33:48 33-90 34°83 | + 13-73 
45°58 47-02 45-44 | fb 22-33 
44-81 44-92 44:76 | + 36-74 
47-01 47-07 47-10 | + 6-31 
46-07 | 46-82 47-20 | + 13-36 
48-91 48-87 48-99 | — 8-80 
46-77 47:10 46-92 | + 3:27 
44:66 45°53 46-16 | + 17-42 
49°63 49°78 50-10 | — 28-79 
55°20 5404 55:07 | +221+90 


55°93 55°34 55:17 | +201-94 


Vis Yur 


coms) 
Kin Sin 
Bun wn cnr 





BWW hw 
am AN O 


dosT bo 


HHI +ED HHH tteeeesees 
os 
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Comparison oF StanparD Yarps Yu; Y33 Yoo 














+ 0-50 45-48 44°23 40-99 | + 22-74 | + 22-12 | + 20-50 
— 0:03 48-60 47:18 45-47 | — 1:46] — 1-42 |- 1-36 
+ O71 46:10 44:82 40:36 + 32-73 | + 31-82 | + 28-66 
+ Io 44:40 42-97 37°03 | + 48-84 | + 47-27 | + 40-73 
+ 1-78 42°35 40-48 32:96 | + 75:38 | + 72-05 | + 58-67 
+ 2:20 40-96 39°18 30-26 | + go-11 | + 86.20 | + 66-57 
+ 2-54 38-42 38-27 27°43 | + 97-59 | + 97-21 | + 69-67 
+ 2-82 38-86 35-43 24:28 | +109:59 | +102-73 | + 68-47 
+ 2-91 37°34 35°94 24-45 | +108-66 | +104-59 | + 71-15 
+ 3:19 37°30 36-36 22-73 | +118-99 | +115-99 | + 72-51 
+397 55:05 55°67 39°70 | +211-31 | +209-88 | + 149-67 
+ 4:05 54:12 54°52 37°89 | +219-19 | +220-81 | + 153-45 
+ 4:26 53°48 52:g0 37°12 | +227-82 | 4225-35 | + 158-13 
+ 4:53 52°45 51°31 32-96 | +237-60 | +232-43 | + 149-31 
+ 3°32 57°34 58-23 43°20 + 190-37 | +193-3% | + 143-42 
+ 3°74 | 55°95 54°57 38-06 | +209-25 | +204-09 | + 142-34 
+ 3:97 55°25 54°63 38-26 | +219-34 | +216-88 | + 151-89 
+ 4:21 53°53 52°99 35°44 | +225-36 | +223-09 | + 149-20 
+ 3-78 55:08 55°28 39:60 | +208.20 | +208-96 | + 149-69 
+ 3:97 | 54:24 53°38 37°93 | +215-33 | +231-92 | + 150-58 
We shall consider first the yards Y, Y;, Yo. Here we have 
(7) = — 123-48 
(2) = — 916 -go 
(b) = 966-01 
(c)= 929-85 
(af) = — 1977-05 
(6f) = — 3063-93 
(ef) = — 1965:10 
(7?) = 3372-816 
n = 26 
and for the determination of 2 y 2’ y' the following are the equations— 
26-002 — 123-480y¥ — 49:11 =o (10) 


— 123-48 « + 3372-816 y + 1086.88 =o 
26-002 — 123-4807 — 36-16=0 
— 123-48 2’ + 3372-816 7 + 1098-83 =o 


from which are obtained 


a = + 0-434 (11) 
¥y = — 0- 3064 
a = — 0-189 
yf = — 0- 3327 
and the reciprocals of the weights, 
forvora ..... 093118 (12) 
foryory .....: 000718 
We have then finally for the lengths of Y,, and Yq, 
Yoo = Vos + 0-43 — 0: 3064 (¢ — 62) (13) 


Yi; = Yis — 0-19 — 0- 3327 (¢ — 62) 
Again, for the yards Y,, Y,, ¥.» we have 


y= 3397 
(a) = — 1032-45 
(6) = — 1052-99 
(c) = ~=1187-27 
(af) = 1414-47 
(bf) = 515-30 
(cf) = — 8721-17 
(7) = 2978-59 
n= 25 
and for the determination of x y x’ y’, the following are the equations— 
25:00% — 53:970¥ — 20:54 =0 (14) 


— 53:97 2 + 2678-590y + 899:17 =0 
25-002 — 53:970y + 134-28 =0 
— 53:97 2 + 2678-590 y’ — 9236-47 =o 
from whence there result for 2 y 2’ y’, the following values 


a= -+o-10!1 (15) 
YS 0+ 5330 
v= + 2-167 
y = + 34919 
and the reciprocals of the weights, 
forvore’..... 083635 (16) 
foryory'..... -000782 


Thus we get for the lengths of the yards Y,, and Y,,y the following values 
Yos = Yas + 0-10 — 0- 3336 (f — 62) (17) 
Yeo = Vos + 2°17 + 3-4919 (¢ — 62) 
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dD. 
We shall next inquire into the probable crror of these results, Tor this purpose, the 
quantities z have been computed, and together with the errors of the different equations 
are exhibited in the following Table :— 


Errors of Comparisons oF ¥,5 Yss Yor: Yas ¥ss Yeo 





Feb. 26 | 28-40 | —o-45 | +0-56 | —o-11 22-79 | —0-43 | +0-36 | +0-06 | Feb. 29 
Ss 8 26-79 | +0-:26 | +0-24 | —0-50 21:95 | +0-13 | —O-14 | —0-00 ih be 
ae O38 26-22 | +0-06 | +0-06 | —0-13 20-48 | —O-30 | +0-06 | +o0-24 a 
» 27 | 26-70 | —o-o1 | —o-o4 | +0-04 19-42 | +0-36 | +0:38 | —o-75 | Man 12 
oo 27-29 | +030 | —0-60 | +0-29 18-64 | —0-27 | —o-29 | +0-56 i 

» on 26-73 | —o-12 | —0-16 | +0-27 | 44-85 | +0-56 | —0-62 | +0-06 | July 15 

July 8] 34-11 | —o-51 | +0-64 | —o-14 | 47-81 | +0-90 | —0-63 | —o-27 » 16 
99 | 30-76 | +O-14 | —0-52% | +O-39 | 45:26 | 40-70} —O-44g | —0-25 | yy 
sop | UAT | OL | —0-23 | +0-36 | 43-38 | +075 | —O-4I | —O-34 | on 
» 95 | 30°83 | —o-gg | —0-18 | +0-61 | 41-23 | +0-63 | —o-75 | +0-12 » 18 
» 9 | 31:63 | —o-gg | +o-ar | 40-88 | 39-87 | +0-46 | —o-69 | +0-24 er 

9 31-23 | +o-01 | —o-10 | +0-08 | 38-14 | ~0-47 | +013 | 40-33 Sie? se 

o» 11] 33:02 | +0-36 | —0-23 | —o-14 | 36-92 | +1:10 | —o-49 | —0-62 » 0» 

9 31-10 | +0-07 | +0-28 | —0-34 | 36-40 | +0-07 | —o-46 | +0-38 » 19 

” 30°44 | 40°31 | —O-77 | +047 36-25 | +0-09 | +0-11 | —O-a1 Sk <ts3 

» 12) 33-76 | +0:02 | —0-76 | +0-74 | 55:20 | —0-31 | +047 | —0-17 » 20 

» » | 45°99 | —0-13 | +1-03 | —0-90 | 53-86 | —o-g9 | +0:66 | +034 | »  » 

9 44-74 | +0:25 | +0-18 | —o-44 | 53-08 | —0-92 | —0-18 | +1-09 ”» 9” 

» 13] 47-11 | +029 | —o-04 | —O-24 | 51-10 | —0-06 | 40-21 | —o-15 oo” 

” 46-71 | —o-30 | +oO-11 | +0:20 | 57-17 | —0-84 | +1:06 | —0-21 » 2h 

» 14} goog | +0-36 | —0-17 | —0-18 | 54-22 | +0:58 | +0-35 | —0-93 » 8 


»” 47-00 | +0-18 | +010 | —0-29 54°32 | —0:29 | +0-31 | —0-03 » 
9 45°45 | —o-48 | +0-08 | +0-39 52°51 | —0-28 | +0-48 | —o0-20 2» 
» 15 | 50-04 | +0-20 | —0-26 | +0:06 | 54:72 | —o-80 | +0-56 | +0-2 9» 22 
x» 221 54:00 | +0-40 | +004 | —O-45 | 53-45 | —O-43 | —0:07 | +051 




















» 23; 54:69 | +0-26 | 40-65 | —0-92 








First, for the bars 66, 55, 67, the sum of the squares of the seventy-eight errors is 
12+7036, and the equations contain 26 + 4 = 30 unknown quantities, hence the probable 


error of an equation— 
_ 12-7036 : (18) 
= + 0-674 / 25 30 + 0-347 


and we have the weight of the determination of a or 2’ and of y or y’ in equation (12), 
consequently we get for the probable errors of the determinations of 


wore... 6. 0-347 ¥-093118 = + 0-106 
POOP ns wel: + 0-347 /-000718 = + 0-0093 
Again, for the bars 65, 55, 29, the sum of the squares of the seventy-five errors is 


18-9194, and the number of unknown quantities is 25 + 4 = 29, consequently the pro- 
bable error of an equation is 
(19) 


= + 0-674 Jee = + 0-492 
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and the reciprocals of the weights of the determinations of # a’ y y' are given in equation 
(16). Consequently we have the probable errors of 
HOPE ss ews + 0:°432 /-083635 = + 0-125 
YOY sv exs + 0:432 VW -000781 = + 0.0121 


6. 


The definite results of these comparisofis are then as follows :-— 


First, as to relative lengths in comparison with yard No. 55 at the temperature of 
62° Fahrenheit— 
Y. = Yz5 + 2-17 40-12 (20) 
Ys = Yzs + 0-10 + 0-12 
Vis = Yun + 0°43 0-11 
Yu = Ys; — 0:19 40-11 
Again, for the rates of expansion for 1° Fahrenheit— 


Exp. of Y.. = Exp. of Y,5 + 3-4919 + 0-0121 (21) 


» Ve = Vos — 0:3336 + 0-012! 
” Vos = ” Yis — 0° 3064 + 0-0093 
» Yo = 9 Vos — 0-3327 + 0-0093 


On comparing the lengths of these five bars as they now stand with reference to one 
another with the lengths assigned by Mr. Sheepshanks, we find differences considerably 
greater than the probable errors of observation would lead one to expect. If 4) represent 
the length of the yard in abstract idea, Mr. Sheepshanks’ results were— 


Von =D + 4:58 (22) 
Y; = D+ 0-43 
Y, = BD — 1-28 
Voo = B — 0-65 


Vo = 2 — 2-69 
‘The mean length of these five yards was therefore 
D + 0-08 


Here we have between Y.. and Yj, a difference of 7:27, whereas the difference now 
appears to be 2-36: between Y,, and Y,, the difference was 1-71, it now is0-10 Again, 
between Y,, and Y,, the difference was 3-12, and now iso-19. These apparent changes 
of length are greater than might be explained by errors of observation. With reference to 
the Bronze bar 29, it is to be remarked that a particle of mercury has at some time got 
into one of the wells carrying the divided surface and in the attempt to dislodge it, the 
surface has been scratched, but the line is not materially hurt, and at the point proper for 
bisection is tolerably good. This might possibly account for a difference of 1-00 at the 


very outside. The bars Y,; Y,, as has been stated, were not very elaborately observed 
by Mr. Sheepshanks. 


In order to obtain from the five bars as they now stand, the value of 3), the most 
reasonable method is to assume that the mean length of the five bara is the same now as iu 
1853, that is 

D + 0-08 


11423, x 
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From the results we have just obtained, equations (20), the mean length at present is 
Y;; to- 50 
Equating these values, 1) = Y,; + 0-42, and the absolute length at present of the 
five bars would be 
Yon = D+ 1-75 (23) 
Y;, = DB — 0-42 
Yu = D — 0-32 
Yo = DM 0-01 
Yo = D — 0-61 
Mean = 9 + 0-08 
If we were to reject the bars 29, 65, 67, as less perfectly compared in 1853 with the 


standard than 55 and 66, which were compared on a considerable number of days each, 
we should obtain on the assumption of the mean length of 55 and 66 remaining constant 


Yis = B — 0-33 
Yo = B+ 0-10 
a result sufficiently close to the former. 
If we give double weight to Mr. Sheepshanks’ values of Y;,and Yj, then we get 
Von + 2 Vas + Ves + 2 Ves + Yo = 7D 40-17 
but from the present comparisons 
Veo + 2 Yes + Vos + 2 Yoo + 2 Vor = 7 Ys + 2°94 


consequently, equating these values 


B= Ys; + 0-40 
and the present lengths of the yards stand thus 
Vn =D +1.77 (24) 


Y; =) — 0-40 
Y,; = 9 — 0-30 
Yo = D + 0-03 
Yn = D — 0-59 


the bars standing at the temperature of 62° Fahrenheit. 
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XIV. 


DETERMINATION OF THE LENGTH OF THE 
ROYAL SOCIETY'S PLATINUM METRE. 


The metre whose length is here investigated is the “ Afetre d traits.” This bar, to 
which so much interest attaches on account of the observations made to determine its 
precise length in English inches, first, in 1818 by Captain Kater, and again in 1835 by 
Mr. Baily, was lent by the Royal Society in 1864 to the Director of the Ordnance Survey, 
in order that a new determination of its length might be made in terms of the present 
National Standard Yard. 


In the Philosophical Transactions for 1818, page 103, will be found Captain Kater’s 
description of two platinum metres, of which this is one; also on pages 88, 89 of the 
ninth volume of the Memoirs of the Royal Astronomical Society is Mr. Baily’s description 
of the same bars; one a “ Afétre @ traits,” and the other a “ Metre a bouts.” 


1. 


The Métre a traits is a flat bar of platinum 41 inches in length, an inch wide, and 
a quarter of an inch thick. The lines which define the metre are exceedingly fine, and 
when viewed under the micrometer microscopes are sometimes very ditticult to ‘ observe,” 
as they are crossed in every direction by the scratches on the surface, and almost lost 
among them. On this account it was considered necessary in the present operations to 
bisect the line not with the cross of the micrometer microscopes, but with the straight 
transverse wire. 


The bar was mounted on a cradle system of eight rollers, the distance apart of the 
rollers being 


ce = 5-16 inches. 





40-96 being the precise length of the bar in inches. For comparison, it was laid in the 
same box with the Ordnance Metre, OM, whose length is known in terms of the yard Yi 
see Section IX. 


These two bars lying side by side were compared on August Ist, 2d, 3d, and 4th, 
at temperatures between 63°-7 and 63°-5: and again on December 26th, 27th, 28th, 
zgth, at temperatures varying from 35°-5 to 38°-3. The number of comparisons in all 


x 2 
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is 26. In each comparison, each bar is observed twice, the total number of micrometer 
readings being 32 disposed thus : 


Microscopes. 


A K 


4 readings readings 


” 


4 
4 
” 4 
4 


3 





The large number—four—of readings taken at a time, being with the view of 
eliminating the error of observation due to the indistinctness of the lines on the Platinum 
Metre. A smaller number of readings of OM would have sufficed as the lines on that bar 
are excellent. 

In order to ascertain whether the peculiarity of the lines on the Platinum Metre 
might give rise to ‘personal error” in the bisection with the transverse wire of the 
micromcter, a large number of readings of each line were made, on two successive days, 
by three observers, Captain Clarke, R.E., Quartermaster Stecl, R.E., and Corporal 
Compton, R.E. The result obtained from these, was the appearance of the following 
personal crrors, 

Captain Clarke. ......... +0+27 division. 
Quartermaster Steel. ......—-0-12,, 
Corporal Compton... .. .ee —OIZ  ,, 


these quantities being for each observer the sum of the personal errors on the two 
microscopes H and K. But as they are smaller than the probable crrors attaching to 
them, we shall dismiss them from further consideration. 


On each evening the bars were both dismounted, and the box containing them 
reversed end for end, so that the bar which had been next the piers during the day 
would be furthest from the piers on the following day. Poth bars were then made level, 
the microscopes brought to accuiate focus, and their axes adjusted to verticality. Thus 
all the adjustments being renewed cach evening, there can be very little fear of anything 
like constant error attaching to the result. 

‘The comparisons were made generally at about 9" a.m., 12", 3", and 5" p.m., the rule 
being to keep them as far separated in point of time as convenient. 

The middle points of the lines are intended to be observed, but just at those points 
it is impossible to observe them: in fact no particular point of either line was observed, 
but the general appearance of the line for a space of about two hundreths of an inch on 
either side of the centre was considered in making the bisections. The centre of the 
line was indicated by a mark on a small slip of paper lying across the scale. 


Ze 


In order that the extent of the uncertainty attaching to the faintness of the line 
may be fully apparent, we shall here give, in the following table, all the individual 
micrometer readings. 
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Compantson oF Royat Society's Meray (A TRalts) WITH ORDNANCE METRE. 


RSM OM RSM | OM 
No. of Ther- No. of Ther 


Comparison parison | 
and Date. baat and Date, | Mometer. | 





1864. ‘ 1864. 


Aug. 1 | 65-12 | 27-3 | 41-6 | 37-3 44:9 Aug. 2! 64-76 36-1 | 37:2 | 38-1 | 40-2 


























No, of 
Comparison 
and Date. 


Ther- 
mometer. 
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CompaRison of RoyaL Socrety’s METRE (A TRAITS) WITH ORDNANCE METRE—continued., 


No. of 


Comparison 


and Date. 


Ther- 


mometer. 





18A4. 
Aug. 4 


63-90 
63-90 


1864. 
Dec. 27 








6-7 
6-4 
6:0 
75 
54 
5:0 
8-1 
8.5 





36-05 
36-06 
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Comparison oF Roya Society’s Metre (A TRAITS) WITH ORDNANCE METRE—continued. 


No. of 
Comparison 
and Date. 


1864. ‘ 
Dec. 28 | 35:90 
35°95 


mometer. 





37°48 
37°48 


























61-6 | Dee. 29 














The thermometer readings here given are corrected for the errors of the respective 


thermometers. 


fi 


If now from the individual readings in each group of four we subtract the mean 
of the four, we shall get a series of errors which may be considered as errors of reading: 
these errors are given in the following table. 


168 


Errors OF READING. 


No. of 
Comparison, 


H K H 


1 
— 1:23 |— 0-92 |+ 0-25 
+ 0-97 |+ 0-58 |— O15 
— 0:23 |— 0-42 |— 0-05 
+047 [+ 0-78 |— 0-05 


1++ 1 


— 0:25 |— 230 |— 0:23 
— 1-85 |+ 0-50 |+ 0-67 
+ 0:85 |+ 0-30 |— 0-23 
+ 1:25 |+ 1:50 |— 0-23 





+144 





+ 013 |+ 0-13 [+ 0-58 |— 0-75 
+ 1:03 [— 0-97 |+ 0-38 |+ 0:25 
— 0:07 1+ 0-43 |— 0-32 1+ 0-25 
— 1:07 {+ 0-43 |— 0-62 |+ 0-25 


I++ 


—- 1:77 |-— 075 |— 1-42 |— 0-02 
— O17 |— 1:45 |+ 0-28 |+ 0-48 
+ 1:03 [+ 1-45 |+ 1:28 |— 0-12 
+ 0:93 |+ 0-75 |— 0-12 |— 0-32 


+i+ 1 


+235 |+ 0:10 |~oO-17 [+ 0:08 
+ 0:05 |— 0-10 |— 0-07 |— 0-02 
— 1:25 |— 0-60 |— 0-27 |— 012 
— 115 |+ 0-60 |+ 0:53 |+ 0-08 


+ 2:00 |+ 0:05 |+ 0-13 |— 0-00 
+070 |— 1:45 |+ 0-53 |— 0-00 
— 1:20 |+ 2-45 |— 017 |— 0-20 
— 1:50 |— 1:05 |— 0-47 |4+ 0-20 


— 1:20 |4+ 1:20 |~ 0-65 |+ 0-15 


0:70 |+ 0-30 |— 0-45 |— 0-05 
1-50 |— 0-40 |+ 0:55 |— 0:05 
0-40 |— I-10 }+ 0:55 |— 0-05 


P+] + +141 





+144 
1+ 


— 1-47 |4+ O15 |+ 0-13 
+ 1533 |= 935 |— 0-17 
— 067 |— 0:05 |+ 0-13 
+ 0-83 |+ 0:25 |— 0-07 


+1+1 


+ 1:18 (— 0-05 1+ 0-35 
— 2-82 |— O15 14+ 0-05 
+ 0:08 |— 0-25 |— 0-65 
+ 1:58 [+ 0-45 |+ 0-25 


+ 0:35 |+ O13 |— 0-47 
— O15 | 0-27 |+ 0-13 
+ 0:75 |— 0-17 |+ 0-23 
— 0:95 |+ 0-33 |+ 0-13 














I++ +141 
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Esrons oF READING—continued. 






































RSM om ; | RSM OM 
No, of No. of = 
Comparison. Comparison. 
H K H | K | H | K | H | K 
~ 1:28 |4+ 1-67 , 0-02 \~ 0:65 [+ 0-77 |—1-00 |+ 0-50 [+ 0-32 
+ 112 [— 1-13 |— 0-18 j— 0-15 i+ 0-77 |+ 0:60 |+ 0-40 (+ 0-12 
+ 0:52 |+ 0-67 [+ 0-52 1+ 0-35 i 1:03 |— 0-10 |— 0-40 |— 0-38 
x — 0-38 j|— 1-23 |— 0-38 \* 0-45 - '— 0°53 |+ 0-50 |—a-50 |— 0-08 
+ 1555 |+ 0-62 |— 0-18 i 0-48 ;+ 0-32 !~ 2:73 |+ 0-115 |— 0-38 
— 1:95 |+ 0:02 |— 018 |+ 0-22 i 0-08 |+ 0:77 |— 0-55 |— 0-28 
+ 0:95 |+ 0:32 |+ 0-22 4 0-12 I+ o-g2 |+ 1:67 I+ O15 !+ 0-22 
— 0-55 |— 0-98 |+ 012 |+ 012 \~ 1-18 : 0-27 |+ 0-25 |+ 0-42 
— 078 |— 2:53 |- O15 le 0-48 + 0:47 |—o-48 |—o10 |— 0-43 
+ 2:12 |+ 0:27 |+ o15 '— 0-08 i— 0-83 }+ 0-72 |+ O10 1— 0-43 
— 1:38 |+ 1-37 |+ 005 i+ 0-42 |— 0:83 |— 0-38 |+ 0-30 |+ 0-57 
+ 0:02 |+ 0:87 |— 005 |+ 0-12 '+ IeI7 |+ O12 |}— 0-30 |+ 0-27 
12 17 
+ 0:37 |+ 0-20 }4 0-22 |+ 0-20 j— 1:93 [+ 0:07 |}— 0-75 |= 0-43 
— 113 |—oO-10 |+ 0:02 |— 0-30 — 0:23 |+ 0:67 |4 0-25 |4 1-17 
— 0:03 |+ 0-60 |— 018 |— 0-10 + 0-77 |— 0-33 |— 0-25 |— 0-33 
+077 |— 0-70 |— 0:08 |+ 0-20 + 1:37 j)— 0-43 |+ 0-75 \= 043 
+ 0:05 |— 0-80 {+ o-10 |— 0-28 - + 1-17 |+ 0-22 [+ 0-25 |+ 0-02 
— 0-25 !1— 0-20 |— 0-60 |+ 0-12 + 2:27 [+ 16442 J|— O15 |— 0-48 
— 065 |+ 0-30 |— 0-50 |+ 0-32 — 1:83 |— 0-88 |— 0-35 |+ o-42 
+085 |+ 0-70 |+ 1:00 j|— 0-18 : — 1:63 |— 0-78 |+ 0:25 |+ 0-02 
13 8 
— 1:35 |+ 0-60 |— 0-33 |+ o-10 — 008 |— 1:35 |+.0-77 |— 0-60 
~ 1-75 |+ 1:00 |+ 0-57 |+ 0-00 + 0:82 |4+ 0-55 |— 0-13 |+ 0-50 
+ 1-35 |+ 0-70 |— 0-13 |— 0-20 —o18 |— 1:05 |~ 0-53 |— 0-20 
+175 |— 2-30 |— 0-13 |+ o-10 — 0-58 |+ 1:85 |— 0-13 1+ 0-30 
— 0-58 |— 0-40 |+ o30 |— 0-38 — 1:88 {+ 2:70 |— 0-08 |— 0-50 
— 0-78 |4+ 1:10 |— 0-30 |+ 0-12 — 0:38 |~ 0-25 |+ 0-22 |— 0-30 
+ 0:92 |+ 0:00 |—o-10 |— 0-38 + 0:62 |— 0-75 |— 0-28 |+ 0-30 
+ 0-42 |— 0-70 |4+ o-10 |+ 0-62 + 1-62 |— 1-75 |+ 012 |+ 0-50 
14 19 
— 0:33 |— 0-98 |— 0-33 |— 0-40 — 1-90 [+ 1:87 |— 0-63 [— reg 
+ 0-47 |— 0-48 |4+ 0-17 |+ o-00 + 0:20 |— 0-93 |+ 0:27 |+ 0-15 
+ 0:07 |+ 0-52 |— 0:43 |— 0-20 — O10 |— 0-53 |+ 0-47 |+ 0-15 
~ 0:23 |+ 0-92 |+ 0:57 |+ 0-60 + 1:80 [7 0-43 | 0-13 [+ 0 85 
— O75 |t 9:37 |— O10 |— 0-55 
+ 0:25 |+ 0-47 |4+ 0:20 [+ 0-15 
— 0:25 |— 063 |4+ 0-50 |+ 0-25 
+ 0-75 |— 0-23 |— 0-60 |+ O15 
15 
— O15 |— 0-85 |— 0-35 {+ o-50 
— 0:95 |— 0-65 |+ 0:35 |= 0-20 
+ 0:25 j+ 1-25 |4+ 0:05 [+ O-I0 
+ 0-85 |+ 0:25 |— 0-05 |— 0-40 
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Errogs or Reapine—continued. 
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We have here 26 Xx 16 errors of reading of each scale. The sum of the squares of 
these errors is 


for Royal Society's Metre....... 487-38 
for Ordnance Metre ....... oe. 64-24 
and from this we deduce the probable error of a single reading 
iety’ ; _487:38_ 4. 
for Royal Society’s Metre... + 674/ # 14S + 0-842 (1) 
for Ordnance Metre ...... + 674/ net = + 0-306 (2) 


From this it appears that the probable error in observing a good line—as those 
on the Ordnance Metre,—is the same when the straight transverse wire is used as when 
the cross is used; for the probable error in the latter case is (see page 63) + 0-31 and 
+ 0-32 in the case of two different observers. But the probable error of a bisection of 
the lines on the Platinum Metre is greater in the proportion of 2-75 : 1-00. 
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We shall now give in the following Table the mean results of the 26 comparisons. 
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3. 


Let the excess of length of the Platinum Metre above OM, both being at 62°, 
be 2, aud when both are at 32° let the difference be 2: then the difference of length 
at the temperature ¢ 


a, = ye ot! + x fa? 
t 32 30 a 30 
The preceding Table for 26 values of ¢ gives us 26 values of x, thus we obtain as 
many equations of condition between 2; and 2, Applying to them the method of least 
squares, we get 
14°549724 e+ 0-684874 29 — 163-0507 = 0 (3) 
0684874 ty + 10-080524 2s, — 462-4393 =0 
If we write A and B for the absolute terms of these equations, they become on 
eliminating 7, and 24 
Za + -0689504 A — -0046846 B=0 (4) 
Tyg — +0046846 A 4+ -0995217 B=0 


172 


restoring the values of A and B we get 
Ts = + 45-26 (5) 
ty = + 9:08 
These values substituted in the equations of condition give the following system 
of errors corresponding to the 26 comparisons. 








5 |— O49 14 |— 1:69 
2 |— 1:47 15 |= 1:30 
3 |-— 0-08 16 |+ 1:83 
4 |— P05 17 |— 9°74 
5 | oq 18 |+ 1:03 
6 |— 0-03 19 |— 0:85 
7 jt 2-31 20 |+ 2-41 
8 |+ 0-49 21 |— 0-75 
9 |-— 0-48 22 |+ 4:84 
IO I+ 2:24 23° | + 0:29 
Il |+ 0-47 24 j— 0:83 
12 i— 9°74 25 1 2:59 
13° |— 0-48 26 |— 1-82 
{ 





The sum of the squares of these errors is 66:03, so that the probable error of a 
single comparison is 


+ 0-6744/ 20-08 = 1-118 (6) 
and the probable errors of 14,, 2, are consequently 
Dale anv lbca dk + 1-118 +0690 = + 0-29 (7) 


Ty vee ee EIB 0995 = 40-35 


4, 


It is stated by Captain Kater with reference to the Platinum Metre—“ this metre 
previous to being brought from Paris was compared with a Standard Metre by M. Arago, 
with all that care and ability which he is so well known to possess, and which so delicate 
an operation requires ; the result was that the distance between the lines was found to be 
Jess than a metre by 14;3) of a millimetre or .c0069 of an inch”: the temperature of . 
the bar being 32°. 

We have ascertained that, both bars being at 32°, the Platinum Metre RSM is 
greater than OM by 45-26 + 0-35, and we inust now ascertain the length of OM at 32° 
with reference to Y,, at 62°. For this purpose let [a-b], [6-c] represent the yard and 
the small space on the bar OM, so that [a-c] represents its whole length; let the 
expansion of Y,, be y;,, that of a yard of OR#, y,, + y. Also at 62° let [a-b] exceed Yi; 
(also at 62°) by 2. Let @ represent the fraction 33,34,, 2 the excess of [4-e] on OF above 
475% F, 2’ the excess—at 62°—of F above } Y,,, y’ the excess of the expansion of OF 
above that of a foot of Y,;, u the excess of [4-c] above @ Y,, at 62°, s the excess of [b-c] 


173 
above [u-e] at the temperature 62 + f° at which the comparison was made. Then we 
have the following equations ; 
[we] =3eF+z2 
F=hVsto+sy 
{a-bJ}=Va+2+fy 
{fo-cl=aY¥,+afy+u 
[ee] =aYyt j3axr+2z4+ 3afy 
ssaffytu—jar—z—jaf'y 
and [a-c] =(1 +e) Yn, + (i +te)sytots—affytuartyzaefy ts 
which last is the expression for the length of OM at the temperature ¢, Y,, being at the 
same temperature. At 62°, when f= 0 
[a-c]}J=(i+e)¥,+s+tzte—afyt+jze(rtfy) 
Now the difference of length of [ac], that is OM, between the temperatures 32° and 
62° is 30 (1 + &) (Ys + y): hence the length of OM at 32° is 
=(1+4)Vetstete—af'y—j0(1ta)yt zal +f'y) 
— 30 (1 + &) Yos (8) 
When Y,, is at 62° not 32°. The probable error of this expression arises from five 
different sources : 


1. The comparison of [6-c] and [p-e] 

2. The determination of the error of the space [«-e] on OF 
3. The comparisons of [a-b] with Y,, 

4. The comparisons of F with Y,, 

5. The absolute expansion of Y,, 


Now from equations (2) and (6), pages 106, 107, the probable error of + — (30 + 
joa+taf’)yis; putting f= 30+ joa+af 


+ 0-412 (03212 — 00310 f, + -0003376,/*)! 
Also by equation (8), page 77, the probable error of x’ + / y' is 
+ (-o1171 + -00126f" + -coo049 f”*)4 


The value of f” is 3-32; hence £ = 33-13, and the probable errors specified become 
+ 0-226 and + 0-128. This last when multiplied as in the expression for [a-c] by 3a 
becomes + -036. Now, page 108, equation (11), the probable error of sis + -og1; and 
page 71, equation (47), the probable error of z is + -098; therefore the probable error of 
the determination of the length of OM at 32° is 


£{ (-091)* + (-098)? + (-226) + (+036)? + (32-82 ys)" }4 
if for y,5 we take the determination at page go, ¥%5 = -+ -0284 this becomes 


{(091)* + (-098)? + (-226)* + (-036)* + (-932)*}# = + 0-969 (9) 
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The actual value of y,; just referred to is 6-358, hence y+ ¥ = 5:9471, and 

30 (1 +4) (%5 + y¥) = 195-14. Subtracting this from the length of OM at 62° given 
at equation (22), page 110, we get for the length of OM at 32° 

(1-09355830 + - 00000097) Y355 (10) 


the yard Y,, being at 62°. 
The Platinum Metre at 32° exceeds this by 45-26 + 0-35; hence we have finally 
for the length of this bar at its standard temperature 


Royau Society's Merne (4 traits) = (109360356 + 0- 00000103) Y,, (11) 
From this result it is to be inferred that the length of the Standard Metre referred to 


by M. Araco is 
1:09362280 Y;s (12) 
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XV. 


AUSTRALIAN 10 FEET STANDARDS. 





The two ten feet Iron Bars OL, and O}, were sent out, the former in December 1858 
to Sydney for the Government of New South Wales, and the latter in March 1862 to 
Melbourne for the Government of Victoria. These bars are of wrought iron and similar 
in section to the bar OJ, described page 13. But they differ in the distribution of the 
points on the upper surface: in the bars OI, OJ, the points are distributed as follows: 

l . . . = e . . . a j 
a b c d e fegeh 
{a-0] =(b-c] = one yard 
[c-d] = (d-e] = [ef] =(f-h] = one foot 
{f-g] = (g-A] = six inches, 


1. 


The comparisons of the subdivisions of Ol, with one another, and with the Copy 
No. 55 of the Standard Yard, were made by Serjeant Jenkins, R.E., and Serjeant-Major 
(now Quartermaster) Steel, R.E., in the spring and summer of 1858. 

{a-b]| was compared with Y,; : 105 comparisons, 
[b-c] 5 ‘ Y;; ; 145 comparisons. 
[c.f] 3 * Ys ; 255 comparisons. 
[c-d], [d-e], [e-7], [fh] together ; 115 comparisons. 

Here by a comparison is to be understood a single reading of either extremity of 

the one measure with the same of the other measure. 


The observations were taken in nearly the same numbers by the two observers, and 
the results are as follows: at 62°0o Fahrenheit,— 


Steel. Jenkins, 
[a-b])= Ys + 47-36 ; Yi; + 49-08 
{d-c] = Vis — 51-86 ; Y:; — 49:83 
lef] = Ys + 0-06 5 Y;; + 0-61 
[e-d] =[(f-h] + 89-57 3 (fh) + 90-72 
[d-e] = [fh] — 35-13 3 [fA] — 35-20 
[e-f] = [f-h] + 21-12 ; [fh] + 22-16 
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The last three equations are equivalent to the following: 


Leh =4 
=3 VY; — 25-17 ; 4 Y,, — 25:69 


Steel. 


Jenkins, 


[e-fJ—25-19 3 4 [ef] — 25-89 


We have then for the values of the intervals as determined by the two observers 





the following : 
Observers. 
Differences, Mean. 
Steel. Jenkins, 

[a-b]- Wes | + 47°36 | + 49:08 | + 48-22 
[bc] — Vs | — 51°86 | — 49°83) | — 50-85 
[ed] ~ 3 Vss | + 64-40 | + 65:03 | + 64-72 
[d-e] — 3 V;5 | — 60-30 | — 60:89 | — 60-60 
[ef] - 3 ¥*|— 405 |-— 3:53 | — 3-79 
Ph] — 4 Vu | — 25:17 | — 25°69 | — 25-43 
[wh] — 19 Vos | — 29°62 | — 25:83 | — 27-73 











The last line in this table being the sum of the other six gives for the length of 


the bar at 62°: 


OL, = 333330560 Yis 


and for the subdivisions the following values: 


([a-b] = 1-00004822 Y;; 
[b-c] = 0-99994915 Ys: 
[c-d] = 0- 33339805 Y:; 
[d-e] = 0- 33327273 Vis 
[e-/] = 0: 33332954 Ves 
[fh] = 0- 33330790 Yes 


2. 


The observations for the determination of the length of Ol, were made in 1860 by 


Serjeant-Major Steel, R.E. : 


[a-b] was compared with Y,; ; 


[o-¢] Si 
[ef] ” 
[dh] 9 


” Yis 3 
” Vis 3 
” Yi 3 


[e-d], [d-e], [e-f], [f- 4], together 5 


45 comparisons. 
42 comparisons. 
78 comparisons. 
99 comparisons. 


73 comparisons. 
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Where by a comparison is to be understood a single reading of either extremity of 
the one measure with the same of the other. 


The results of the comparisons are as follows, at 62°-00 
{a-b] — Y,, = + 20-88 
[b-c] — Y,; = — 16-27 
lef] —-— Yu = + 54:34 
[d-A]— Yn =+ 3-19 
[e-d} —[f-h] = + 53-95 
[d-e] ~ [fh] = + 93-49 
[eS] — [fh] = + 64-80 
Here we have more than sufficient data, and we must proceed by the method of 
least squares to find the values of the four foot-intervals. Let [c-d}, (d-e], fe-f], [fA], 


be equal respectively to 4¥,+0¢ , 4¥issty , 3¥sst2 , $Y +2; then our 
last five equations become, 


ra+t+yt2—51:25=0 
Yytz+w— 3:19=0 
&—W— 53:95 =0 
Yow = 93°49 = 9 
z—w — 64:80=0 


« 
From these we get 
27+ y+ = -— w—105-20=0 
ot syt22 — 147°93 =0 
r+2y+ 32 — 119:24=0 
—w2v + 4w + 209-05 =0 
whence . 
f=— 0:37 
Y= +4114 
z= + 12-45 
w= — 52°35 


We have therefore the following values for the intervals : 

. {a-b] = 1-00002088 Y,,; 

[b-} = 0-99998373 Vos 

[e-d] = 0- 33333296 Y,, 

[d-e] = 0- 33337447 Vis 

Le] = 0- 33334578 Yes 

| [Fh] = 0- 33328098 Y,; 
and the sum of these gives the length of the Bar at 62°-00 

O!, = 3:33333880 Y,s 
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3. 
Each of the bars O}, and O1, was compared with the Ordnance Standard O, with 
the following results : 


The Bar O1, was compared 66 times with O, at the mean temperature of 63°-go 
Fahr.; and 17 times at the mean temperature of 36°- 70, giving 


O, = OL, + 30:56 ; at 36°-70 
O, = Ol, + 28-90 : »» 63°-go 


These two series of observations were by the same observer, Serjeant-Major Steel, 
R.E. From them it appears that the rate of expansion of O |, is very slightly greater than 
that of O, ; or for each 1° Fahrenheit 


Expansion of Ol, = Expansion of O, + 0:061 
From this we find 
O, = OL, + 29-02 3 at 62°-00 


Besides these, we have 50 comparisons at the mean temperature of 64°-94 by Serjeant 
Jenkins, R.E., which give 


O,=O1, + 28-43 5 at 64°-94 
which reduced according to the rate of expansion given above is 
O, = O|, + 28-61 3 at 62°-00 
This agrees very closely with the former determination. The mean of the two gives 
finally at 62°-o0o Fahr. 
©, = Ol,+ 28-81 
We are now able to infer the ratio of O, and O1, for we have found 
Ol, = 1 ¥.s — 27°73 
O,= Ol, + 28-81 
and the sum of these equations gives 
O, = IDV F108 .. cece eee (a) 


The bars OF, and O, were compared together by Serjeant-Major Steel, R.E., 67 
times at the mean temperature of 58°-go, and 30 times at the mean temperature of 44°-70, 
with results as follows : 


Ol, = O, — 3.82 ; at 58°-go0 
Ol, = 0O,~ 4-07 ; at 44°-70 
From this it appears that the expansion for 1° Fahr. of Of, exceeds that of O, by 
4:07 — 3:82 
14-2 
and by this rate of expansion the difference in length of O, above Ol}, at 62°-00 is 
3°77: 


= 0:-0176 
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‘We have then the two equations 
Ol, = 3 Ys, + 5°47 
O,= O1, + 3-77 
which give, 
O, = V5 $9524 eee eee ee (F) 


4. 


In the preceding paragraph are contained two entirely independent results (a), (8), for 
the ratio of the Ordnance Standard Q, and the Copy No. 55 of the Standard Yard. These 
results differ by 8-16 or 00000816 yard, which is, perhaps, larger than might have been 
expected. But the number of steps leading to each is large, and it is to be noted that the 
diameter of either of the dots on O, is about -000075 yard = -0027 inch. 

The value of O, obtained through OJ, is the result of 620 comparisons by two 
observers, that obtained through O}, is from 337 comparisons by one observer. If we, 
therefore, give the former result double the weight of the latter, we get finally 


2-16+ 9-24 
2+1 


or, O, =4-Y,, + 3-80 = 3- 33333713 Vis 


the temperature of both bars being 62°-00. 
This determination agrees very satisfactorily with that given at page 94. 


0, = 22 Y.5 + 


z2 
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XVI. 


DETERMINATION OF THE ABSOLUTE EXPANSIONS 
OF THE INDIAN 10rr. STANDARDS 


Is le. 


1. 


The two new Standard Bars for the Trigonometrical Survey of India are the same in 
section and in the disposition of the points on their upper surface as the Ordnance Inter- 
mediate Bar, described page 13. There is, however, no groove along the upper surface, 
and. the small circular prepared surfaces are slightly depressed below the general surface of 
the bar. The lines are drawn on gold pins. One of the bars is of cast steel, hammered, 
tough, not hard, and remarkably homogencous. The other is of Baily’s, metal, an alloy 
formed in the proportions,—copper 16, tin 24, zinc 1. In the upper surface of each bar 
are eight thermometer wells; two, close together, in the centre of the left yard; two, 
close together, in the centre of the right yard, and two at (half an inch on either side of) 
the centre of the bar: besides these are two wells at one-fourth and three-fourths of the 
bar’s length.* The first six are for one set of six thermometers, the other two for a set of 

* If wo were certain that at all times the temperature of a bar is uniformly distributed over its whole length, 
one thermometer, if faultless, would be as good as three or four, or any larger number, nor would it matter at 
what point in the bar’s length the temperature is so recorded. But, if we suppose that the temperature is liable 
to a gradual or uniform change from the one end of the bar to the other, we should feel constrained to place the 
one thermometer in the centre of the bar's length. If, with the same supposition as to the law of distribution 
of temperature, we had tivo thermometers, it would obviously suffice that they were equidistant from the 
extremities of the bar, and it would not matter whether they were either close to the two ends or close to the 
centre of the bar: in either case the mean of their indications would be the mean temperature of the bar, and 
would enable us to ascertain its length on the further supposition that every element 4 z of the bar’s length was 
expanded in precise accordance with its temperature. But suppose, as is more reasonable, that the tempera- 
ture does not increase or diminish uniformly from one end to tho other, but is expressed by such a law as 
t= a, + a, 2 + a, 2°, where a, is probably a very small quantity, and z is the distance of any point from the 
centre of the bar. ‘Then the mean temperature of the bar is— 


ab 
r=f jhe oe dy X) = ty + a we tee (a) 


and the mean of temperatures indicated by two thermometers placed at equal distances + ¢ on either side of the 
centre is— 


$s. +4 Jzeatazt..... (8) 
In order, then, that tho mean of the two thermometers may give the mean temperature of the bar, we must 
have («@) = (A) or 
rd ay 
I 
os gs 
CS Say 
This gives us the proper distance from the contre at which to place tho thermometers. It is remarkable,— 
and in the case of a bar supported on two points, rather unfortunate too,—that these positions coincide with the 
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two thermometers. In the thermometers of the first set, the degree is about o'40 inch 
long, and is divided into tenths. These thermometers are constructed in pairs, one of 
each pair extending from 45° to 65°, and the other from 65° to 85°, each having one or two 
deprecs in éxcess at either end: thus, when laid in their places on the bar, one pair have 
their bulbs close together at the centre of the left yard, the scales lying outwards; the 
second pair is similarly placed at the centre of the right yard, and the third pair have their 
bulbs close on each side of the centre of the bar. ‘The second set of thermometers, a pair, 
extend cach from about 30° to 105°, and the degrees are subdivided into halves only. 

The method of determining the co-efficient of expansion, of which an instance is 
recorded at page 78, and all such methods, are open to the objection that the hot bar 
under observation is not in a state of repose but of change. The method of heating a bar 
with steam until it assumes under 212° a constant or apparently unchanging length, 
escapes fiom this objection, but is open to another as great or greater, viz., that the bar is 
done violence to and may not precisely return to its former length. If a bar of iron be 
heated from 62° to 212° it is so extended 150 x 6 = goo millionths of its length; and if 
the modulus of elasticity be, say 30,000,000 and the section two square inches, the force 
required to produce the above extension is 60 X goo = 54,000 lbs. or 24 tons. As a 
standard of length can seldom be used at a temperature exceeding go’, it seems unnecessary 
that it should be heated in expansion experiments above 100° at the outside. 

In the experiments to be recorded here, the hot bar was kept steadily at a constant 
pay Hitenaee during each comparison, and the stability of the microscopes was not counted 
on further than in ordinary comparisons. The bars were compared, as follows :— 


1, cold, with I, cold. 
1, hot, with I, cold. 
I, cold, with 1, hot. 
I, hot, with I, hot. 


An irregular number, not generally exceeding four comparisons, were made each day. 
The experiments are divided into two series ; the first extending from 17th February 1865 
until the 17th of March; the second from the 29th of April to the 1oth of May. Inthe 
first series the temperatures of the cold bar were from 39° to 46°, and of the hot from 
74° to 99°; in the second series the cold bars were from 54° to 60°, and the hot from 
75° to 96°. Inasmuch as they did not extend in temperature either high enough or low 
enough, the set of six thermometers were not used; but in their place the set of two at 
one-fourth and three-fourths the length of the bar. These thermometers were subjected 
to very careful comparisons which will be recorded further on. 


points at which the bur should be supported. Unfortunate, because the holes cut into the bar to admit the 
bulbs weaken the bar, whilst the greatest strain on the bar is just over the rollers. If there be four thermo- 
meters which we intend to place in the bar at equal distances, we shall find that in order to give the mean 
temperature of the bar, the thermometers should be placed so as to coincide with the points at which a bar 
carried on four rollers should, according to theory, be supported (see page 28). This, however, only reminds 
us that the theory which does not consider these cuttings is imperfect. 

If there be three thermometers, one at the centre of the bar and the other two at distances + i from the 
centre, then supposing still ¢ = a, + a,a + a, 27, the mean of their three indications is— 


tC, +O4t+6.) =Qtrgar...... (y) 
and in order that this may agree with the mean temperatore of the bar 
P= 
. I 
t= +t zV2 


which in a 10 ft. bar would indicate a position about 18 inches from either end. 
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In eavh comparison the bars were ‘‘ observed” in the following order ; supposing, for 
instance, one cold and the other hot :— 
1. Cold bar. . : 
2. Hot bar. 
3. Hot bar. 
4. Cold bar. 


the bars being interchanged as rapidly as possible. Two observers always worked simul- 
taneously. The following table shows the order and succession of the different readings 
forming an observation: A and B are the two observers :— 














Ca [5 Bef 

Order, | Micr. eae thew. ‘ee : 

i | | | 
1 wees A B Jee 1 
2 | A pare | B | 2 
3 | A eas BY 3 
poles. A Bo hia 3 . 
Sones 1) 8 eae : 
6 Be | aces | A 6 
mB es |e A 7 
8 meat iB A Macat! 8 

| 





The two readings on each horizontal line are made simultaneously, and there>are 
altogether four readings of each micrometer and four of each thermometer. This consti- 
tutes the “observing” of a bar in these expansion experiments, and contains 16 readings. 
Thus, each comparison involves 64 readings. Each bar lies between two long copper tanks full 
of water; in the case of the cold bar, the water and bar together take the (cold) temperature 
of the room; in the case of the hot bar, a current of hot water at a fixed temperature runs 
continually into the tanks and as continually runs out, provision being made that the tanks 
neither begin to empty nor to overflow. The water is heated outside of the building and 
is conveyed in through the wall by pipes; passing, in the interior of the room, through 
flexible tubes in order to allow the bars to be moved about and interchanged. 

We shall now refer to the drawing, Plate IX, which is an isometric projection of the 
interior of the room, and expldin the different parts of the apparatus. 

This drawing shows the boxes of the two bars, one under the microscopes, the other in 
the middle of the room. These two boxes are the same in all respects. 


aaaa..... is a strong plank of mahogany, built up, about four inches in depth. 

bbb'b’ . .... two closed copper tanks extending the whole length of the mabogany 
plank, and towards either side of it. 

A pieces of iron screwed to the plank, and holding the copper tanks 
steadily in their proper position. 

dddd oi... vertical tubes communicating wich the water in the tanks, allowing a 
thermometer to be inserted in each. ; 

CO it aes a vertical piece of brass tube secured below to the plank, open at its 
upper extremity. From it branch off 

PS. ccc seses tubes connecting it with 

geeg .... bent tubes connecting the two tanks. d 

Nitsa oes ai a flexible tube by which the supply of water enters ee, and passing 


. through ff” and by gg’ enters the two tanks, each tank im two 
places. 
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i.e... @ bent tube connecting the lower parts of the two tanks, and from 
whence the water is discharged through 

No tens a flexible tube carrying away the water from the tanks, one at each end 
of the tanks. 

i o....... a tap regulating the amount of the discharge. 


Sf accesses a tube Joining the two tanks at their upper surfaces and the middle of 
their length, causing the water of the two tanks to communicate. 
LD Deena Ss a bent tube connecting with and opening into ). 
Ye aks ee a vertical tube into which 7 opens. This tube is open above, and 
below communicates into 
Nese 8 ..a flexible tube carrying away the overflow of tanks. 
an two strong vertical plates of iron firmly screwed to the plank. There are 


two of these on each side of the box, and opposite one another. 

ll’ .....+.. cross bars of iron, supported by and screwed to, the upper extremities 
of kk’. The holes in //’ through which the screws pass are slotted, 
or enlarged, so that // admits of a slight adjustment iu position, 
From df are suspended the two rollers which carry the bar. 

MM ove ees screws whereby the rollers are elevated or depressed, and so the bar is 
made horizontal or the focal adjustment varied. 

m ...+.,. the extremity of the bar. 


00 ... apertures for reading the thermometers; each covered with a plate of 
glass. 

pp ....+, thick plates of brass strongly screwed to the plank. 

9977... +» long steel screws working in the plates pp’, and which support on their 


points the whole weight of the box, bar, and water. 
rr. ,..... small iron trucks, each having two rollers, which receive the points of 
the screws gqq‘q’, and consequently bear all the weight of box, bar, 
and water. 
sss's’ ..... Mahogany rails on which the trucks run, and by which the box is run 
; under the microscopes or removed from that position. 
1 a posts carrying the front extremities of these rails. 
uuu'w’ .... two strong frameworks of carpentry supporting the rear extremities of 
the rails, and screwed to the floor of the room. 
vuve’ .... inner frames which slide vertically, and with the least possible friction, 
inside uuw'w’. 
SS). sels continuation of the rails ss’. 
mwww....counterpoise weights. There are eight weights in all, four to each 
sliding frame. 
AAA .... the stone piers. 
BBB.....- the mahogany beatin shown in front view, Plate III. 


The tanks are supplied with hot water through the flexible tube h. The water rising 
up in the tube ee flows along f arid /’ and each of these streams is again divided into two 
by the bent tubes ggg’g’. Ifthe taps 7 at each end of the box be left closed the water 
will, in overflowing, run out by the tube y7”} and thence away by the flexible tube 1”, 
But, in order that no part of the water may be s¢i//, and therefore liable to cool, it is 
allowed to run away by the flexible tubes /’h’ from the extremities of the box. If the taps 
7 were left open the tanks would empty, and they have therefore to be so regulated that 
there shall be always water escaping by the overflow tube 4’. This tube discharges into a 
lead pipe which crosses the passage p (Plate II.), and in the upper surface of this lead pipe 
is an orifice about two inches long by which the water can be seen running along the pipe; 
this orifice is kept under occasional observation, as, if there be no water passing through the 
pipe, the tanks may be emptying. 
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Thus, acontinuous stream of water coming into the room from without, passes through 
the tanks, and thence out of the room again. ‘This current has generally been kept up on the 
days of observation from 6 a.m. until 5 p.m. The tubes being flexible, there is no 
hindrance to the moving of the bars from one part of the room to another, running them 
(on their trucks 77’) along the rails ss’. The hot bar alone has a current of water passing 
through its tanks. Cold water might have been caused to pass continually through the 
tanks of the cold bar; but this was found unnecessary, as the cold bar is not materially 
influenced by the presence of the hot bar. Each box is supplied with the necessary tubing, 
as they are heated alternately. The same bar has remained in the same box during all the 
experiments. 

It is of much importance that the bars be rapidly interchanged, and that without much 
exertion to the two observers who have to manipulate them; for the weight of each box 
when the tanks are full is 365 lbs. The boxes, when not under observation, rest, as will 
be seen in the drawing, on the points of the four screws qqq'q¢’. By driving these screws 
the box is of course raised, and by drawing the screws the box is let down. Resting by 
means of these screws on the little cast-iron trucks 77’, the boxes are moved with a very 
slight pressure, along the rails. When the box is brought under the microscopes, and so 
also over the carriages (marked ggg’g’ in Plate III,) the screws qqq‘q' are simultaneously 
worked by the two observers, one at each end of the box; and so the box, being lowered, 
takes its bearing on the carriages ggg"s’, and after a few more turns of the screws qq/q’, is 
entirely free from the trucks. ‘The trucks might now be removed, but they are left 
untouched so as to be ready to receive the screws’ points when it is intended again to move 
the box. In order to remove the box from position under the microscopes, it must be taken 
off the carriages ggp’g’ ; this is effected simply by driving the screws qgq‘q' (simultaneously, 
each observer working with both hands): immediately after the points come into contact 
with the trucks, the carriages are relieved of the weight which is transférred to the trucks, 
and the box is then rolled away. 

But it is necessary for the interchange of two boxes that one pass the other. This is 
effected by lowering one of the boxes, that which has no current passing through the 
tanks, by means of the sliding frames vvv'v’. It will be seen that the upper part of this 
frame carries a rail which is in one and the same straight line with ss’ so that there is no 
interruption to the passage of a bar over the sliding frame, but if, when the box is on this 

art of the rails, that is over the sliding frames, it receives a slight pressure from above it 
will begin to descend while the counterpoise weights commence to ascend. A very little 
pressure then lowers the box nearly to the floor of the room; this is very easily and rapidly 
effected by the two observers, one at each end. When the box is down there is of course 
an interruption of the rails ; this is bridged over by a short piece of mahogany of the same 
section as the rails. ‘Thus when the one box is down the other is free to pass from front to 
back of the room, or vice versa. 

Suppose now the cold bar has just been observed, and it is required to substitute for it 
the hot bar which is standing on the rear portion ss, of the rails. The former is released 
from the carriages and transferred to bearings on its trucks; it is then run back, and on 
arriving at the sliding frame is allowed to go down to the floor; the bridge is then put on 
over the place of each sliding frame, and the hot bar is moved to the front and brought 
under the microscopes. ‘This operation is effected with great facility. 

When both bars are hot, the current of water must cease passing through the box that 
is lowered while it is in that position. ; 

When either box is on the carriages ggg’g’ it is of course. perfectly under contro] for 
all adjustments transverse and longitudinal; the vertical adjustments being made by the 
screws mm’. . 

The cover of each bar box, by which the hot air is confined from rising upward or the 
cold air of the room from striking downward on the bar, is formed of several strips of 
mahogany half an inch thick, and covered with flannel, whose breadth is just equal to the 
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distance apart of the tanks. These pieces are pressed down between the tanks, and so by 
the softness of the flannel fit nearly air-tight. The upper surface of these pieces is flush 
with the upper surface of the tanks. Apertures covered with glass are provided for the 
proper reading of the thermometers. ‘This cover is interrupted just over each of the 
terminal lines of the bar, and an opening of about an inch left—extending across from 
tank to tank. Into this opening a small rectangular block of wood is fitted, whose under 
surface is very nearly, but not quite, in contact with the bar. <A vertical cylindrical 
hole is bored in this piece of wood which exposes a small circular part of the surface of 
the bar to view, in the centre of which is the gold pin on which is drawn the line. Thus 
only a very small bit of the surface of the bar is exposed to the air in the reading of 
the lines. In order to allow the light of the candle to fall on the dot, the cylindrical 
hole just mentioned is cut away in a slope towards the light. 

The boxes are open at the extremities; but to prevent the cold air rushing in 
when the tanks are hot, the ends are lightly packed with prepared cotton. The tanks are 
about half an inch longer than the bars at either extremity. 

It is scarcely necessary to go into detail as to the mode of support of the bars further 
than to say (1) each bar was supported on two rollers, at the distance given by the formula, 
page 28; (2) each roller is held (by its axle) between two parallel rectangular plates 
of steel 8 inches long by 2 inches in width, framed together at the distance of 1-75 inch 
apart; (3) these plates swing on a knife edge carried by the crossbar //’, so that the roller 
is free to move in an arc of a circle, the axis of the roller describing a cylindrical surface 
whose radius is seven inches; (4) the knife edge is capable of being raised or lowered by 
the screws mm’, and so the rollers are raised or lowered (see end view, fig.5, Pl. X.). By 
this means the bar is at the most perfect liberty to expand or contract. 

‘The mode of supply of hot water will be understood from Plate II.; a is a 
cylindrical cistern of sheet-iron, 37 inches in vertical length aud 22} inches in diameter ; 
into it enter three pipes, one from the centre below vertically upward, another from above 
vertically downward, another from the side horizontally and reaching to the middle of the 
cylinder. Each of these pipes is furnished at its extremity with a “rose” like that of a 
watering-pot, the holes being fine and regular. By the tirst mentioned pipe hot water enters 
the cylinder; this water having been carried underground from a cylindrical boiler in an 
adjoining workshop. The upper pipe supplies cold water; §, y, are taps holding in control 
the supplies of hot and cold water. The water in the boiler is heated some degrees above 
the heat required to be maintained in the reservoir a. The rose has the effect of preventing 
the hot water entering in as it were in a mass, it divides it into a multitude of fine streams 
which necessarily ascend, and so are constrained to mix gencrally with the water in the 
reservoir before reaching the top. Similarly, the rose attached to the supply pipe for cold 
water divides that supply into a number of fine streams whose tendency is to go to the 
bottom of the reservoir, thus getting well mixed with the hot water. The purpose of the 
rose on the third pipe, which passing through the walls of the bar room supplies the copper 
tanks, is, that water may be gathered trom different points of the reservoir, so as to get the 
average temperature at those points. In order to show the temperature of the water that is 
escaping through the pipe into the bar room the bulb of a long thermometer is inserted 
into the rose. Any variation in the heat of the water is immediately shown by this 
thermometer. An assistant is told off to the duty of keeping this thermometer at a 
constant reading by regulating the taps 6 y. 

It is not possible to maintain a supply of water at a precisely uniform temperature ; 
the thermometer will show oscillations, but these are easily kept at the worst within + 2°-5 
of the required temperature. These oscillations are performed in very short periods of 
time, as 30 seconds, so that it is very easy to make certain that the mean temperature of 
the water discharged in any period of five minutes shall be within a very small fraction of'a 
degree of the required temperature. And it is to be remembered, that since the tanks take 
about 10 minutes to discharge, the small variations of temperature of the water which 
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enters them, taking place as they do in very short intervals of time, do not produce similar 
variations of temperature in the tanks. Here the variations of temperature are ver 
much slower and very much smaller, and in their influence on the bar generally insensible. 
Even with the existence of small sensible oscillations about a mean temperature there is 
this advantage above the method of observing a bar steadily cooling, that sometimes we 
observe the bar in the state of expanding and sometimes in the state of contracting, the one 
as often as the other, and thus a constant error is avoided; while however, at the same 
time we might @ priori expect to get greater discordances than would be brought out in 
observing a bar steadily cooling. 

During part of the observations the thermometer wells were filled with oil, during another 
ae with mercury, and in the last series the air was simply excluded by packing round 
ightly over the bulbs with a very small piece of prepared cotton. 


2. 


The four thermometers 4219, 4226, 4222, 4220, used in the observations for the 
determination of the expansion of the bronze and steel bars have been compared with the 
Indian Standard Thermometer, No. 4142 (made by Casella). 

For the determination of the errors of this Standard, (1) the boiling and freezing 
oints were examined ; (2) the calibration errors were determined for every five degrees 
om 32° to 97°; (3) the thermometer was compared with the Ordnance Standard 

Thermometer, No. 3241. 

The readings of the boiling and freezing points were determined on the morning of 
March 22. The method of boiling the thermometer* has been described already. When 
the mercury had assumed a steady position under the influence of the steam, the manometer 
indicating no pressure, the thermometer was read four times at intervals of about five 
minutes. The following are the readings :— 


Reading. 
By Quartermaster Steel, R.E. ste wee 212°-20 
» Captain Clarke i ze% wee 212°-19 
», Quartermaster Stcel _,, ei we 212°+19 
», Captain Clarke 55 bes wee 212°-20 


The thermometer was then removed from the steam, and having been allowed a few 
minutes to cool, was placed with its bulb in finely pounded ice. When the mercury had 
become stationary, readings were taken at intervals of about five minutes, the ice being 
removed and freshly adjusted round the bulb during the intervals of the reading. The 
results are as follow :— 


Readings. 

By Quartermaster Steel aot 2 es  31°-99 
» Captain Clarke... as a8 vee 32°00 

» Quartermaster Steel ies sa ves 32°00 

» Captain Clarke... oss va wee 32°-00 


It remains only to remark that whether in the steam or the ice, the tube of the thermometer 
was in an accurately horizontal position. 

The reading of the barometer at the time of the boiling of the thermometer was 
29-912 in. (being corrected for index error and reduced to 32° Fahr.) The height of the 





* The horizontal position of the thermometers when being boiled was adopted at the suggestion of Licut.- 
Colonel] Walker, Royal Engincers, Superintendent of the Great Trigonometrical Survey of India. 
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cistern was 4-50 feet above the thermometer; allowing for this, we have a pressure of 
29-917 in. ‘The error, therefore, of the thermometer at 212° is*— 


212°-20 — 212° + 1-680 (29-905 — 29-917) 
or + 0°-18. Hence the correction to the reading of the thermometer at any temperature 
¢ on account of the error in the mean length of one degree is— 


— 0°-o010 (¢ — 32°) 


* The line 212° on Fahrenheit thermometers, or 100° on the Centigrade thermometers, represents the tem- 
perature of steam under Laplace's atondard atmospheric pressure, or a barometric reading of 0: 76™" (after 
correction to 32° F.) in the latitude of 45°. This pressure in any other latitude A, will ba represented by a 
column of mercury whose height is 

vag GTavity at latitude 45° 
Gravity at latitude 9 
_ opp E+ sin? 45° 
= 0°76 I+ sin? A 


= 0°76 (1 + 5 cos 22) 
here x = § ghy — ghy = ‘005250, and o- 76 metre = 299215 inches, supposing the metre to be 39‘ 3704 inches. 
The standard pressure then in latitude 4 is— 
29°9215 (1 + *002625 cos 2 4) 
But this supposes the barometer to be at the level of the sea. If the observation be made at some altitude above 
the sea, we must make allowance for the alteration of gravity arising from this cause. Suppose the observer 
stationed at the top of o hill, whose height is A (feet), and its form a cone with axis vertical Let G be the 
force of gravity, or attraction of the earth, at the base of the cone, then if a be the radius of the earth, its 
attraction at the distance A above its surface 
2h 
md aes 
and to this we have to add the attraction of the conical hill, Now, the attraction A, of a cone whose vertical 
angle is 2 a, the length of its axis A, and density 8, upon a purticle at its apex, is 
A =2rh8(1 — cos) 
and supposing the hill to be of half the mean density of the earth we should have G = }aé 
A h 
” E= 25 — cosa) 
The total attraction therefore exercised upon the barometric column under the circumstances is 
h h 
G (1 +356 — cose) —2-) 


If the place of observation be on an elevated plane at the height A above tho sen, then 2 = go°, and the 
attraction 
A 
= —a4t 
=G (1 $ =) 


The column of mercury, then, to indicate the same utmospberic pressure must be increased in the pro- 


portion of t:1 + } ; that is, the height of the coluwn must be 


2g-g215™ (1 + res + +002625 cos 2 r) 
a 
= 29°9215% +4 +0785 cos 2a + ‘00000179 AT 
According to the determination of Lariace from Dalton’s experiments (Mécanique Céleste, Book X., Ch. 1.) 
the clastic force of vapour at 100° + i centigrade is— 
F = 0: 76™ (10) o°o1s4s47 # — 0 eooobassa6 &* 
hence if » be the modulus of the common system of logarithms, 


wd F 
“Woaj = 070854547 





¢ This at the equator and at the level of the sea = 30:0000 inches. 
aad 
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We next come to the process of calibration. This has already been described 
generally. A column of 60°-2 was broken off, and by it were compared the capacities of 
the tube from 32° to g2°, from 92° to 152°, and from 152° to 212°: these capacities we 
represent by [32-92], foe. 152], (152-212]. The three spaces were compared five times, 
As the column is liable to variation of length from variation of temperature, which cannot 
be avoided, it is assumed that the column is not the same length in two different com- 
parisons. In order that it may be safely assumed to remain constant during one comparison 
of the space, the observations are made and recorded as quickly as is consistent with 
accuracy. The following is the order of the readings: suppose the column so placed that 
its ends read approximately 31°-6 and g1°-8; then, (1) the line 31°, (2) the end of the 
column 31°-6, (3) the line 32°, are successively brought under the fixed wire of the micro- 
scope and the micrometer screw read, (4) the microscope being slid along its rails until the 
cross wire nearly bisects the line g1°,— this line, (5) the end of the column g1°-8, (6) the 
line 92° are successively brought under the cross wire of the microscope and the micrometer 
screw read. The thermometer remaining untouched, all these readings are repeated in the 
inverse order, viz., 92°, 91°-8, 91°; 32°, 31°-6, 31°. 


when i =o. So that if} F be the increment of pressure corresponding to the increment of temperature 8 /, at 
the boiling point, 


“76 
tF= “ft 0°0154547 dz 


or 8 F = 102704 8% 


From the more recent investigations on this subject by M. V. Reanautr (Mémoires de ? Académie Royale 
des Sciences de V Institut de France, tom. xxi.), it appears that the elastic foree of vapour is, from 0° to 100° cen~ 
tigrade, very accurately represented by the forioule 


log. F=a+bai—cf 


where ¢ is the tempernture centigrade, and 
log. a = 0'006865036 


log. 8 = 19967249 
lox. b = 2°1340339 
log. ¢ = 0°6116485 


c 
a = 4°7384380 
F being expressed in millimetres. Here 
dF F 
no 2 (ba' log a — c§ log. f) 
the value of which when ¢ = 100 is 27°217 millimetres, or 002722 of u metre which does not differ materially 
from the result obtained above from Lapace’s formula. 


From this, then, it appears that the variation of pressure corresponding to a variation of temperature, when 
the pressure is expressed in inches, and the temperature in degrees Fahrenheit, is 


0°2722 
éF= a - 39°370£=0'5950¢ 
or, 6¢= 1°6803F 


Hence, if 4 be the standard barometric pressure at the station of observation, B the actual height (reduced 
to 32°) of the barometer (differing but slightly from the standard height) at the time the thermometer is 
boiled then the temperature of the steam is 

212° — 1680 (43 — B) 
and if T bo the reading of the thermometer 
T — 212° + 1°680 (3 — B) 
is the error of the thermometer at the boiling point. At Southampton $B = 29*9054 
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The form in which the observations are recorded, is as follows :— 










Left extremity of Column. Right extremity of Column. 










































Part bisected. : 
Tube. () @ Mean. cian ree | e a) * | Mean. | Fraction.| Decimal, 
° . ] | - ie | : 
Line - | 31 | 209 | 208 | 209 | 185 ; gt - 217 | 216 | 217 | og 
Mereury - | 31-6) 440 | 439 | 440 | 416 | “445 | 91-8) 534 | 535 | 535 | 420 | -243 
Line =- | 32 | 625 | 624 | 625) | yz 637 636 | 637 
1 
Line - | gr | ai 211 | 217! 151 208 | 208 | 208 
Mereury- | 91-5) 431 | 434 | 433; 192 | -470 [x51-7) 516 | 516 | 516 
Line 92 | 630 | 630 | 630} 439 | 152 627 | 625 | 626 
Line - j151 | 211 i air} ani : | 21s | 208} 207 | 208 
Mercury - |151-3| 338 | 335 | 337. | 792 | -698 Jaca-st gia | 416 | 414 
Line = - 152 | 629 | 628 | 628 | 447 | 212 | 633 | 632 | 632 








The five comparisons of these three spaces give the following results :— 


Equivalent, 
Space. 


| 
Comp® 1. | Comp® 2. Comp" 3. Comp" 4. | Comp 5. 


[32-92] | C,—-195 | C,—-206 | C,—-171 C, —-217 Cys fe) 
[92-152] — 204 | C, —-214 Cc — +185 Cc, —-217 | C,—-2 
[152-212] | C, —-165 C, —-196 C +151 Cc —-183 ae —-18 





In this table, C, C, C, C, C, are the lengths of the column in the corresponding 
comparisons ; C, is the mean of these lengths. From this it appears, that— 


[32-92] = 4 [32-212] — 0°-005 
(32-152] = $ [32-212] — 0°-o17 
The ee [32- de [42-82], [52-92] were next compared by means of a column of 


40°; and the spaces [32-62], [42-72], [52-82], [62-92] by means of a column of 30°, the 
results are shown in the accompanying table :— 

























Equivalent, 
Space, 
Comp" 1. | Comp* 2. Comp" 3. Comp® 4. | Mean. 
[32-72] | C, +-354 | ©, +-343 | C, +-333 CO, +-325 | Co +339 
[42-82] | OC, +-227 C, +-209 | C,+-197 C, +-186 | C, +-205 
[52-92] | C, +-283 | C, +-278 | C, 4-269  C, +-258 | GC +-272 
| 
[32-62] | C’,+-198 | C',4+-186 | C’4,4-204  C’,+-194 | C4 +195 
[42-72] | Ci +-146 | C’,4+-138 | Cy +-143 | C'+-129 | C’+-139 
[52-82] | C’,+-133 | C’4,4-129 | C7,4-129  O',+-108 | O0+:125 
[62-92] C’,+-133 | Cu 4-121 | C4 4-116 | C',4-117 | Co+-122 
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Now in order to determine the errors of the division lines 42°, 52°, 62°, 72°, 82°, le-— 
[32:42] =imt+a, 
[32-52] =2m+ a, 
[32-62] = 2m + a, 
[32-72] =$m+a, 
[32-82] = 2m + a, 


[32-92] = m 
then we get from the preceding comparisons, putting C,+ -200=C, C’,+-100=C’, 
tm+ 2, =C + -139 
m+ a,—4%,= C + -005 
4m — 2, =C + -072 
am+ 2; = C’ + -096 


amt 4, —- 4,= C’ + -039 
am+ xy — 2, = C’ + -025 
gm — 4, = 1 + -022 


Resolving these equations, we find— 


r= + -069 
2, = + -018 
X= + +037 
ty, = + +049 
a, = — -o016 


Again, by means of a column of 25°, the spaces [32-57], [37-62], [47-72], [57-82], 


[72:97}, and [42-67], [52-77], [62-87], [67-92], [72-97] were compared. The results 
are shown in the following table :— 


Equivalent. 





Comp? 1. Comp" 2. Comp" 3. 





“133 
+162 
192 
225 
-280 


[32-57] “139 — +139 
137-62] "153 | C, —-160 
[47-72 | “185 = +197 
[57-82] '230 — 229 
172-97] 


ee us er ue 


Cc 
Cc 
Cc 
Cc 
Cc 


uw 


[42-67] +203 | O',—-204 ‘Ig 
[52-77] 1-218 | O’,—-230 “214 | 
[62-87] mon | Oss 4205 | 
[67-92] 1—:178 | C’,—-200 | C’,—-199 
[72-97] C’- +279 


QQ 
| 


s 
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Now in the first of the two series contained in this table, C is to be found from 
4 [32- 52) + 4 [57-82] " 4 [32-82] and * elnaineted in each comparison. In the second 
series C’ is eliminated by getting its value from -67| + 4 [67-92] = 4 [42-92]. 
Thus we obtain, taking the mean of the Saipan Se a a 

(32-57] = 4 [32-82] + -046 

[37-62] = 4 [32-82] + -o22 

[47-72] = 4 [32-82] — -o12 

[72-97] = $ [32-82] — - 105 

[42-67] = 4 [42-92] — -003 

[52-77] = 4 [42-92] — -024 

[62-87] = 4 [42-92] — -o10 

[72-97] = 4 [42-92] — -084 


But we have already seen that— 


[32-82] = § [32-92] — -016 
[42-92] = ¢ [32-92] — -ob69 
and these values are to be substituted in the preceding equations: making the substitution 


we get two different values for [72-97], viz. =; [32-92]— -113 and =4, (32-92]—-118 
of which we shall take the mean. Further we have found— 


[32-92] = } [32-212] — -005 


And thus we are able to express the thirteen different spaces in terms of [32-212]. 
The results are as follow :— 


Standard Thermometer, 4142 


[32-37] = rz [32-92] + -023 = aly [32-212] + +023 
[32-42] = fy [32-92] + -069 = gf [32-212] + +068 
[32-47] = y's [32-92] + -069 = af [32-212] + -068 
[32-52] = ay [32-92] + 018 = yf [32-212] + -016 
[32-57] = ve [32-92] + -038 = yy [32-212] + -036 
[32-62] = ye [32-92] + -037 = ve [32-212] + -035 
32-67] = vy [32-92] + -032 = fy [32-212] + -029 
(32°72) = vy [32-92] + -049 = wy [32-212] + -046 
[32-77] = ve [32-92] — -o40 = 9 [32-212] — -044 
[32-82] = 19 [32-92] — -016 = 36 [32-212] — -020 
[32-87] = $3 [32-92] — -007 = }¢ [32-212] — -o12 
[32-92] = 15 [32-92] + -000 = 34 [32-212] — +005 
[32-97] = 45 [32-92] — -068 = 3% [32-212] — +073 
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In the Ordnance Survey Standard Thermometer, No. 3241, the corresponding values 
obtained in precisely the same manner are— 


Standard Thermometer, 3241. 
[32-37] = re [32-92] + -008 = yy [32-212] + -003 


[32-42] = 7% [32-92] — -o21 = 35 [32-212] — -031 
[32°47] = sy [32-92] — -045 = vy [32-212] — -060 
[32-52] = + [32-92] — -020 = af [32-212] — -o41 


[32-57] = vs [32-92] — -033 = a%& [32-212] — -059 
[32-62] = y% [32-92] — -037 = sf [32-212] — -068 
[32-67] = yo [32-92] — -047 = ge [32-212] — -083 
[32-72] = a [32-92] — -065 = af [32-212] — -106 
[32-77] = y% [32-92] — -070 = +s [32-212] — -116 
[32-82] = $2 [32-92] — -043 = 34 [32-212] — -095 
[32-87] = 4 [32-92] + -018 = Li [32-212] — -039 
[32-92] = 13 [32-92] + -000 = 43 [32-212] — -o62 
[32-97] = $3 [32-92] + -035 = $$ [32-212] — -032 


For these data, a curve of errors is formed for cach thermometer, the abscissa being the 
temperature ¢ and the ordinate the error of the thermometer at the temperature ¢. Thirteen 
points are given, and a curve being drawn through them the errors of the thermometer at 
intermediate points is thus interpolated graphically. S 

In the Standard 3241 the correction for the error in the relative positions of the boiling 
and freezing point, or for the mean length of a degree, is — 0-:0010 (¢ — 32). ; 

These two Standard Thermometers were compared together on the 17th April, com- 
mencing at the temperature 52° and ending witk 97°. Immediately after the first com- 
parisons the fire was lighted in a stove in the room, and the temperature of the room was 
made to increase regularly and continually so as to be nearly as possible the same as that 
of the water in the trough. It was not, however, found practicable to raise the temperature 
of the room to more than go®. The thermometcrs were compared at or about 52,55 57; 
60°, 62°, 65° ... 95°, 97°. In each position five comparisons were made, the thermo- 
meters lying close to one another and their tubes carefully made horizontal. _ 

The following table contains the result of these observations, each line being the mean 
of five comparisons, except the last which is the mean of four. 

















No, 3241 | 4142 No. 3241 4142 

oO ° ° i ° 
i 97°84 97°46 fut 72°56 | 72°03 
2 g518 § g478 {12 70°56 | = 70°05 
3 g2758 g2ti 13 67°70 | 67°17 
4 goul »  gorqt 14 65°57 | 65°09 
5 S761 8715 | 15 62°64 | 62°15 
6 8574 85-27 «| 16 60°65 | 60°15 
7 82720, Sare5 | 17 5795 | 57°48 
8 80°71 |; 80°23 18 56°00 | 55°53 
9 77°92 | 77°43 4 19 52°63 52°20 
10 75°57 | 75°06 | 


a 
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Immediately after these comparisons the thermometers were placed in ice, and four 
different determinations of the freezing point made—with the following result :— 





The total corrections then to the thermometer readings in the above table will be as 
subjoined— 








No, 3241 | 4142 |» | 3241 ! 4142 
I 
° ° ° o 
I —:+50 — +13 II | —+56 — +00 
2 2 — +52 —og Jz} —-55 —-o1 
3) —'53 08 a3.) as moe 
4 — +52 —-06 14 | —+52 —-ol 
5 — +50 — +06 15 | —-51 —-o1 
6 — 51 —-07 | 16 +50 +:O1 
7 "55 SOP PA Ske +-o1 
8 —-57 —-08 18 | —-48 +-00 
O) Sange SHOR AGH: * ay neg 
Io —-56 —-06 





















| : 

No.| 3241 | 4142 |No.! 3241 | 4142 
7 97°34 | 97°33, | 1 72-00 72-03 
2 466 | 94:69 12 70-01 70:04 
3 92:05 92-05 | 13 67-18 67:16 
4 90-39 90°35 | 14 65:95 65-08 
5 87-11 87-09 15 62:13 62-14 
6 85-2 85-20 | 16 60-15 60-16 
7 | 82-17 82-18 | 17 57°46 57°49 
8 80-14 80-15 | 18 55°52 55°53 
9 77°35 77°35 «| 19 52:16 52°20 

10 75°01 95:00 





Taking now the true temperature to be the mean of those indicated by the two 
thermometers we have the following residual errors :— 
11428, BB 










o 

97 + 0-005 | — 0:005 — 0-015 + o-org 
95 — 0-015 + 0-015 — O-O015 + 0-015 
92 0-000 0-000 + 9-010 — 0-010 
go + 0-020 — 0-020 — 0-015 + O-015 
87 + 0-010 — 0-010 — 0-005 + 0-005 
85 + O-OI5 — 0-015 — 0:005 + 0-005 

— + + 

- + + 

+ 





The working thermometers 4219, 4226, 4222, 4220, were compared with 4142 on 
the 24th, 25th, and 27th of March. The following table contains the results ; the number 
of comparisons of which each line is the mean, being shown in the last column :— 
























| No. of 
4219 | 4226 4142 4222 4220 aa 
9° ° ° ° o 
1 98-02 98-00 97-98 97°92 98-07 6 
% 94-88 94°90 94°72 94:86 94°91 6 
3 93-08 93°09 92-90 93°03 -]} 93°08 | Ir 
4 91-66 91-67 91-44 91-59 91-68 Il 
5 90-15 90-16 89-89 90-02 90-16 10 
6 88.57 88.60 88-34 88-45 88.61 8 
7 87-70 87-76 87-47 87°57 87°75 4 
8 85-48 85-48 85-25 85-36 85-47 5 
9 83-43 83-44 83-20 83-28 83-37 2 
10 80:95 80-96 80:80 80-79 80-94 3 
11 78-89 | 78-84 78-76 78-76 98-84 3 
12 76-81 76°79 76-71 76-75 76-80 3 
13 74:67 74:63 7447 74:60 74°70 3 
14 72-44 72-41 72°22 72°43 72°46 3 
15 90-65 70-60 70-48 90-65 70:66 3 
16 68-82 (68-77 68-64 68-83 68.87 3 
Wy 67°25 67-21 67-11 67-26 67°27 3 
18 65-40 65°35 65°25 65-41 65°43 3 
19° 64-50 64-43 64-35 64-50 64-52 3 
20 62-19 62:19 62-09 62-18 62°24 3 
21 61-25 61-20 61-11 61-22 61-29 3 
22 59:80 59°71 59:66 59°76 59°84 3 
23 57°65 57°53 57°52 57°59 57°68 3 
24 55:82 55°74 55°68 55°75 55°82 3 
25 54°58 54°50 54°42 54:50 54:58 2 
26 51:97 51-88 51°80 5189 51-91 3 
27 48-42 48-30 48-17 48-31 48-30 3 
28 46-55 46-46 46-27 46-45 46-51 3 
29 44°42 44°34 44-15 44:25 44-41 3 
30 43°39 43°32 43°13 43°27 43-40 3 
3t 42-44 42-38 42-21 42-33 42-46 3 
32 41-72 41-69 41-52 41-63 41-79 3 
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On the conclusion of these comparisons the thermometers were all placed in ice, and 
the means of six determinations of the freezing point of each thermometer were as follow :— 





4219 4226 








o 
321k 





° 
32-10 | 32-00 





If now we correct the readings in the preceding table for the errors of the freezin 
oints, and, in the case of the Standard 4142, apply also the corrections for calibration an 
oiling point errors, we get the numbers shown below :— 




















No.of | 4219 4226 4142 4292 . 4220 
°o ° o °o o 

I | 97-91 97-90 97-84 97°94 97°96 
2 94°77 94:80 94°63 94°88 94-80 
3 92°97 92°99 92-83 93°95 92°97 
4 91°55 91-57 91-38 gi6xr | 91-57 
5 90-04 90-06 89-83 go-04 90-05 
6 88-46 88-50 88-27 88-47 88-50 
7 87-59 87-66 87-40 87-59 87-64 
8 85.37 85-38 85-17 85-38 85:35 
9 83-32 83-34 83-12 83-30 83-26 
10 80-84 80-86 80-73 80-81 80-83 
11 78-78 78-74 78-67 78-78 78-73 
12 76-70 76-69 76-62 70-77 76-69 
13 74:56 74°53 74:44 74°62 74°59 
14 72°33 72:31 72°23 72-45 72°35 
15 79°54 70-50 79°49 79°67 70°55 
16 68-71 68-67 68-63 68-85 68-76 
7 67-14 67-11 67-10 67-28 67°16 
18 65°29 65°25 65°24 65°43 65°32 
59 64-39 64-33 64-34 64°52 64-41 
20 62-08 62-09 62-09 62-20 62-13 
21 6114 61-10 61-12 61-24 61-18 
22 59°69 59°61 59°67 59°78 59°73 
23 57°54 57°43 57°5! 57°61 57°57 
24 55°71 55°54 55°68 55°77 55°78 
25 54°47 54-40 54°42 54°52 54°47 
26 51-86 51-78 51-80 51-91 51-80 
27 48-31 48-20 48-21 48-33 48-19 
28 46-44 46-36 46-32 46-47 46-40 
29 44°31 44:24 44:22 44:27 44°30 
30 43°28 43°22 43-19 43°29 43°29 
31 42-33 42-28 | - 42-27 42-35 42°35 
32 41-61 4159 41-57 41-65 41-68 





BH2 
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Referring now the other thermometers to the Standard 4142, we get the following 
final system of errors, which must. be regarded as calibration errors :— 


Broxze Ban. Sree, Ban. 
Errors of Errors of 


Error of 
Mean. 


4219 4222 





+ 0°07 +0°10 
+014 + 0°25 
+o014 +0°22 
+017 +0°23 
+021 +0°21 
+o°19 +0°20 
+0°19 +0°19 
+0°20 +021 
+ 0°20 +018 
+011 +0°08 
+Oo'11r +011 
+0°08 +015 
+0°12 +0718 
+010 +0'22 
+0°05 : +018 
+0'08 40°22 
0°04 +018 
+ 0°05 +0°19 
+0°05 +0718 
—o'ol +O°1l 
+0'02 +012 
+0'02 +or'1l 
+0'03 +o°1o 
+0'03 0°09 
+0°05 | +10 
+0'°06 | 4 OIL 
+0'10 +o'12 
+o°12 +015 
-F 0°09 +0°05 
+ 0°09 + 0°10 
+0°06 +0'08 
+0°04 +0'08 

















To find the actual errors of these thermometers at any given time, it is necessary to 
add to the quantities in this Table the error of the freezing point in each thermometer, 
which is positive when the thermometer placed in melting ice reads higher than 32°-00. 

On April 27, just before the commencement of the second series of expansion 
experiments, the freezing points of the thermometers were found as follow :— 


4219 4226 





4222 | 4220 





° ° ° o 
32:14 | 32:10 | 32-08 | 3212 
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The actual expansion of a to-feet bar of bronze for 60° Fahrenheit is about the 
sixteenth part of an inch, and. this is a large quantity for micrometer measurement ; it is, 
however, ivided between two micrometers, so that either of them only measures half’ this 
amount. ‘The actual number of divisions measured in several of the comparisons is 
upwards of 1000 divisions by each microscope, and in one case the quantity exceeds 
TI0o divisions ; so that 11 revolutions of the screw are brought into slay: In all our 
preceding operations no quantities of this magnitude have been measured, and it becomes 
necessary to have some assurance that the screws of the micrometers have no irregularities 
which would vitiate our results. 

Tn order to put this to the test, three contiguous or successive spaces of one hundredth 
of an inch on the foot OF were selected ; viz., the three right-hand spaces in the tenth 
[6-7]. Referring to page 58 it will be seen that those three spaces are not quite equal, 
but taking the mean of the results given by the two microscopes, if 3 8 be the sum of the 
three spaces 


a 
* Left space = 5S +0-75 (1) 
Centre space = S — 1-58 
Right space = S + 0-83 

The three spaces were then measured in different parts of the field. The observations 
were all made by one observer, and for each microscope the focal adjustment remained 
constant during the operation. First, the scale was adjusted (being mounted as in fig 5, 
Plate VI.) so that (in the microscope H) the apparent right-hand line of the four which 
contain the three spaces, read approximately, 300-0. The scale remaining untouched, two 
readings of this line are made, the micrometer screw revolved until the next line is reached, 
which is bisected twice. The movement of the screw being continued, the third, and then 
the fourth lines, are each twice bisected. After the two bisections of the fourth, or 
apparent left-hand line, the operation is reversed; the fourth line is again bisected twice, 
then the third line the same, the second, and finally the first. As the scale OF remains 
untouched during this time, the second readings should differ from the first only by errors 
of observation. The readings of the four lines are 300, 650, 1000, and 1350, very 
closely. 

The scale is then moved by the motion of the carriages &6 until the right-hand line 
reads 350; and with this setting, the operation above recorded is repeated. The reading 
of the left-hand line is in this position 1400. 

The same operation is repeated, commencing with 400, 450, 500, 550, 600, 650; the 
reading of the left-hand linc in the last case being 1700. The centre of the field 
reads 1000, 

Thus the three spaces are measured in cight different positions in the field, differing 
half a revolution each. 

The whole of this is repeated five times over for each micrometer. 

Taking first the microscope H, the mean results are as follow : 


al 
1353-06 Diet 1002-34 sea 652-10... +. 300-54 (2) 
1403:18.....1051-50..... JOL-'54..06. 349°7 


145424 020+ 1102-48 «1.6. 752-40. +++ 4OO-42 
1503:84.....1151:96..... 802-22..... 450-10 
1553:24.....1201-58..... 851-96.....+ 500-50 
1604-08 .....1252°42...+. 902-78.....550+96 


1652-44..... 13Z0I'00 w+ ee. 951-°36..6+% 599°48 
1702-88 ....+1351-38..... 1001'98..... 650-12 
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In order that the differences here may represent the same quantity we must correct for 

the inequality of the three spaces; that is, the second column (vertical) must have the 

uantity + 0-83 applied, and the third column the quantity — 0-75. Supposing this 
one, let the irregularities of the screw be such as to require the corrections 

+ 24, to the reading 300 (3) 


Ss ” » 350 


+ 270 ” sy 1700 
And let 350 + h be the real value of the interval being measured, or the mean value 
of the three spaces. 
Take now the differences of the first readings corrected, and we get 
1052°52 + 235 — 23 = 1050 + 3h 
702-63 + iy — 2 = 700 + 2h . 
350° 81 +2,—% = 350+ h 
or Diss — Vy — 34 + 2-52 =0 (4) 
Fy — Vy — 2h + 2-63 =0 
oq — %y— A+o-8t1=0 


ll 


So each of the other lines will give three equations, making 24 in all, from which we 
have to get 29 2’s and A. So that the problem is indeterminate in this shape. 

Each of the numbers in (2) is the mean of 10 readings; it is therefore liable to the 
probable error of 55 = + o'-10 from the inevitable errors of observation. It is not 
then quite correct to throw all these errors upon the screw. Indeed, to determine with 
anything like precision the errors of the screw, a vastly greater number of observations 
would be required ; but our object is rather to show that the errors, whatever they be are 
very small. 

We shall proceed in the following manner: writing out all the discrepancies of the 
observations, as we have done for the first line, but without turning them into equations as 
(4), we shall determine that system of corrections t3)..... Zyo Which shall make the sum 
of the squares of the discrepancies, together with the sum of the squares of the corrections 
themselves, a minimum. That is 

(—29 + 2% — bh + 0-81)? (5) 
+ (2) + Ay — 24 + 2-63) 
+ (25 + 255 — 3% + 2°52)? 
+ (245 + Uy -— A+ 1-11y 
+ (—245 + 253; — 22 + 2-00)? 
+ (245 + 20 — 3% + 2-76) 
+ (=—2y, + @ — Ah + 1-09)? 
+ (255 + ts — 24 + 2-63) 
+ (2455 + to — 3/2 + 3-48)? 
+ (—2y + 25 — A+ 1-23) 
+. (29 + tr — 2h + 2-89)? 
+ (—ty + tus — 34 + 3-83)? 7 
+ (Hay +t — A+1-37) - 
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+ (—26 + tis — 24 + 2-69) 
+ (—2u + tw — 3h + 3-74)? 
+ (—ay + 25 = h+o-71) 
+ (—4te + ty — 24 + 1-91)8 
+ (—2y + Fuss re 3h + 2-74)" 
+ (—1,5 + 2» = h+ 1-07) 
+ (25 + ts — 2h + 2-29)" 
+ (Seat aig 90)! 
+ (—t0 + Fe — A+ 1-13)? 
+ (20 + Tin — 2h + 2-35)? 
+ (2% + Liss — 32 + 2-96)? 


4. ( I Me ge a a Tags + 210) 


must be a minimum by the variation of 2 25 . . . £17 and 4. The solution is simple 
as the quantities x are not much intermixed; only 2, 2 2135, OCcur twice in the 
discrepancies, we have therefore placed together the discrepancies obtained from the first 
and last lines of (2) ; they form the first six of the quantities just written down. 


Differentiating first with respect to 2's 245 Tio Viss Zim We get 


4209 — Ig — oo — Diss —5:96+6h=0 
—MWt+5%s— Lo —- MwMws—- An—SF5'15+5h=0 
— Ly —~ — Log + 3 Fino + 3:74-—3h=0 
—Xy— Xs + 3 iss +461-—5h=0 

— + 22 + 2:76 - 3h =0 


whence the quantities x are easily expressed in terms of h. 
Again, differentiating with respect to .t's5 07 210s Tiw 


4% — In— Uws— Ww 720+6h=0 
— Ly + 2 Xp +1:09—- h=o0 
— Xs, + 2 Xp; + 2:63 —2zh=0 
— ty + 2 tw + 3:48 -3h4=0 


Here again the quantities x are easily expressed in terms of 4; and so on. Finally 
we have to differentiate with respect to h, which gives one equation containing all the 2’s. 


When the necessary substitutions are made, the equation becomes 
— 29-432 + 27-15h=0 


oe h= 1-084 
and now all the corrections x are numerically known. Their values are as follow :— 
Ly = — +15 2 oy = — -ol L199 = — «10 (6) 
Zo = +14 Xs = + -07 Ug3 = + +20 
Ly = + -29 & 9 = + -00 Vy = — +05 
Zs = + -26 To = — 103 Ty = — 14 
Py = — °23 Ly = — +23 Big = — 12 
2 55 = — +00 2y5 = — +16 Vis = + 14 
Ly = — -ol no = — +22 Lig = + -06 
Ts = — +04 tn = — +13 Lig = + 14 
Zy = + -07 Ty = + -02 Lyzq = + +22 
Ly = + -07 Ips = — -06 


Of these quantities 14 are greater than o¢-12, and 15 less than 01-12. © 


When these corrections are applied to the micrometer 
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following discrepancies, corresponding to the lines in (2) 


+38 
"04 
+14 
‘11 
+15 
“07 
“14 
+23 


l+++ 1 


Of these, twelve are greater, and twelve less than of- 12. 


+ +39 
+ -16 
+ +21 
+ +13 
— -ol 
+ +06 
+ +09 
+ -16 


— -16 
— +06 
— :07 
+ +02 
— +07 
— ‘ol 
+ +03 
— +16 


readings they leave the 


Now the probable error of 


any one of the numbers in (2) being + o*- 10, the probable error of the difference of two 
of these numbers is + o'.14; so that the residual discrepancies after making use of the 
corrections .v to the micrometer readings are somewhat less than might have been expected. 

It appears, then, that in the microscope H there is nothing to be feared from irregu- 
larity of the screw within the limits up to which it has been used, or within seven revolutions 


on either side of the centre of 


the field. 


The same method of observation gave for the microscope K the following numbers— 


300-48: -- 
350-18--- 


400: 26 


450:°66.--- 


499°12-++ 
549°46:-- 
600-12-++-- 


650-04 


- 701 
pare 75 I 
801 
849 
* goo 
951 


++ ++IOOI 


a 
: 652: 


O2-+++1000-12: 
*70++++1049+40--- 
-84--+-1149-78--- 
-68.-»-1197-78-- 
-58----1248-32--- 
-34+++-+1299-I0--- 
-00:+++1348-66--- 


1350-48 
1399-74 
*1450-00 
-1499 68 
-+1547-82 
1598-24 
- 1649 40 
+1699 04 


(8) 


In order to correct for inequality of the spaces, the numbers in the second vertical 


column must have — of-83 applied, and the numbers in the third column +4 0*-75, 


Proceeding now as in the case of microscope H, we get for A the equation 


and the values of the quantities 7 are found as follow :— 


T= + -56 
Us = + -37 
y= + 4! 
Veg = + -17 
lg=— 11 
Lp5= + -06 
Lo = + -20 
Cg = — +16 
iy = — +30 
Tig = — +24 


Of these corrections, fourteen are less than o'- 14 and fifteen exceed that quantity. 


7-344 +27-15h=0 


1. A= — 0-270 


Vg = 
LF eg 
v 09 
LX gs 
X00 
Vro03 
Tio 
V1y5 
Vi29 


Cy25 


Inn tien wet 


+22 


X39 
Vis5 
Vigo 
Vi45 
Vigo 
V5 
Vigo 
Vr65 


bund bd dena 


X79 


+ 
+ 
+ 
+ 
+ 


03 
“IT 
“00 
‘07 
*17 
“19 
°23 
-06 
“02 


(9) 
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___ If now we correct the micrometer readings by these quantities and then take out the 
differences, the following discrepancies remain. They are arranged to correspond with the 
lines in (8). 


+ -26 + -06 + +14 (10) 
+ +29 + -07 + -00 
+ +23 + -fo + -07 
+ -23 + -12 — +17 
+ -06 + -03 — -19 
+ +25 + -05 — +24 
+ +23 + -04 — +05 
+ -25 — 04 — -ol 


Twelve of these errors exceed o!- 11 and twelve are less than that quantity. ‘There is, 
however, a preponderance of + quantities in the first column. This may be due to the 
circumstance that the equations (1) are not free from probable error. In fact, there is a 
discordance between the results given by H and K, page 58, as to the relative magnitude 
of the three spaces. 

We have now tolerably satisfactory evidence that there is nothing to fear from the 
irregularities of the micrometer screws. 

The value of a revolution of either of the screws which has been used up to this time, 
was determined from measurement of a space of one hundredth of an inch or 350 divisions, 
and since no quantities measured hitherto have been so great as this, the determination has 
sufficed. It becomes necessary now, however, to obtain the value of a revolution from the 
measurement of a much larger space. Accordingly a space of four hundredths of an inch 
was chosen, being the four hundredths adjoining the line 6 on the foot OF. Now the 
value of this space is (see page 59)— 


s= zy [6-7] — 24-00 + of 104 


also [6-7] = yy I — 12-78 + 0! -092 
egy [6-7] = roy IT — 08-71 + 0° 037 
21.8 = yy 1 — 29-71 + 08-110 (11) 


The space was measured ten times by each of three observers :—Captain Clarke, R.E., 
Quartermaster Steel, and Corporal Compton. The scale was freshly adjusted to focus 
each time so as fully to bring out all error arising from imperfect focusing. In each 
measure each line was bisected twice, and the mean of the two readings taken. The 
following table shows the individual measures— 











Microscope . Microscope K. 





d a a 
1387-8 1387-8 1388-4 
1388-3 1388-8 1388.7 
1387-6 1387-6 1389-1 
1388-8 1387°9 1387-2 
1388-4 1389-7 1388-5 
1388-9 1389-6 1389-4 
1388-3 1387-3 1388-9 
1388-6 1387-3 1388-5 
1388-3 13914 1388.8 
1388-4 1388-2 1388-1 


d da 
1393:1 1393°5 
1393-0 1393-0 
1393°8 1394-4 
1393°3 1393-6 
13943 1393-7 
1392-3 1392-8 
13943 1394-2 
1395:0 1394+4 
1393-4 1393°8 
1395°4 1394-1 
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For microscope H the mean results by the different observers are 1393-71, 1393-79, 
and 1393 -75, while the general mean is 1393-75. For microscope K the individual means 
are 1388-34, 1388-56, and 1388-56, and the general mean 1388-49. Taking the general 
mean in each case as the truth, we get the following errors :— 





Microscope H. Microseope K. 


ad a 
— 0-69 — 0-69 
— 0-39 + 0-31 
— 0-89 — 0-89 
+ 0-31 — 059 
— 0-09 + 1-21 
+ O41 + Iell 
— aig Ielg 
+ oll — 119 
— 019 + 2-91 
—o0g | — 0-29 


oe | 


+ 
+ 
+ 
+ 
+ 


If + o°- 32 be taken as the probable error of a single reading, then the probable error 
of a single measurement, as described above, so far as is due to bisections only will also 
be + of-32. The errors of the first and third observers (shown in the first and third 
columns under each microscope) do not indicate any increase of magnitude due to focusing, 
but the errors of the second observer do. We shall assume that this disposition of the 
errors is owing to chance. The sum of the squares of the thirty errors for H is 15-475, 
whence the probable error of one measurement is— 

1 


+ +674 Vea = + “499 . (12) 


and the probable error of the general mean 
+ *492 = + 0.090 


V7 30 
For K the sum of the squares of the errors is 20-795 whence the probable error of one 
measure is 
. 20°795 = 4 +57 1 
+ -674 / 32-795 + 571 (13) 


and the probable error of the general mean 


+ “57! = + 0.104 


¥ 30 
so that the number of divisions of the two micrometers corresponding to the space in 
question, are— 
H..... 13934-75 + 0-090 
K..... 1388949 + 08-104 


These quantities are equivalent to 73, I — 22-71 + o*-110 
os (139646 + O14) h = 7h, IT. 
(1391'20 + 015) k = 43,1. 
and expressing I in millionths of a yard 
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IIsIII N 
h = 1596-46 fi — 079566  -o0008 Se 
’ TIVITY 
k= TJo120 £15 = 079867 + -00000 (15) 


These results differ from those obtained at page 64 by one division in 1100 and one division 
in 1200 respectively. 

They differ also as to the amount of error of measure apparently due to focal error of 
adjustment. Here we have the probable error due to focal adjustment on a measure of 
1390 divisions equal to 


forK..... + v(-571)* — (- 34) = + “473 
which gives for a measure of one thousand divisions a probable error 
&, = + 0°269 


&, = + 07310 
These quantities are smaller than those obtained at page 63. 


A. 


We shall now give the results of the different comparisons in the following table. The 
first two columns contain the day and hour: the third and fourth, the observed micrometer 
readings and tem perature of the bronze bar: the fifth column the corrections for errors of 
thermometers. ‘The sixth, seventh, and eighth give the micrometer and thermometer 
readings, and the corrections to the latter, for the steel bar. The lines are arranged in 
pairs: the first line of each pair contains the mean readings of one observer, Captain 
Clarke, R.E.; the second, the mean of simultaneous readings of the second observer, 
Quartermaster Steel, R.E. From the general description which has been given of the 
mode of observing, it will be understood that each number in the third and sixth columns is 
the mean of four micrometer readings, and each number in the fourth and seventh columns 


the mean of eight readings, viz., four readings of the left thermometer and four readings of 
the right thermometer. 























Date. Bronze Bor. Steel Bar. No 
: — yaa - +o. oS ate? ler ek Fe of Com- 
Day. IIour. Micrometer Measurements. Te mea Micrometer Measurements. Tenp ae, parison, 
1865. | H.M. 6 3 
Feb.17 | 4 30p.m.!1023-23h + 1034-73 kj) 38-82 ;—0-13] 945-98h+ 948-83 hj} 38-75 |—0-08 1 
1026-80h + 1036-70 h| 38-82 942:63h+ 944-28 hl 38-76 
» 18 |11 30am.) 999-834 + 1005-38 h, 40-00 |—0-13] 926-58hk+ 931-88 &| 39-80 |—0-13 2 
1000:55h + 1004-45 k| 40-00 925'95h+ 930-50 kl 39-79 
» 99 | 5 Op.m|1005-58hk+ 992-28 kj 40-28 |—0-13} 902-33h+ 946-88 hk} 40-06 |—0-13 3 
1006-10h+ 989-40 hi 40-27 902-83h+ 945-63 h| 40-06 
» 20} 4 opimji225-80h+ 1228-88 k 39-71 |—0-13] 398-45h+ 384-53 k! 96-50 |—0-20 + 
1227-15h+ 1228-23 ki 39-69 398-80h+4+ 380-28 hi 96-57 











cc?2 


! 
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Date. Bronze Par, Steel Bar, 
oe fe ee a5 
Day. Hour. | Micrometer Measurements. : et Cort to Micrometer Measurements, 
| | Temp. | Therm’. 
1865. | Hom. 5 

Feb.20 | 5 op.m.'1419-58h+ 1407-90 h| 39:90 |—0-13] 579:05h+ 623-50h 
11420-95h + 1406-60 h| 39-89 581-93h+ 622-75 h 
x 21) 3 15p.m.1407-38h+ 1386-13 k 40-55 |—0-13] 684-25h+4+ 690-68 h 
1409:10h+ 1386-43 k 40-54 686-60h+ 6y0-.20k 
» oo» | 4 7p.m.'1406-33h+ 1386-18 k 40-69 |—0-13] 68¢-88h+ 689-88 k 
'1408-10h+ 1385-75 kh’ 40-69 690-:05h+ 688-98 k 
oy | 4 55P-M1.11398-98h + 1390-85 k 40-80 ,— 0-13] 683-g0h+ 693-90hk 
11400-20h + 1388-65 kh; 40-80 686-23h+ 692-70k 
» 22} 5 15p.m.1393-48h + 1392-43 hi 4-34 |\—O-14] 719-35h+ 765-43 k 
11392:B0h + 1390-40 kh! 41-33 722-30h+ 764-43 kh 
vy 24) 4 07p.mnj1355:284+ 1382-70 kh! 42-96 |—0-17] 610-88h+4+ 634 05h 
1355°70h+ 1380-45 hk 42-95 612-40h+ 632-95h 
» 5 20P.m.|1350-50h+ 1378-28 43-14 ,—0-17] 627-68h+4+ 655-08 4 
1355:28h-+ 1379-35 k 43-15 | 627-18h+ 653:18h 
yy 25 12 noon 11348-3314 1357-90 k! sade (ony 583:18h+ 587-00k 
1351:°50k41359-25 hi 43-86 583-4344 584-634 
x99 | © 50p.m.1364-40h + 1336-03 hk, 44-00 |—0-17] 575-45hk4+ S7L-15 kh 
1365:60h+ 1335-68 kh} 43-99 575°03h+ 569-58 k 
»  » | 3 47P]1336-80h + 1343-58 hk] 44-38 |—0-17| 599:00h+ 603-93 % 
1337°9Oh+1342-65 hi 44-41 598-75h+ 600-65 k 
» + 4 37PMN|1338-70h + 1339-00 hi 44-55 |—0-17} 591-8344 617-78% 
133988 + 1337-00 I 44-56 593°80h+ 617-40k 
» 27 | 0 45pm; 539:18h+ 537-95 h' 99-30 |—0-14|1654-80h + 1638.38 k 
| | 540-40h+ 533-38 k 99-24 1656-00h+ 1637-45 h 

| 
iis 5 Op.m.) 744-03h4- 763-85 hk: 89-11 ;—0-32 1651-50h+ 1626-30 k 
| 745°63h + 763-13 hi 89-08 1653°33h + 1624-78 h 
»» 28 '11 42am) 608-g8h+ 617-53 ki 95-89 |—0-2511617-95h + 1632-70 k 
612-03h+ 616-58 hk! 95-90 1620-48 h + 1633-13 k 
» » | 4 opm]! 668-70oh+ 682-08 hk) 93-32 |—0-27]1605-10h + 1637-03 k 
668-48h+ 679-30 hk} 93-29 1605+38h + 1636-38 k 
» » | 435pM{ 667-83h+ 672-73 hl 93-60 |—0-27|1615-58h + 1625-80 hk 
668-95h+ 672-35 kh) 93-63 1616-30h + 1624-68 h 
Mar. 3°) 4 op.m.) 667-00h+ 683-85 hk! 93-69 ,—0-27|1613-88h+ 1625-18 k 
| 669:55h+ 684-18 kh 95-68 | 1614-78h4-1623-90k 
» on | 5 20pm. 692-58h+ 692-75 hl 92-77 |—0-26]1606-80h + 1624-50 k 
\ | 696-38h+ 692-68 k| 92-79 1608-881 + 1623-33 h 

t 
» fT toa.m.1042-48h+4+ 11or-10 k| 74-53 |—0-1g]1611-23h + 1624:75 hk 
| 1041:60h+ 1097-08 hk] 74-52 1612-70h+ 1624-03 h 
» 9 12 noon |1058-43h+ 1068-53 kl 74-88 |—o-1g|1613-05h+ 1625-55 kh 
1060-80 h + 1066-98 kh] 74-90 1612-834 + 1624-05 k 
»  » | © 30p.m.|1054:93h + 1062-68 hl 75-19 |—0-19]1612-05 A-+ 1626-38 k 
'1056-25h+ 1050-95 k 1613-13h+ 1625-204 


75°20 | 


Obs" 


; ‘Temp. 


95-01 
95:01! 
88-60 | 


88-59 
88.68 
88-70 
88-81 
88-83 


85-40 


85-43 | 
94:92, 


94:96 


93°68 | 


93°71 
98-22 
98-21 
98-76 
98-77 
96-62 
96-63 
96-39 
96-37 
42-95 
42°96 
43°81 
43°81 
45°11 
45°13 
45°95 
45°66 
45°76 
45-78 
46-41 
46-41 
46-77 
46-78 
46-33 
46-33 
46-32 
45-35 
46-35 
49-37 


: Corr" ta 
‘Therm’. 


—o:- 


16 


—o: 





i—O- 


16 
20 
+20 
O15 
=O: 


13 


13 





—o: 














No. 
of Com- 


parison. 


on 


6 


10 


13 


14 


15 


16 


18 


1g 


20 


eo 
lk 


»D 
is) 


a 





Date. 





Vem | 





Micrometer Measurements. 


1 3 45pm! 724-25h+ 
725-58h+ 
722:80h+ 
722-65h+ 735-354 

1011-18h+ 1007-33 h 


| 4 24pm. 
; 0 Iopm. 


' © 53p.tn, 
110075 5h+ 1012-53 h 


3 42pm. 
'1017-73h+ 1015-58 h 


4 15pm. 
(1016-53h+1017-80k 


4 45p.m..1018-03h+ 1018-35 k 
‘LO1g-08h + 1016-80 k 


471-83h+ 
472-68h+ 
475-8oh+ 
478-53h+ 
523°734+ 
523°73h+ 
499° 58h + 
500:63h+ 
600-28h+ 
Gor-goh+ 


609:55 2+ 
611-30h +4 


TI 35a.m. 472-08 k 
467-75 k 
459°50 hk 
459:10k 


52445 k 
518-98 k 
505°83 k 
501-95 k 
599-98 k 
598-58 k 
604-53 & 
602-25 k 
606-48 h 
603-93 k 
897-25 h 
891-534 





o 18p.m. 

/ 4 Opin. 

| 4 56p.m. 
£ 

© 3Op.m. 

4 Spm. 

601-43h+ 


602-53h+ 


866-60h+ 
864-65 h+ 


gi1-80h+ 
914-23h4+ 


4 50p.m.. 


© 50p.m. 


4 15p.m.! 
919-55 k 
910-23 k 
908-05 h 


g11-1ght+ 
| 912-43h+ 
922:B83h+ 
g21-23h+ 
982-58h+ 
984-2544 
990-63h+4 
991-73h+ 


5 oOp.m. 


917-182 
913-03 k 
980-28 k 
978-28 h 


© 12p.m.! 


4 7pm. 


4 55p.n. 
992-93 k 





1 30am.’ 





1006:18h + 1014-23 kh 
1015-10h+ 1016-75 k 


1015:50h + 1018-83 il 


921-30 kh 


994°68 hi; 


Bronze Bar. 


| covet 
| Sheu 


1013-05h+ 1004-28 hi 


\ 


1 





i 


732-30 # 74°40 
730-30 # 74-42 


738-73 : 74°30 


| 74°31 
46-82 
46-83 
46-76 
46-78 
46-47 
46-48 
46-45 
46-45 
46-42 
46-42 
98-93 
98-93 
99-02 
99:04 
96-27 
96-28 
97°36 
97:38 
81-50 
81-51 
81-20 
81-20 
81-31 
81-29 
81-84 
81-84 
80-11 
80-16 
80-38 
80-39 
91-72 
91-70 
88-74 
88-74 
88-12 
88-14 


1039°53h+ 1034-65 hi 41-48 
1043: 6Goh+1035- 18h 41-49 


Steel Bar. 


Micrometer Measurements. ‘ Obs" : 
Temp. | 
i 


Cort to 
| Therm’. 

























—0-20 
1271-43h+1270- sh 46-47 | 
0-20 


1267-70h+ 1273: 55h 46- 49 | 


1012-60h + 100363 h 44° 84) 


‘ Corr® to 


‘Therm. 


1267-23h+ 1276-30 k 46-49 —0- 17) 


1009-28 + 1004-90 h, 44:83 -—0-13' 





—0-19]1007-75h4 + 1009- eee 44-83 -o13| 
1007:75h+ 1006-55 hk: 44-84 | 
—o-ryg}ici2-43h+ 1001-28 k 44-81 '—o- 13, 
1O15:73hk+ 999-55 & 44-82” 
—O-Ig]1017-10h+ ggg: 40k 44°81 —0-13 
101B-50h+ 997-38 A: 44-82 ; 
—0-19]1007-63h + 100713 k’ 44-84 '~0-13 
1009+30h + 1006-60 k 44-84 | 
01511 549-18 + 1556-53 k; 44°34 —O-12 
1551-28 + 1555-33 k 44°35 | 
—0-13]1 545-65 hk + 1558-88 k. 44-40 _—0-12 

T5472 13AE15SR75 F +43 | 
—0-2511543-05h + 1554-93 4 44-76 |—0-13' 
1544 18h +1552-75 & 44-78 
—o-1g Tes6 63 hb XGISSED: 44:89 '—0-13 

1548-40 h + 1547-43 4 44-8y | 

—0-27}1306-15h+ 1318-23 A 44-91 0-13. 
1308-00h + 1317°30 ki 44-95 | 

—0-25]1310-63h + 1313-50 44-8y i—0-13} 
1310-98h + 1308-98 ki 44- 93 | | 

0-25 ]1309-55 ht + 1313-25 44-96 | 013, 

1310-88h+ 1310- gok: 44°97 | 

0-2 1130-18h + 1141-80 hk’ 80.08 —0-13) 

1132- 68h+ 1140-00 A eorey : 

—o-22fir44-15h+1161- 20 fi 78.65 —O-l4 
1145-80h+ 1160. 55h 78. 65: 
1 

—0+22]1140:03 A+ 1157-88 k) 79-02 |—o-14 
1141-78h41156-85 4 79-01 | 

—0:2711228-284 + 1237-23 i go-76 \- 28 
1229-95h+ 1233-98 h| 90-76 

0-32 1249-goh+ 1277-85 hj 88-54 |—0-27 
1251°53h+1275-68k 8853 

—0-32|1261-23h+ 1271-65 hj 88-43 |—0-27 
1262-55h+1269-48 Al 88-44 

9-14] 954°534+ 970-85 A] 42-28 |—0-13 


953:08h-+ 965-75 Bi 42-27 





No. 
of Com- 


parison, 


126y-85h+1271-go k, soa —0-17 


40 


4 


42 


++ 


45 
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Bronze Bar. 






Steel Bar. No. 
































i : of Com- 
, . | Obs" | Corr® i ‘ : s : . 
Bar | torment in | Meme Mca | | at | 
1865. | HM. I he at ~ 4 
Mar. 11 | 0 12p.m}1039-58h + 1043-43 Al 41-36 |—0-14] 960-68h+ 969-15 hl 42-02 »-013| 47 
1040-45 h+ 1041-63 Aj 41-38 | 961-30h+ 968-73 A) 42-05 : 
» 99 | O 4Op.2]T039-1OK + 1045-90 A} 41-33 |—O-14] 958-534+ 975-05 h} 41-94 |—0-13| 48 
1040:284+ 1043-58 Al 41-34 959:20hk+ 973-63 al 41-94 
» » | £ 5pm.{1037-23 hk + 1038-28 kl 41-49 |—o-14] 961-83h+ 975-80 k| 41-74 |—0-13| 49 
1038-35h+1037:15 4 41-50 962-95h+ 973'93 hl 41°75 
> oy | 4 35p-0.]1036-58h + 1038-03 Al 41-57 |—O-14} 963-90hk+ 973-15 kl 41-76 |—0-13| 50 
1036-28h +,1035+78 k| 41-60 964-65h+ 972-18 hj 41-78 





The mean of the results by the two observers in each comparison being taken, and 
the temperatures corrected for errors of thermometers, we get the results shown in the next 
table, where the order of the comparisons has for convenience been altered. 











No. of : ; Difference Temperature 

Ginga) “Rimes etree: nee -| Rema 
, ; Yard. Bronze. Steel. 
I 8i21h + 8g'16h + 135°83 38°69 38°67 Both bars cold. 
a 73°9%h +  73°72h 117°70 | 39°87 | 39°66 » oH 
3. 103°26h + 44°58h 117°75 40°14 39°93 |» » 
28 ru8hk + = 1°54h 217 46°63 44°70 » » 
2g | — o89h +  5°33h 3°53 | 46°58 | 44°70 wo ik 
30 agqh + 15°75h 14°44 | 46°28 | 44°68 oe a 
31 — 178h + 19°93h 14°50 46°26 44°68 3 36 
32 1o'ogh + 10°7Th 16°58 46°23 44°71 ii i 
46 87°76h + 66°62k 123°04 41°34 5 42°14 5 6 
47 9903h + 73°59 121°66 ; 41°23 41°go * 5 
48 8o0'82h + 7o'4ohk 120°53 4l'ig 431 * + 
49 75'40h + 62°85h L109 41°35 4161 Pa 3 
50 | TVISh + G64:2a4h + 10872 4144 41°64 55 , 
9 672°31h + 626°49k +1035'31 4l'lg 85°16 | Bronze cold. Steel hot. 
6 722Bih + 695°84k 1130°88 40°41 88-32 5 ” 
7 917'25h + 696°54h 112702 40°56 88-42 43 » 
8 714'52h + 696'45k 1124°77 | 40°67 88°55 5a + 
11 725°46h + 724°69k | 115603 | 42°97 | 93°44 » ” 
10 943°85h + 748-08h 1189°35 | 42°78 94°69 55 » 
5 839°78h + 784'12h 1294°46 | 39°76 | 94°75 ” » 
15 946°47h + 720'41k 1169°33 | 44°38 96°18 i is 
4 B27°B5h + 846-35k 1334°67 | 39°57 96°33 z ” 
14 738'47h + 740°83h 1179°28 44°22 96°42 » ” 
12 966'61h + 772°76k 1227'17 | 43°69 98°05 3 ” 
13 789'°76h + 765°49h +1239°78 43°82 98°60 ‘ 5 
2 544'74h + 537°8gh — 863°04 G41 46°32 | Bronze hot. Steel cold. 
26 545°72h + 539°734 865°29 | 74'2t | 46°28 » i 
2: 599°93h + 525°30h 873°03 | 74°33 | 46°16 » zs 
24 553°32h + 557°54h 885757 | 74°70 | 46°16 » » 
25 557'00h + 563°97k 893°63 | 75°00 | 46°19 » ” 








Difference 
Difference of Length ia » of Length in 
Micrometer Divisions. . Millionths of a 
. Yard. 





—1122°63 "95! : ' Brokee hot. Steel cold. 
112810 


700°38h 707°85k 
708'24h 706°87k 
705'99h + 718-49k 1135°59 
g07"59h 862°05k 1410°66 
913°36h 931°20k | 1470748 
930°65h 956'02k 1508°83 
947°55h + 952°70k 
946°05h 940°52k | 
Joo’ 71h + 1015°86k 
lo1g'Bgh +4+1032°12k | 


1514°85 


1613°96 
163584 
1O471Ih + 10gg'12k | 1667°0y 
1077°97h +1086'0I1h | 1725'10 
1069'°22k + 1099°52h 1728°93 


1593°93 3". : | 
| 
TIS6Ih +1102'25h . —1768°02 | 





265'80h + 246'51k  — 408°38 “59 | : Both bars hot. 
231'95h + 24go'4g5h : 376°60 ; ‘ 

22g'13h + 248°23h 380°57 
g07'09gh + 320°50h © 500°32 
267°30h + 297'49hk 450°29 
270°70h + 276°76k | — 436°43 














Let now at the temperature of 40°, the Steel bar exceed the Bronze in length by a 
quantity 2; also let 


¥y = expansion of Bronze bar for 1° 
y = expansion of Steel bar _,, 
then the difference of length when the Bronze has the temperature ¢ and the Steel the 
temperature ¢’ will be 

z+ (¢ — 40)¥ — (¢— 40) 9; (16) 
and if the actual observed difference of length under these circumstances be 7, there results 
from this observation the equation 


(¢— 40-)y — (# — 40) —-z+n=0 (17) 
Proceeding thus with all the comparisons, we get the following system of equations :— 
— 13ty+ 1:33¥ —=z+ 135-83 =0 (18) 
— O13¥+ 0:34Y —2z2+ I17-7O=0 
+ o14y+ oo7y¥—2z+4 117-75 =0 
6-63¥y— 4:70¥—z+ 217=0 
6-58y¥— 4:70¥Y—2+ 3:53 =0 
6-28y— 4:-68y¥ —z+ 14:44=0 
6-26y — 4.687 —z+ 14:50=0 
6-23y— 4:71¥Y —z+ 16:58 =0 ; 
1-34y — 2-14¥Y —2+ 123.04=>0 
1-23y— 1-:90¥ —zc+ 121:66=0 
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ligy— 1-817 —=+4 120:53=0 
135y¥—- 1:-61y¥ —~2z+4 I10-19=0 
I-44y— 1-647 —2z4 108-72 =0 
1-19 y — 45:16 y — = + 1035-31 = 0 
O-4l y — 48-324 — z 4+ 1130-88 =o 
0:56 y — 48-42 y —2+4 1127-02 =o 
0-67 ¥ — 48:55 ¥ — 2 + 1124-77 =0 
2-97 Y — 53:°44Y¥ — =z + 1156-03 = 0 
+ 2-78 y — 54-69 y — = + 1189-35 =o 
~ 2:24 Y — 54°75 ¥ — = + 1294-46 = 0 
+ 4:38 y — 56-18 y —z 4+ 1169-33 =o 
— 0-43 7 — 56-33 — z + 1334.67 =o 
+ 4:22y — 56-42y¥ —2z+4 1179-28 =0 
3:69 y¥ — 58-05 ¥ — z 4 1227-17 = 0 
3:82 y — 58-60y¥ — 2 + 1239-78 =o 
34:10y— 6:32¥ —2z— 863-04 =0 
34-21y— 6-28yY —z— 865.29 =0 
* 34:°33Y — 6-167 —z— 873-03 =o 
34°70¥— 6-167 —z— 885-57 =0 
35°00¥ — 6-19¥ —=— 893-63 =0 
40:95¥— 4:78 y — z— 1122-63 =o 
4r-o5y¥y— 4-837 —z—1128-lo=0 
41-23y — 4807 —z— 1135-59 =0 
48-77 y¥ — 3-684 —z— 1410-66 =0 
52-52¥Y— 6-60y — z — 1470-48 =o 
53°03¥— 5:48 y — z — 1508-83 =o 
53°34Y¥ — 5-60y¥ — z= — 1514-85 =o 
53:-41y — 6-24y — z ~ 1503-93 =0 
55:64y — 4:99y — z — 1613-96 =o 
56-024 ~ 4-647 — z — 1635-84 = 0 
57:18 y¥ — 4:767 — z — 1667-09 =o 
58-78 y — 4-22y¥ —z—1725:10=0 
58-904 — 4:29 9 — 2 — 1728-93 =o 
59: 13Y— 2-80y — z — 1768-02 = 0 
41°59 Y — 39:95 y¥ —z— 408-38 =o 
39:91 y — 38-514 —2z— 376-60=0 
40-16 y ~ 38-877 —z— 380-57 =0 
51°44y — 50-48 y¥ —z— 500-32 =0 
48-42 y — 48-267 —=— 450-29 =0 
+ 47-81 y — 48-16 y —2z— 436-43 =0 


Proceeding by the method of least squares, we should now form three equations from 
which those values of z y y’ would result which make the sum of the squares of the 
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residual errors a minimum. But we must first consider a peculiarity of the equations 
which may render it desirable to treat them in a slightly different manner. Although the 
equations are all of the same form yet they are divided into four groups distinctive in 
character. In the first thirteen we have comparisons of two cold bars, in the remainder we 
have comparisons of a cold bar with a hot one, or of two hot bars, both of them situated 
in acold room. We must therefore expect that the residual errors of the first thirteen 
equations will be very much smaller than those of the remaining equations. But we must 
not give less weight to these last equations because of their being liable to greater errors, 
for the errors are not wholly errors of observation. Here then we have an anomaly which 
leads us to pursue a course somewhat different from the ordinary one. The first group of 
equations, it will be seen, enable us to ascertain the difference in length of the two bars 
at a certain low temperature, as 43° or thereabouts. In fact if we know the proportion 
of y, y’, we can ascertain the difference of length at a temperature which can also be found 
out: let + be that temperature, and let the first group of equations be— 


(4 —T)y—(%, —tT)y¥ —utn=o 
(4 —T)y—(t, —T)y’ —utn, =o 


(s—T)y—-C@sy—t)y —ut+ns=o 


Let the mean of the temperatures be 4, ¢’,; and of the observed differences of length let 
m, be the mean: then u = n, if 


(h— ty —(ts— 2) y =03 
or which is the same if 





y +7’ 
T=R(Q+A)+4(4— 0) Fy 
Now an experimental calculation gives y = 32-8 y'= 21-1; thus we get 
T = 43°°75 
U=77 °43 


that is at 43°-75 the difference of length is 77-43, the steel bar being the longer. We 
shall now refer all our other equations to the temperature of 43°-75, thus z is eliminated 
and the equations become as follow :— 

— 2-56y — 41-41 y' + 957-88 = 
344 — 44°57 y' + 1053-45 = 
19 y — 44°67 y' + 1049-59 = 
‘08 y — 44:80 y' + 1047-34 = 
78 y — 49-69 y' + 1078-60 = 
97y — 50:94y' + ITIL-92 = 
‘99 y — 51-00 y' + 1217-03 = 
63 y — 52°43 ¥ + 1091-90 = 
18 y — 52-58y + 1257-24 = 
47 y — 52-67y¥ + r101-85 = 
06 ¥ — 54:30 Y + 1149°74 = 
07 ¥ — 54°85 ¥ + 1162-35 = 


11423. DD 


(19) 


OO Of OW 0 OwWWWw 


oo0o00 0000000 0 


+1+t41 
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30°35Y — 2:57y¥ — 940-47 = 0 
30:46 y — 2-534 — 942-72 =0 
30-58 y — 2-41y — 950:46=0 
30:95 ¥ — 2-41 — 963-00 =0 
31-25 y— 2-44y — 971-:06=0 
37:20 y — 1:03 y' — 1200:06 =o 
37: 30y — 1-08 ¥ — 1205-53 = 0 
37-48 ¥— 1-05 Y — 1213-02 =o 
45:02 ¥ + 0-07 y' — 1488-09 = 0 
48-77 y — 2-85 y' — 1547-91 = 0 
49:28 y — 1-734 — 1586-26 =o 
49°59y¥ — 1-85 y¥ — 1592-28 =o 
49:66 y — 2-49 y — 1581-36 =o. 
51:-89y — 1-24y' — 1691-39 =O 
~52:27y¥ — 0-89 y' — 1713-27 = 0 
53-43¥— L-Oly — 1744 52 =0 
55:03 ¥ — 0-47 y — 1802:53 =o 
55°15¥ — 9:54y — 1806-36 —o 
55°38 y + 0-95 y¥ — 1845-45 = 0 
37:84 y — 36-207 — 485.81 =o 
36-16 y — 34-76 y — 454-03 =0 
36-41 y — 35-12¥ — 458-00 =0 
47°69 9 — 46:73 — 577-75 =0 
44°67 ¥ — 44:51 y° — 527-72 =0 
44°06 ¥ — 44-417 — 513-86 =0 


These equations represent comparisons taken under similar circumstances, they are con- 
sequently of the same degree of accuracy, and we shall solve them by the method of least 
squares. The final equations are 


48422 -85 y — 10192-41 y’ — 1379838:86 =o (20) 
— 10192°41 y¥ + 3956198 y’ — 502559-64 = 0 
Putting A, B, for the absolute terms of these equations, they become on elimination 
y + +000021835 A + -cc0005625 B=o (21) 
y’ + +000005625 A + -000026726 B=o 
and restoring again the values of A, B, we get 


y = 32-9566 : Reciprocal of weight = 00002183 + (22) 
y = 21-1938: re bs = 00002673 


The errors of the different comparisons resulting from these values of y and y’ together 
with the value of z or u at 43°:75, are as shown in the following Table :— 
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Both cold. Steel hot, Bronze cold. | Bronze hot. Steel cold. 

















Here we see that the errors of the comparisons when the bars are both cold are very 
much smaller than when one or both of the bars are hot. Of the thirteen errors in the 
first group six are greater than 0-54, six less, and one equal to that quantity. Hence we 
infer that the probable error of u is about +0-15. Now the absolute terms of the equations 
from which we have determined y, y’, are all dependent on the adopted value of «, so that 
the errors in the three last columns of the above Table are also affected by the probable 
error of uw. But the errors in these columns are so very large in comparison with the 
probable error of wu that we may lay aside this consideration. 

The sum of the squares of the errors of the 37 equations is 592-95, hence the probable 
error of a comparison, one or both bars being hot, is 


674A/ 592:95 = 4277 (23) 
37-2 

It is not easy to account for the large errors. The heated air rising from the hot bar 
just under the observing microscopes often caused an irregular refraction and apparent 
motion in the object viewed, similar to that observed in looking with a telescope at a 
terrestrial object on a hot day. This was sometimes troublesome, and may have pro- 
duced an error of as much as two micrometer divisions at times, but not probably more. 
Also the exceeding freedom of the bars from being suspended, was another cause of a small 
amount of error, as carriages passing in the neighbourhood produced an oscillation of 
sometimes as much as + 1.5 division. But this hardly affected the certainty of the 
bisections at any time. 

Another, probably more serious, source of error was an irregularity in the distance of the 
copper tanks from the bar at different parts of its length. The average distance was 
about ;', of an inch, but the difficulty of making copper tauks ten feet long perfectly 
straight involved some yariations on that distance. In order to remedy this, after the 
conclusion of the observations just recorded, the boxes were taken to- pieces and the tanks 

DD 2 
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somewhat improved ae to straightness. The tanks were then replaced at a greater distance 
than before, namely, about ; inch. 
The probable errors of y, y’, are,— 


Dehn bie ean + 2-77 ¥-00002183 = = + -0129 (24) 
VY veweveee £2°77 ¥-00002673 = + -0143 
so that the final results for expansion are,— 
Expansion of Bronze Bar = 32-9566 + -0129 (25) 


Expansion of Steel Bar = 21-1938 + -0143 


If we express these quantities as a fraction of the bar’s length we get the ordinary form 
of “ co-efficient of expansion ” thus,— 


Co-efficient of Expansion of Bronze = -0000098870 + - 0000000039 
Co-efficient of Expansion of Steel -0000063581 + -0000000043 


ll 


3. 


In the second series of experiments which extended over 12 days, viz., from the 
2gth April to the roth May, the roller frames were restricted to a strictly vertical move- 
ment, so as _to obtain the co-efficient of expansion under circumstances more similar to 
those in which the bars will be actually used. The bars then, it is to be understood, in 
the second series of experiments were not swinging, but resting on two rollers, which 
admitted only of adjustment for level and focus. 

The observations are given in the annexed Table :— 































Date, Bronze Bar. Steel Bar, 

No. of 

7 : Com- 

Day. Hour, Micrometer Measurements. Ten tear Micrometer Measurements, ' a ip rae Parison. 

| ; . ; 
1865. | a. ». io | : : ‘ 

April 29 |11 50a.m.j1040°85 h+1045'43 2 57°30;—9°09] 85843 4+ 863°73 4) 74°89 |—0'26 I 
1042°20 h+ 1044°55 4) 57°31 858-85 h+ 86340 R! 74°91 

» | 0 30p.m.j1042°33 h+ 1644°25 k| 57°30|—o0'09| 855°78h+ 870°05 kh} 74°81 |—0°26 2 
1043'25 h+ 1044'20kh; 57°29 856°00h+ 86890 hk} 74°80 

» 9» | 3 35pm )r1041°83 h+ 1044°93 k) 57°27 |—0°09] 865°78h+ 850°68 hk} 75°04 )—0'26 3 
1042°55 h+ 1043°30 hk) 57°26 868-03 h+ 85118 ht} 75°05 

» 9» | 4 20pmi1042°25 h+ 1046°60 hk} 57:28{}—o'09] 860°'80h+ 856°60 k) 75°01 |—0°26 4 
104308 h+1046°08 hk} 57°27 86190 k+ 856°B5 hk} 75:00 

May 1 1092'10 h+ 10g1'48 hk} 54°33 |—O°14] 706'50h4+ 718'go hk) 85:05 |—0.30 5 
1092'50 h+ 1089°23.k) 54°32 70813 h+ 719°40 hk 85°05 

» 1 4 opmirog1:08 h+ 108905 A) 54°41 ]—o'14] 706°93h+ 711718 k| 85°28 |—0°30 6 
1092°40 h+ 1087°88 k| 54°40 708-58 h+ 710°38 | 85°28 

» 8 11 35a.m.l1314'25 h+ 132023 4) 56°16 |—o710} 82118 h+ 831-83 A) 96°34 |—0°27 7 
1315'00 h+1318°03 | 56°17 822°08 h+ 830°25 h} 96°34 

»  » | O 5p.mj1313°68 h+ 131813 hk] 56°25|—ov10] 816-05 h+ 837-28 hi 96°24 |—0'27 8 











1316°38A+1317°90k| 56°24 819°20h+ 838-284) 96:22 


Bronze Bar. 
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Steel Bar. 





i, M. 
3 35p-m. 


II 30a.1n. 


11 loam. 
II 50a.m, 
3 45p-m. 
4 20p.m. 
IE 7a.m. 
11 48a.m. 
3 40p.m. 


4 15p.m. 


4 45p.m. 





Io 454.1. 


II 158.10. 


3 50p.m. 


4 20p.m. 


10 30a.m. 


Il oa.m. 


4 8pm. 


12 o noon: 
i 


fl 
Micrometer Measurements. | 


1305°73h+1313°g0h 
1306755 h+1312°73 
1303'10h+1314°00k 
1304°88 h+1313°30 k: 
g19°23h+ 
gig'58 h4+ 
923°23 A+ 
92928 h+ 
923°80h+ 
925°75 A+ 
91550 4+ 
91598 h+ 
816'1I0oh+ 
819° 75 h+ 
810'98 h+ 
811-70 h+ 


492°33 h+ 
49158 h+ 


50493 h+ 4 
5IU7Oh+ 
53265 h+ 
53335 h+ 
53275 h+ §26°93 hk 
533° 73 h+ 524°68 k 
1302°35 h+1331°83 h 
1299°50 h+1324'53 hi 
131845 h+ 1327°48 hk 
1319748 h+1325°23 hk 
1320°23 h+1323°40 hk 
1321765 h4+1322°65 kh 


920°50 k. 
91825 k 
89843 R: 
90°45 
917°73 hi 
916°50 ki 
91850 k 
915°28 k 
809°28 k 
809°93 k 
81885 ki 
815°83 hi 
5171S : 
513°85 ke 
492° 88h 
495°93 f 


53113 A 
530°05 k 


1322°50h+1319°88h 
1323°73 h4+1318°68 k 
1319°50h+13326°804 
1318'90 h4+1321°95 kh 
131913 h41318-4oh 
1321°30h+1316°88h 





1317750 h+1320°25 kh, 
131880 h+1319°53 kh, 





ch Temp. 


Obs! ' Corre to 
« Therm’. 


50° 59, —oroy 
56° 61! 
56°6y | org 
5670) 
75°96 |—o'1g 
75°95} 
76°20 ‘org 
76°21! 
76°03 -—o'lg 
76°02 | 
76°28 ‘org 
76'28 
81°38 |—9°27 
81°36 
81 "34 (0°27 
81 34 
96-44 Ie 27 
96°42 
Tse 
96°47 ,-— 0°27 
96°45 
95°06 | 
95°08 | 
95°20 |—0°27 
95°20 
55°73 |— 0°09 
59°73 
56 52 
56°54 
56 53,9709 
55°54 | 
59°63 -— 0°09 
56°66 
56°67 |—o'09 
56°68 
56°86 |—o'09 
56°85 
56°87 |—o°og 
56°85 


—o0'28 


ee ‘09 


Micrometer Measurements. 


1 
i 
1 
i 
| 


75 k+ 83108 ke 
Siokee 830° 55.4 


2360h+ 837743 h 
B23'yoh+ 834-05 A 
1298'03 h+ 1298°38 k 
1299°00 h+12y7 454 


1298°23 A+ 1299" 63h 
1300°03 h+1299° go k, 


1340°55 k+ 134185 4 
1342°G5 h+1340°y8 h 


1339°60 h+ 134473 k 
1341°95 A+ 1343°88 4 


1336°30 h+1345'°65 h 
133798 A+ 1344°28 kh 


1338'93 h+ 1344°50 h 


24 
2 


1340°B5 h+ 1343°B3 k 
1348-25 h+1350°08 & 
1350°38 h+1349°23 & 


1348'60 h+1349°65 & 


1350°70h+1349'28 h 


1349°90 h+ 1345725 k 
1350°95 + 1344'28 h 
1347°15 h+1347°30 4 
1347'93 h+1345°20h 


1362°75 h+1367°83 h 


136560 h +1366'50 kh 


136.4°28 h+ 1365°55 k 
1369°50k+1367°43 2 
1368°85 h+1364°75 h- 


1371755 h+1364108 
1361°00 h+ 1373'40 A 
1363°25 h+ 137245 & 
1365°75 k + 1369°35 k 
1367°80 h+ 1367°30 ‘| 
1363°95 h+1362°45 hy 
1368°95 h+1366'15 hl 
1371°93 h4+1361'50 
1370°65 h + 1357°05 ‘ 





| Obs! 


‘Core to: parixon, 
Temp, © Thernr. ; 


5- il 
96°32 —o 27 
99°33, 
96°21 —0°27 
96° 21 
6104 “—or'1g! 
61" 95. 
60°95 . ‘0 19; 
60°94 ' 
58° 03 | i—orlg: 
58° 03 | 
5804 =o 1g 
58°03 : 
58°07 | = 19 


58°08 | ! 


5812 a 

58°12: 

57°57 '_on8 | 
57°58 | 
57°45 

57°67 
57°95 
57°95 
58°01 
58°00 
56°54 
59°54 
56°46 
55°47 
56°48 
56°49 
56°54 
56°54 
59°55 
56°57 
56°83 
56°80 
56°85 |—0'16 
56°82 


—o'18 
“org 
—o'lg 
i— O16 
'—O'16 
0°16 
—o'16: 
—o'16 


—o0'16 





* There are some apparent mistakes in the registry or reading of one of the micrometers on the Bronze Bar 


in this comparison which cannot be unrayelled and therefore not snfely corrected. 


The comparison is rejected. 


Taking now the means of the results for the two observers in each comparison, and 
correcting the observed temperatures, we form the next table, 
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; ni Difference Temperature. 
ast | senha | oelenginie | _ 
' Divisions. Yard. Bronze. Steel, 
‘ aii 2 ts ls re pee 
I 182-88 h + 181-43 hk + 290-42 57:21 74:64 | Bronze cold. Steel hot. 
2 186-g0h + 174-75 h 288-28 | 57:20 74:54 = e 
3 | 175:30h + 193-18 & 293-77 | 57°17 | 74-78 “ ss 
4 | 181-31 h + 189-624 295-71 | 57°18 | 74-74 » » 
5 384-99 h + 371-20k 602-80 | 54-18 84-75 oe es 
6 | 383-99 h + 377-68 k 607-18 | 54:26 | 84-98 3 » 
7 492-99 h + 488-09 h 782-09 | 56:06 | 96-07 ” 7 
8 497-40 h + 480.23 h 779°33 | 5614 | 95:96) ~ 5, ” 
9 480-72 h + 482.49 hk 768-15 | 56-51 | 96-05 ” 7 
10 480-24 h + 477-91 h + 763-58 | 56:60 | 95-94 7 33 
Il 379: 11h + 378-54 % — 603-98 | 75°76 | 60-85 | Bronze hot. Steel cold. 
12 372:88 h + 399-82 k 616-02 | 76-01 | 60-75 5 3 
13 416-98 h + 424-30 k 670-67 | 75:83 | 57-84 0 ; 
14° | 425-03 + 427-40 hk 679-55 | 76:09 | 57-84 7 ‘5 
15 | 519:22h + 535-36 k 840-72 | 81-10 | 57-89 . 0 
16 | 528-55 + 526-82 h 841-32 81-07 57°93 ” ” 
17 857-36 h + 834-15 k 1348-41 | 96-16 | 57-39 3 ” 
18 841-34 hk + 855-06 & 1352-36 96-19 57-48 * a 
1g 817-42 h + 814.17 & 1300-67 | 94:79 | 57-76 ” ” 
20 814-30 hk + 820-45 kh — 1303-20 94°93 57°81 33 3 
22 47°93h + 4go-1gk — 70:20 | 56-44 | 56-30 | Both bars cold. 
23. «| 49-264 + 41-40k 72:26 | 56-44 | 56-32 |]. 3 
24 | 39-01h 4+ 53-64k 73:88 | 56°55 | 56-38 $s 
25 47:57 + 43-95% 72:96 | 56°58 | 56-40 . 
26 46:24h + 46-66 kh 74:06 | 56°76 | 56-65 |. 49 
27 5314h + 39-38% | — 73:74 | 56-77 | 56-67 9 
' 








In the last group of comparisons the mean of the temperatures of the Bronze Bar is 
56°-590, and of the Steel 56°- 453, whence, proceeding as before, we get r = 56°-84, and 
u the mean of the corresponding measured differences of length = — 72-85; so that at 
56°-84 the Steel bar is shorter than the Bronze by 72-85. Our equations of condition 
will then be of the form 


y (¢ — 56°84) — y(t — 56°-84) + m + 72-85 = 0; (26) 
they will be found as follow :— 
37y¥ — 17:80y + 363-27 
36 y¥ — 17-70¥ + 361-13 
33Y¥— 17°94 + 366-62 
34y — 17-904 + 368-55 
66 y — 27-914 + 675-65 
58 y — 28-147 + 680-03 
‘78 y — 39:23 y¥ + 854-94 
7OY — 39:124 + 852-18 
-33.yY — 39:21y + 841-c0 
“24Y ~ 39:10 + 836-43 = 


Il 
20200000000 


- (27) 


I Al 


iH 


nou Wl 


| 
o000rneNO0000 
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+ 18-g2y— 4:01y¥ — 531-13 = 
+ 19I17Y¥— 3-91Y — 543.17 = 
+ 18-99y — 1-00¥ — 597-82 = 
+ 19-:25y— 1-007 — 606-70 = 
+ 24-26y — 1-05y — 767-87 = 
+ 24-23y— 1:09y — 768. 
+ 39°32Y¥ — 9'55Y — 1275-56 = 
+ 39°35y¥ — 0-64y — 1279-51 = 
+ 37-95y — 0-92 y — 1227-82 = 
+ 38-09 y¥ — 0-97 — 1230-35 = 


+ 
NX 
ll 
oo0o000 00 0 


These solved by the method of least squares give . 
8633-30y — 157-42 ¥ — 279487-85 =o (28) 
— 157-42 y + 9016-96 y — 185636-93 =c 
writing A and B for the absolute terms of these equations, they become on eliminating y y' 
¥y + -00011587 A + -c0000202 B = o (29) 
¥ + -c0000202 A + -coollog4 B= 0 
restoring the values of A and B, we get these results :— 
Y = 32-7591 ....+. Reciprocal of weight = + 0001159 (30) 
y = 21-1594..... . ” 43 *OO01 109 


a or corresponding system of errors of comparisons is shown in the following 
‘able :— 


Oe 








The sum of the squares of the errors of the 20 equations, (shown in the two right- 
hand columns,) is 124-38, hence the probable error of one comparison is,— 


124-38 
2 S/H = 5 vm 0 
The probable errors of y y' are consequently 
+ 1-772 /- 0001159 = + 0°0191 


ere ree eee + 1-772 Y-oo0l10g = + 0°0187 
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so that the final results for expansion are— 


Expansion of Bronze Bar = 32°7591 + 0-0191 (33) 
‘ Steel Bur = 21:1594 + 0°0187 
or in another form — , 
Co-efficient of Expansion of Bronze = ‘0000098277 + 000030057 (34) 


5 Steel = 0000063478 + ‘ooov000056 


6. 


The results to which we are conducted by the second series of experiments for 
expansion, show in the case of either bar a smaller co-efficient. In the case of the Steel bar 
the difference is immaterial, but in the case of the Bronze bar it is very sensible. The 
question now arises, is this difference due to the circumstance that the bars were not so 
free to expand as in the first experiments? If so, expansion must always be variable 
according to amount of friction of the rollers. “An accumulation of oil and dust about the 
axles in course of time would produce a gradually diminishing rate of expansion. 

The errors in the sccond series are materially smaller than in the first. This is, 
doubtless, owing-in part to the increased distance of the tanks from the bars as before 
explained, and in part to the fact that the range of temperature was smaller. But there is 
this analogy between the two systems of residual crrors, that in each case the errors are 
larger when the Bronze Bar is hot. In the first series, the average of the errors of com- 
parison, when the Steel Bar is hot is 2-44, and when the Bronze is hot 3-75 ; in the second 
series the corresponding averages are 1-20, 3:07. This leads us to the conclusion that 
the computed probable error for the Bronze Bar is in either series too small. 

Again, examining the errors of the comparisons with Bronze hot in either series, there 
is an inclination to a predominance of + errors at the lower temperatures, and — errors at 
the higher temperatures. This may or may not be accidental, it may arise from a rate of 
expansion varying with the temperature. It may be interesting to see the individual rates 
of expansion of the Bronze Bar that would suit the different comparisons with Bronze hot 
and Steel cold. They are shown in the following Table :— 


Co-Erricients ov Expansion or Bronze Bar. 


Finst Senits of ExXreriments. 














nae. Temperature. | Co-efficient of Expansion. Gontesinl Temperature. | Co-efficient of Expansion. 
° ° 

27 | 741 "000009835 19 93°0 "000009880 
26 74°2 "000009813 20 93°3 *000009870 
23 743 "000009825 21 93°4 "000009872 
24 747 7000004829 18 956 "000009931 
25 7570 ‘o0000Y8 Ig 35 96°0 "000009941 
38 80'9 "0000098 5.4 36 97°2 "000009915 
39 81'0 ‘000009880 33 98'8 “000009881 
39 812 ‘000004887 34 989 "000009888 
17 88:8 "900004906 16 gg'l 000009888 
22 y2"5 "000009893 


| 


Temperature of the cold bar about 44°. 
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Seconp Series oF Exrenimenta, 

















Comparison! Temperature, ; Co-efficient of Expansion. Ges Temperature. | Co-efficient of Expansion. 
12 76'0 000009795 17 96'2 "000009821 
13 75°8 *000009779 18 96°2 "000009858 


14 76°1 "000009785 ig 94°8 "000009860 
15 | 81-1 "000009770 20 94°9 0000098 5 2 


Temperature of the cold har about 57°. 


| ie 
°o 
1I 758 "000009767 16 | Br°0 “000009800 
! 


Similarly we may exhibit the co-efficients of expansion of the Stecl bar, which would 
satis{y the equations of conditions, or comparisons, when the Bronze is cold and Steel hot ; 
They are as in the following Tables :— 


Co-EFFICIENTS OF EXPANSION oF STEEL Bak. 


Fiasr Sewers or Exreniments. 

























caren: Temperature. | Co-efficient of Expansion. Coie Temperature. | Co-efficicnt of Expansion. 
° ° 
9 85:2 000006 328 5 94°7 000006385 
6 88°3 "000006350 15 96'2 000006367 
7 88-4 000006 343 4 96°3 "000006 387 
8 88-6 000006 334. 14 g6"4 000006 364 
II 93°4 *000006 357 2 80 "000006 341 
10 94°7 000006 360 98°6 *c0c006370 


Cold bar about 42°, 


Srconp Senres OF ExreRiMenNTs. 





| Temperature. ; Co-efficient of Expansion. 





No. of 
Comparison. 


No. of 
Comparison. 





Temperature. | Co-efficient of Expansion. 





I 74°6 "000006327 6 850 000006 34y 
2 94°5 000006321 7 

3 74°8 "000006312 8 96°0 000006359 
4 74°97 "000006 363 9 960 000006352 
5 84°7 "000006326 Io 95°9 000006357 


| 
t 
96'1 | 000006 343 





Cold bar about 56°. 


It seems almost unnecessary to remark that final values for expansion are not to be 
gathered from these Tables, which are merely illustrative of the degree of precision 


attamed. The final results remain as already stated, equations (25, 33). 5a 
11498. 
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7. 


There remain a few comparisons with the Bronze bar cold and the Steel hot to be 
considered. In point of time these belong to the first series of experiments. They are as 
in the following Table :— 














Bronze Bar. Steel Bar. | No. 
Gols : of Com- 
Micrometer Measurements. as eae: Micrometer Measurements. enn Core to parison. 
I 
1865. | H. M. é 3 
Mar.15 10 50a.1n,/1387'30 h+1369°80 k} 43°39 |—o'17 [1076-75 h+41073'28 kh} 62°67 |—o0'13| 51 
1388'70 h4136y'00 &} 43°38 1078'50h+1069'45 | 62°69 
yoy [EL 250.1.1376'65 + 1380°33 A 43°38 |—0'17 108408 h+ 1083'g0 A] 61'90|—0'13] 52 
1380°50 h+1378'05 &} 43°39 1085'45 4+ 1084°30 h| 61°90 
» 16 |r1 goa,.m)1386°18 h+ 1389°85 kh} 42°86 |—o'17 15 185°48 h+1190°85 h} 53°89 |—o'13] 53 
1386'90 h+1388°75 hk} 42°86 £186°15 h+1189°83 kh) 53°8y 
» 9 | O Zpmjr38815 h+1389'00 k 42°87 |—o'17 119168 A+ 1194°38 Al 53°56;—O'lg| 54 
1388-43 h+1388°48 hi 42°86 1192'18 h+1193°88 kh} 53°57 
» 99 | 4 Sp.ml1387°50 h+ 1387'43 A} 42°89 |—0'16 [120808 h+ 123190) 51°35/—o'11| 555 
1388'75 h+ 1386'18 kh) 49°89 1212°88 h+1233°43 kh} 51°36 
» oo | 4 50p.m) 1388-58 hk + 1385°03 hl 42°94 /—0'16 1226'30h+1224°80k| Strog|—o'rlr| 56 
1389°98 h+1383°80 h} 42°93 1227748 A+ 122413 h} S10 
»» 17 | 0 rop.m.11384'28 h+ 1386-30 2} 42°93 |— 0°16 |1038°68 h+ 1054'60k| 64°68 |—o'18| 57 
"1138 5°83 h+1385'40 A} 42°93 1039'25 h+1051'58 A 64°70 
» 9 | © 50p.mn.|1383'40 A+ 1386'73 A} 42°96 |—0'16 [1048'45 h+ 1o5a'0o Rh} 64°44 |/—0'18| 58 
1385'23 h+1385°88 kh) 42°97 1050°88 A+ 104950 h| 64°46 

















Taking first the means of the pairs of results obtained by the two observers, then 
the difference of these means; and correcting the thermometer readings, we get the 
following :— 

No. of Difference of Length Pree i | Temperature, 


Comparison. in Micrometer Divisions, Millionths of 


Remarks, 
a Yard. Bronze. | Steel. 


31027 hh +299:03h + 485°71 43°22 62°55 Bronze cold. Steel hot. 


29381 hk +295°09 & 469°46 | 43°21 | 61°77 ” 
200°72 kh 4+ 1g8 96k 31861 42°69 53°76 ” 
196°36h +194°61k 311°67 42°70 53°43 
177O5h +1544 hk 264°46 | 42°73 | 5125 
162°3gh +159°95 k 256°96 | 42°78 | 50°99 
34609 hk + 332764 54u't5 | 42°77 | 64°51 
334654 +33656% | + 53508 | 42°80 | 64°27 








The equations of condition formed in the same manner as equations (19), namely, by 
the formula 
(t— 43°75) y — (¢ — 43°75) y +” — 77°43 = 0 
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are these— 
— 0-534 — 18-80 y + 408-28 =o (35) 
— 0°54 y — 18-02 ¥ + 398-03 = 0 
— 1-06 y — Io-o1 ¥ + 241-18 =o 
—1-05y¥y— 9-68 y' + 234-24 =0 
—l-0o2y— 7-507 + 187-03 =o 
—O-97¥— 7:24y + 179:53 =0 
— 0-98 y — 20:76 ¥ + 463-72 =0 
— 0-95 y — 20:52 ¥ + 457-65 = 0 
If here for y and y’ we substitute the final values obtained from the first series, namely, 
¥ = 32-9566 and y’ = 21-1938; the equations will be very far from satisfied, the residual 
errors being— 
7793 
— 7:68 
— 5°91 
— 5°53 
— 5°54 
Now this makes it clear that an entirely different value of y' is required in these 
comparisons. In order to obtain this value, substitute in the equations (35) y = 32°9566 
aud they become— 
— 18-80 y + 390-81 =0 
— 18-02 ¥ + 374-23 =0 
— 10-01 y + 206-24 = 0 
— 9-68 y + 199:63 =o 
— 7:50y + 153-41 =0 
— 7:24 y¥ + 147-56 =0 
— 20-76 y + 431-42 =0 
— 20-52 y' + 426-34 = 0 
whence— 
1832-7785 y/ — 38011-4188 =o 
os ¥ = 20-7398 
leaving the following errors of comparisons :— 
— 0:90 
— 0-50 
F137 
+ 1:33 
+ 2-14 
+ 2-60 
— 0-86 
= 0-76 
with the probable error of the determination of y’ about + ‘024. 
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The change of rate of expansion here brought out in the Steel bar from 21-1938 to 
20-7398 is, doubtless, owing to the circumstance that in these last comparisons the 
temperature of the bar was not sustained. No current of warm water was running through 
the tanks, and, consequently, the bar was steadily, though very slowly, cooling. At 
Ir a.M. on 15th March the temperature of the bar was about 62°, and by 5 p.m. on the 
16th it had cooled to 51°. On the morning of the 17th it was again heated to above 65° 
and allowed to cool. 

This result would lead us to expect that if the rate of expansion of a bar be deduced 
from observations made upon that bar while in a state of cooling, though only slowly, such 
deduced expansion is probably smaller than the true value. 

The total number of micrometer and thermometer readings in these expansion experi- 
ments, not including any of the observations for determination of the errors of thermometers, 
is 2720 micrometer, 2720 thermometer readings. 


XVIT. 


RE-DETERMINATION OF THE EXPANSIONS 


OF 


Ol, ann Ol2 


1. 


In a preceding section we have given the results of the experiments to which these bars 
were subjected in November 1857. The method adopted is open to objection on account 
of the inevitable state of cooling of the hot bar, tending to produce a constant error, and from 
the results of the last section it would seem probable that the expansions then obtained are 
too small. It was therefore thought desirable to obtain the expansions from the new 
apparatus. 

The experiments or comparisons of the bars, hot and cold, extend over eleven days, 
between the 3rd and 16th of November 1865, in all, 38 comparisons. In the last two, 
Ol, being cold and O}, warm, the circulation of the water was stopped, so that the bar was 
cooling slowly, at the rate of one degree in twelve minutes. 

The observations were conducted in the same manner, generally, as those described in 
the last section. ‘There were, however, two points of difference that should be noted. 

1. The boxes were covered with éo folds of blanket instead of one. 
2. The bars had each three thermometers instead of two. 

The outer thermometers were situated about 18 inches from the ends of the bars, the 
third thermometer at six inches from the centre. 

The following table contains the results of the-comparisons. Each pair of lines forms 
one comparison ; the upper line in each pair being the mean of the readings of one observer, 
Captain Clarke, R.E.; the under, that of the second (simultaneous) observer, Quartermaster 
Steel, R.E. It will be understood that each number in the columns headed “ Micrometer 
Readings” is the mean of four readings, and each number in the columns headed 
‘** Observed Temperatures,” the mean of six readings. 








Ol, 


: | 
Micrometer Readings. 
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Obs! 


Micrometer Rendings, Temp 








1251'33 h+1258:08 h 
1252°25 h4+1257°58h 
1249°53 h+ 1260°30 hi 
1250°68 h+1258°75 k 
1254°40 h4-1252°90k 
1254'05 h4+1251°33h 
1253°53 h+1254°50 4 
£252°95 h+1253'03 k 
1256°05 h+1258°48 k 
1255°80 h+1256'40 
1256°50 h+1256°28 kh 
1258°00 h+1255'23h 
1252°43 h+1261'30h 
1252708 h+1259°93 hk 
1260°40 h+1269'50 h: 
1262°85 h+1270°43 h 


1265703 h+ 1266718 h 
1264°98 h+ 1265'10hk 


76°83 h+ 777°95h 
77690 h+ 778184 
77430 h+ 784'43 h 
776°50 h+ 783'55 h 
788-68 h+ 77198 kh, 
790°03 h+ 772°68h 
73485 h+ 740°00k 
734°65 h+ 739°60k 
73590 h+ 737°78h 
736°38 h+ 737'28 hl 
735°85 h+ 737°05h 
738°33 kh+ 737°304 
738-60 h+ 731'03h 
73910 h+ 729°38h 
730°48 h+ 726°83h 
73288 h+ 726-38 
725°35 A+ 734°B8 k 
723°90h+ 732°'40k 
730°78 h+ 718°08 h 
73285 h+ 719703 kh 
73155 4+ 722°40h 
73215 h+ 720°38 





‘ 


50°43 
50°43 
50°44 
50°43 
50°45 
50-45 
50-46 
50°45 
49°77 
49°77 
49°78 
49°77 
49:77 
49°77 


48-07 | 


48-08 


48-08 | 


48-08 
83-72 
83-73 
83-54 
83-54 
83-49 
83-49 
86-58 
86-58 
86-58 
86-58 


86-55 
86-57 
86-70 
86-71 
87-21 
87-22 
87-28 
87-27 
87-58 
87.58 
87.52 


87-52 | 





—'14 








1293'43 h+ 1298-40 k 50°55 
1294°05 h+ 1297°65 ‘| 50°55 


1294°53 h+ 1297°30 hi 50-55 
1295°20 h+ 1296°38 i 50°55 
1293°83 h+ 1295°35 hi 50-58 
1294'33 h+1293°60 ; 50-59 


1295°30 h+ 1294°03 A, 50°59 
1295°73 h+1293°43 i 50-61 


1292°75 h+1299°20k, 50-01 
1294°70 h+ 1297°83 x 50°02 
1296°40 h+1296°65h 50-01 
1298'28 h+1295'53 ki 50-03 
1294°73 h+1299°98 i 50:00 


1291°78 h+ 1296'00 i 50:01 


1297'00 h+1312°50 h 48.45 
1299°15 h+1310°20 t 48-45 
1303°15 h+1307°28 hk 48-45 
1304°83 h+ 1305°55 a 48-45 
1308°83 A+1310°43 47° 69 
1308°58 h+ 130885 4 47°69 


47°80 


1307°15 h-+1309°05 h 
130800 h+ 1307°35 i 47°81 


, 47°85 
1308°30 h+ 1308-90 hi 47°85 


1307°30 h+1310°08 h 


1303'40 h+ 1312°83 i 47°79 


1302°43 hk-+1310°70 i 47°79 
1306°10 h+4 1307" 88 ki 47°85 
1306°05 h+1307°05 a 47°86 
1301°98 h+1302°65 hi 48-15 
1302°03 h+1300°65 k 48-15 
1297°80 h+1302'55 &| 48-24 
1298°43 h + 1300°93 h| 48-24 
1295°88 h+1301°08 kj 48-55 
1295°65 h+1300°08 k| 48-56 
1298°38 h+1301°15 kh} 48-62 
1297°85 h+ 1299°63 | 48-63 
1297°05 h+1296'50 k| 48-89 
1295°60 h+ 129365 h| 48-89 
1291°60 h+ 129928 A) 48-96 
1292°40 h+1297'65 h| 48-96 
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| Ol, Ol, 
Date 
Obs? 


; Temp. i 


Cor 


| Micrometer Readings. | EF Micrometer Readings. 


18635. ° | ° 

Nov. 10} 741°73 h+ 741°55 4 . 86-21 [1292750 A+ 1299°13 A 48-88 — +35 
742°48 h+ 740°63h +14 | 86-20 [129258 h+ 129685 Ai 48-89 | —-35 
73718 h+ 740°95 fl ‘ 86-42 1294°28 h + 1298'63 Al 48-90 | —-35 
736°'90 h+ 740°23 & ‘14 | 86-42 |1293°18 A + 1297°95 hj 48-90 | —-35 
737703 h+ 743°18 kh, . 86-39 |1292°35 h+1295°18 Al 49-06 | —-35 
736°95 h+ 742°08k +14 | 86-37 |1292°43 h+ 1292°33 4 49-06 | —-35 | 
74220 h+ 732°58 hy — +14 | 86-48 129505 h+ 1291°20 Aj 49-12 95 j 
742°05 h+ 732°03 hi net 86-48 ]1293'95 h+1289'00 A) 49-12 | —-35 | 

1255'45 4+1260'48 A —+35147-28} 796°70k+ 79628 hi Byer 4 +18 

1256750 h+ 1259°83 k —+3547:29 | 796-58 A+ 795715 h 84-74 

1258°45 h+1261°35 k | —°35) 47171 791-70 A+ 797°45 k 84-88 

1258°25 h+1260'93 & —-35 | 47-18 | 793°63 A+ 797°98 hi 84-89 

1259°25 h+1259°13 k +35 | 47:24 | 764'°95 h+ 777798 A, 86-46 

1253'08 h+ 1252'43 h — +351 47-24] 76400 h+ 775795 k 86-47 

1260°23 h+ 1261'55 k —+35 | 47-311 77425 A+ 774°25 k 86.62 

1260°75 h+1261°55 k —'35 | 47-32] 772°83 h+ 773°65 hk 86.62 

1256°43 h+1258-70k i —+35| 47-64] 802°35 h+ 80438 hl 84.62 
1256°25 h+1258-20k | —-35) 47:64] 802°05 h+ 802°63 hi 84.63 

1255°05 h+ 1259'23 & — +351 47:71 | 803'25 kh+ 803°:00k 84.61 

1257°93 h+1257°60 ki —-351 47-71 | 803°65 h+ S801'80h| 84-62 

5 125118 A+ 1253°85 k —+35 | 48-38] 772'25 h+ 780°35 | 86-91 

1252°05 h-+1253°48 k —+35 | 48-39 | 71°85 A+ 779715 A} 86-93 

1249°63 h+1254°70 hk —+35 | 48-44] 77340 h+ 782°38 hi 86-76 

1249°18 h+ 1254°35 k —+35| 48-44) 77298 h+ 781°55 &| 86.77 

1246°78 h+1250°45 k —+35 | 48-79 | 772°13 h4 800°03 Aj 86-28 

1246°25 h+1249°18 k —-35 | 48-80] 77225 hk+ 799-25 | 86.29 

1244°03 h+1251'08 kh —+35| 48-87] 78575 h+ 789'45 | 86-22 

1245°53 h+1252°28 hk — +35 | 48-88] 78515 h+ 78745 hl 86.22 

1251°20 h+1255°35 k — +35} 48-12] 77715 A+ 770°98 Ay 86-85 

1252°38 h+1255°58k —-35| 48-12] 777715 2+ 76865 hi 86-85 

1252°90 h+1253'80k —-35| 48-24] 77425 A+ 781°53 hi 86.72 

1253°55 h+1253°00 —+35 | 48-25] 77488 A+ 779'40 h 86-74 

1249°30 h+1245'95 &, — +35) 48:72] 972710 A+ 987-70) 72-14 

1249°38 + 12.45°83 A —+35 | 48-73 | 970°95 4+ 985'00 hl 72-14 

1248°50 h+1246'48 k —+35 | 48-79 |1009°70 A+-1015°05 hi 69-69 

1247°60 h+ 124650 k —+35 | 48-81 Jro11'65 h+1017°10 Al 69-70 























Taking now the mean of the results of the two observers, that is, of each pair of lines, we 
get the quantities as arranged in the next Table. 





























in Bisrometer Divigons, | Oh — o, t— 50° | t. — 50° | 1 — t [asso (4) k 

I 4rg5h + 40°20 k] + 65:49 | + 10g} + or2:1 | — O12 — 2°58 | + 1°93 

2 44°76h + 37°31k | + 65:42] + O10] + O21 | — O11 — 237 , 42°21 

3 3986h + 4a35k) + 65°54] + orr |] + 0725] — O14] — 3ZrOr +145 
4 427728h + 39°96k | + 65:56} + 012] + 026] — org] — B'01 +143 
5 37°B0h + 41°08k | + 62°89} — 058 | — O30] — 0°28 — 6°02 + 1:09 
6 4oogh + 40°33k} + 641 | — 0757 | — O70] — 0°27 — 5°81 +0'08 
7 41:00 h + 37°37 4} + 62°47 | — 0758 | — 0131 | — 027 | — 5°81 | 41°72 
8 3045h + 41'38h |} + 62°05 | — 2°26 192 | — 0°34] — 7°31 + 0°64 
9 38°98 h + 40°78 A} + 63°59 | — 2°26] — 1°92} — 0794] — 97°31 —0'90 
10 | 53184 h + 53157 & | +847°774 | +33°55 | — 2°66 | +3621 | 477852 | +0°78 
11 | 53218 h + 52421 kh: 4842712 | +33°36 | — 2°54 | +3590 +9771°85 —0'27 
12 | 51844h + 53716h | +841'54| +3331 | — 2°50 | +35°81 | +769'92 —162 
13 | 56817 hk + 571°97k | +9089! | +3644 | — 2°56 | +3900; +838'50 —o'7“4! 
14 | 569°93 4 + 569°93k | +90868 | +3644] — 2°49 | +38'93 + 83700 —1'68 
15 | 56440 A + 564°47 4 | +899°92 | +3642] — 2°20) +38°62 | +830°33 | +041 
16 | 559°27 hk + 571°53k | +900'47 | +3657 | — aur | + 38°68 + 831°62 +0°15 
17 | 56409 h + 573°97 k | +907°26 | +37°08 | ~ 1°79 | +3887 | +835°71 | ~—1°55 
1B | 573'49k + 566°75h! + 90897 | +3714 | — 1°72 | +3886 | +835'49 | —3'48 
19 | 564°52h + 57653 | +9094! +3744 | — 1°46 | +3890 | +836:35 | —3°29 
20 | 56015 h + 57708 k | +9061 | +37°38 | — 1°39 | +3877 | +833'56 | —3°05 
QI | 550'43h + 55690h | 488275) +3621 | — 1746 | +37°67 | +809'91 — 2°84 
22 | 5560°6Gh + 557°70hk | +888°37 | +3642 | — 1°45 | +3737) 4+814'21 —4'16 
23 | 555°35% + 55t1Z hk | +882°06 | 43638 | — 1°2 + 37°67 + 809'91 —2'15 
24 | 552°374 + 557°794% | +885:01 | +3648 | — 1:23 | +37°71) +810°77 | —4°24 
25 | 459°34h + 46444 h | —736'43 | — 271 | +34°56 | —37°27 | —80r'31 | +5'12 
26 | 465°68h + 463'42k | —740°67 | — 2°82 | +34'71 | —37°53 , —80690 +3°77 
27 | 491'69h + 47881 hk | —77365 | — 2°76} +3633 | —39'°09 | —840'44 + 3°21 
a8 | 486'95h + 487'60h | —776-89 | — 2°68 | +3648 | —39°16 | —841'94 +4°95 
29 | 45414h + 454°94h | —724-71 | — 2°36 | +34'47 | —36°83 | —791'85 | +2°86 
30 | 453°04k + 45602 k | —724'69 | — 2°29 | +34'46 | —36°75 | —79013 —  +4'56 
31 | 479°57h + 473°92k | —760'10 | — 1°61 | +36°78 | —38'39 | —825°39 | +4°71 
32 | 476'22h + 472°56k | —756'34 | — 1°56) +3663 | —38:19 | —Bar‘og + 5°25 
33 47433 h + 45018hk | —736'97 | — 1°20 | +3615 | —37°35 —803°03 + 3°94 
34 | 459334 + 463°23k | —73546 | — 112 | +36:08 | —37°20| —799°80 ; +5°66 
35 | 474°04h + 485°65% | —765°54 | — 1°88 | +3671 | —38'59 | —829°%69 , +5°85 
36 | 47866 h + 472°93k | —758'59 ) — 1°75 | +3659 | —38°34 —8a24'31 | +4128 
37. | 27781 h + 259°54k | —428°34 ] — 1°27 | +21°96| —23°23] —499°45 Spaeth 
38 | 237°37 hk + 230°41k | —372°90 | — 120] 419752] —20°72 | —445°48 | — 2°58 

2. 
Let the lengths of the bars Ol, and Ol}, be expressed thus 
Ol, = a, + (4, — 50) (21-5 +”) (1) 
Ol, = a, + (4 — 50) (21'5 + 4%) 
where 


21-5 + y, = expansion of O14, for 1° Fahrenheit (2) 
21-5 + = ” Ol, ” ” 
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Also let 
7o+z>=a,— 4, (3) 
which is the difference of length of the bara (Ol, — Ol,) when both are at the temperature 
50° F. So that when the one bar has the temperature ¢, and the other the temperature ¢,, 
the difference of length n is 
m=7otz+(4—4)2r54+ (4 — 5°)" — (4 — 50) % 
“24+ (4 — 50)" — (4 — 50) 4, + 70+ 21-5(4—4)-—n=0 
Now let 


i530 = Ji (4) 
&£—-50=f, 
7o+2i-5(4-4)—n=k 
then 
z+hAn-hnrtk=o (5) 


and each comparison will supply an equation of this form. 
We shall now write down the different equations, the quantities f A,‘ being given in 
the last table. 


271 — 34°56 4%, + 5:12 =0 
— 34-714: +3:°77 =0 
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Z+ O-09H%— O21¥,+ 1-93 =O (6) 
Z+ 0 104¥,—- O-21y,4+2-21=0 
zt oly — O:254%. + 1°45 =0 
Z+ 0:'124%— 0-26y% + 1:43 =O 
z— 0:58y%,+ 0-304, + 1-09 =0 
Z— 057% + 0304, 0:08 =o 
z— 0 58y%+ O-31%+1-72 =0 
z— 2:26y,+ 1-92y,+0-64=0 
zZ— 2:26y,+ 1-924, —0-90=0 
Z+ 33-55"n+ 2:664y%+0-78=0 
z+ 33:36%+ 2:°54¥,—0-27 =0 
2+ 33-314, + 2-504, ~ 1-62 =0 
2+ 36-44y%+ 2:564%—0-41 =0 
z+ 36-44y%,+ 2:49y,— 1:68 =o 
z+ 36-424, + 2-204, +0-41=0 
2+ 36-57% + 211yY% +015 =O 
2+ 37-08% + 1:79%— 1-55 =0 
24 37-14H+ 1-724 — 3°48 = 
2+ 37-44% + 1:46y. — 3-29 =0 
2+ 37°38%+ 1-394, — 3:05 =0 
2+ 36-214%,+ 1-46y%,—2-84=0 
a+ 36-42%+4+ 1-454 — 4:16 =0 
2+ 36-38%, 4 1-29y,— 2-15 =0 
a+ 36-48 y+ 1:23 4% — 4:24 =0 
Zz 


! 

Nn 
oo 
Nn 
& 
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2°76 y, — 36°33 % + 3.21 =O 
2-684, — 36-48 y + 4:95 = 0 
22-36% — 34:47 ys + 2-86 =0 
2-294, — 34°46 y% + 4:56 =0 
1-61 y — 36-78 4% + 4-71 = 0 
— 156% — 36-63 y+ 5:25 =0 
1-20 ¥, — 36-15 y% + 3:94 =0 
I-12 Y, — 36:08 y, + 5:66 = 0 
1-88 y — 36-71 y, + 5:85 =o 
1°75.% — 36-59%: + 4:28 =0 
1:27 4%, — 21:96 y, — 1-11 =O 
1+20 4%, — 19°52 HY — 2:58 = 0 


® R R®BRRRRARANARARAY 


The last two of these equations we shall omit in the determination of y, y, for the 
reason that the bar was not maintained at a constant temperature; we therefore reserve 
them for subsequent and special examination. 

We shall see that in these comparisons the apparent or residual errors are not materially 
greater, when one of the bars is hot and the other cold, than in the case of both bars being 
cold. We therefore proceed to treat the above equations after the method of least 
squares, 

The equations (5) multiplied in the ordinary manner give 

32+( fh n—-(h)wt (kh =o (7) 
(AVz+ (A )A- AA) + (AA) =O 
—(A)z-GA A+ (#)Aw- (Ak) =0 


The necessary multiplications and additions give 


(A) = 510-05 (8) 
(fi) = 397-28 
(kK) = | 36-41 


(f°) = 19579-26 

(A) = — 1906-645 

(f2) = 15482-40 

(4K *) = —1113-20 

(Ak) = 1988-13 

These substituted in equations (7) give 

36-002 + 510-0504, — 397-280 ¥2 + 36-41 
510-05 2 + 19579-:260 y% + 1906-645 Ys. — 1113-20 
— 397:28z + 1906-645 % + 15482-400 y, — 1988-13 = 0 


(9) 


| 
fe} 


° 


If we put A, B, C, for the absolute terms, and express 2 y, y, in terms of these, there 
results 
2 + -1035871 A — -00299324 B + -00302667 C=o | (10) 
¥y, — -0029932 A + -+00013819 B — -00009382 C =o 
Ys + -0030267 A — -00009382 B 4 -00015381 C 


I it 
° 
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from which if we restore their numerical values to A, B, C, we get 


z = — 1-086 : Recip. of weight = - 1035871 (11) 
y, = + 0-0763: si ‘i = -0001382 
Y= + O-Ogll: ” ” = -00015 38 


These values of zy, y, substituted in the equations of condition give the following 
system of errors attached to the 36 comparisons :— 


Both Bars cold, Ol, hot. 


Date. 7 Date. s Date. 





November 3 . November 7 2 November 13 
” 

yD: 

8; 

3” ; 

3” 

” i 

a 

3 

”»> 








The sum of the squares of these 36 errors is 55-56; hence the probable error of a 
single comparison is 


+° 674\/ 3558 sf = + 0875 (12) 
and the probable errors of the deceit 2. YIYe 
D5 asc0350e + 0:875 VW -0001382 = + O-olos ; (13) 
Hie w ise + 0-875 7 -0001538 = + o'0109 


We have then finally the expansions of the two bars— 


Expansion of OV, for 1° Fahr. = 21°5763 + 00103 (14) 
Expansion of O}, for 1° Fahr. = 21'5911 + 00109 


Or, if we put them in the shape of co-efficients of expansion 
Co-efficient of Expansion of O}, = ‘0000064729 + °0000000031 (15) 
Co-efficient of Expansion of OL, = ‘0000064773 + ‘0000000083 


FF 2 
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3. 


The rates of expansion at which we have just arrived are—in accordance with the 
remark on page 220, each larger than those obtained at page’79. In the case of Ol, the 
difference is not very material, but in Ol, it is of some importance. It should be remarked 
that the bars are in all respects similar one to the other; there is no difference cither in 
form, dimensions, material, or time and place of construction; so that there is every reason 
to assume ¢@ priori that the expansions should be equal. 

Returning now to the last two of the equations of condition (6) if i1 them we substi- 
tute the values we have optained for z y, y,, the residual errors are 


— 4: 30 
; — 5°54 
which shows that some other value of y, would result from those. comparisons taken by 
themselves. Adding the equations together we have 


22—2-474, — 41-48, — 3-69 =0 


substituting = — 1-086: y, = + 0-:0763, this becomes 
— 41-48 y, — 6-05 =0 
i ,L=- 0-146 


giving for the expansion of Ol, 21-500 — 0-146 = 21-354 a result considerably in 
error, and in the anticipated direction. 

On the evening of the 15th November, the rollers ou which the bar Ol, was supported 
were jammed so as to prevent their revolution. The object of this was to ascertain 
whether the friction so produced would on the heating of the bar the following morning 
diminish the expansion, as the bar under these circumstances would expand by sliding over 
the fixed rollers. The errors exhibited in the two first comparisons on the 16th show that 
this produced no effect whatever. 


4. 


An examination of the simultaneous micrometer readings of the two observers as 
recorded in the expansion experiments in this and the preceding section brings to light a 
certain amount of personal error. In each comparison the mean readings of each bar are 
given in the form 

th+ak 
bh+vk 
where a, a, 6, U’, are each the mean of four micrometer readings; the first two appertaining 
to the observer A, the second two to the observer B. It will be remembered that a h and 
b’ k ave simultaneous readings, as also are bh and ak. If z be the distance of the zeros 
of the microscopes, and wu the length of the bar, then, but for errors of observation, 
utakh+Uk—z=0 
utbh+ak—z=0 


229 


If the bar remained absolutely undisturbed between the two pairs of ubservations 
these equations represent, that is to say, while the observers change places, then would 
also 

utah+tak—z=o0 
u+tbh+Uk—-z=0 


hold good. But these do not always, as the bar was sometimes readjusted in focus o1 
otherwise, besides being possibly shaken in the readings of the thermometers which touk 
place in the interval. In the ordinary comparisons where there is only one observer, the 
thermometers are not read, nor the box containing the bars touched in any way, between 
the reading of the micrometers. 

Now Fet the personal error of the observer A in reading the line under the micrometer 
H be e,; and the personal error in reading the line under K, ea, while e,, eg represent the 
corresponding personal errors of B. Then we have 


& + ea —& —Uep=(b—a)h+(a —V)K=E 


We now abstract this quantity E for each comparison, and place them in the following 
Tables :— 


Bronze Bar. Ist Series. 











Date. E. Date. | E. Date. | E. | Date. | E. 
Pi 

1865. 1865. 1865. 1865. | 
Feb. 17 | +1:27 | Feb. 25] 41°62 | March 4 +2757 | March 9 43°01 
” 18 1°31 ” ” 2°53 ” 6 392 ” ” | 3°33 
” ” 2°71 a 27 461 2) ” 2°45 oe) ” | 2°77 
7 201 1.59 35 ol 185 ” 3 3°03 ” 10: 2°03 
” ” 2°13 ” 28 |; 3°19 ” | 164 ” a3 | 2°93 
a 21 113 - Ff 2°04 ” % 2°07 ” st 2°27 
” » | 1°75 ” » | 11g ” 7 4°13 ” ll 2°82 
x . 2°93 | March 3, 1°77 ” 3°50 9 n! 23 
- 22 1°08 ss » 3°08 rr) »! 4°37 ” ” 2°79 
- 24 2°13 ” | 3°50 ” ” 3°93 ” ” 1°79 
» » 2°96 % | 3°t2 ” 8 2°41 ” x | F155 
” 25 1°45 os 2°43 yon 321 
” » | +1123 » oan | 2°65 » 9» +391 








Bronze Bar. 2nd Series. 








April 29; +1'78 | May 3 








+2°34 | May 5 $239 | May 9 | +26 

» n o"77 ” ” 1°59 ’ wi 298 ” wi 173 

he can 1°87 0s ” 98 | y, Gi 203 | os wi 194 

si iy 1°08 » 41 2:07 ” » | 2°97 ’ wi 3°39 

May 4 211 * 5 242 ” | 142 as 10) 2°94 

ir » | 1°98 ” 5 | 2°53 ” {| 2°57 9 yy} tor 
” 3) +2735 ” v1 $295 ” 3} +3°55 


| 1 
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STEEL Bar. 1st Series. 











Date. rE. Date. | E. | Date. | KE. Date. | E. 

1865, 1865. 1865, 1865. 
Feb. 17) +016 | Feb. 25 42:42 | March 4] +2°57 | March 9 | +3:43 
5 18 0°60 és 7 1°87 33 6 3°66 * 9 1°83 
” » 1°39 ” 27 ' 1°70 ”» ” 2°39 ” ”» 2°22 
i 20 3°35 Sh a > 3267 ” 33 +01 » 10] 3°92 
” » 2°89 ” 28 167 ” ” 2°73 ” ” 3°03 
” 21 2.26 ” ” O74 3 » 1°75 » 3 2°78 
ie a 0°85 a ‘ 1°47 ey 7 2°63 ss 11 2°91 
‘i . 2°81 March 3 1°74 si 5 1°28 a5 $9 0°83 
3 22 3°15 ii ie 2°59 33 9 2°64 ” oo | 1°67 
» 24 2°09 » 4 074 2s 2°81 » oy, 238 
” ” 1°12 7 ” 1°82 8 2°22 ” » | +1°37 
i 25 2°09 » » 1°80 7 % 3°88 
‘i » | +og2 3 » #265 ” » | +2°93 ! 








STEEL Bar. 2nd Series. 
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From these tables it appears that the value of E is positive in every instance in the 
case of the Indian Bars. In the case of either of the Iron Bars there are three negative 
values against 35 positive values. In the second series of experiments on either of the 
Indian Bars the values are rather smaller than in the first series. The mean results are— 


Bronze ....... vives Ca — Cy + & — Cp = 2:34 
Steel ...... wean + G—& +e — ep = 2-10 
Ol....... cane ees Cam Cy H ly — C8 = 0°95 
OM eacaes tee e ee Co—& Fe, — Cp = 1-28 


Here two facts present themselves at once,—(1) the amount of personal error exhibited 
in the case of the Indian Bars is twice as great as in the others; (2) the error is the same 
in sign for all four bars. These might be accounted for on the hypothesis that the 
‘‘ bisection” of the observer A was always to the right of the bisection by the observer B— 
while the actual amount of difference varies with different lines. If we further suppose 
that each of the two lines on a bar produce the same amount of personal error, then since 
the micrometers measure in opposite directions, ec = — ey és = — ¢,, and in the case of 


the four bars we have the results— 
&y — ey = 117 &, — &, = 0-48 
€, — Cy = 1-05 eC, — % = 0-64 
If we further suppose the two observers to have equal personal errors in opposite direc- 
tions, then in the four different bars— 
é, = —¢, = —0-58 tS a eH 24 
@, = — & = — 0-52 é, = —¢,= — 0-32 
And indeed if we examine the observations as recorded, it will be seen that in almost 
every instance the H readings of the first observer are less, and his K readings greuter, than 


those of the second observer. Where this does not hold it is legitimate to suppose that the 
bar has been shaken or adjusted between the two observations. 


. In order to examine further into the matter, some special observations were made 
on Ol, and Ol, with the microscopes interchanged. ‘Ihe. readings were made in the 
same manner as in the expansion experiments. Each number in the following tables is the 
mean of four readings, and the six lines in cach group correspond to one visit to the bars. 





Date. Cuptain Clarke, R.E. 
1865. 
Nov. 28: 4:054+6-22h 






» | 3:822k +6-60h 
ys 372k +6-50 h 
» . 300k 4+7-10h 


wi! 275k 47-75h 
» 245k 4+7-65h | 


$-45k+1-60h 
» | 662k +1-68h 
» . 608k +1-35h 
»  5°52k+1-80h 
” S7OA+1-72h 
” 565k +1-88h 


1 9:32h4+8-18% 
»  G4Oh+7-g2k 
9:22h +7-88h 
8-82h +8-02k 
» | gooh +8-32k 
” 8.62h +8-28h 


202k +4:32h 
205h+4-55k 
» | 202h +4-80k 
” 205h+5-62k 
2-08h +5-50k 
1-78h +5-754 


30 | 6-08h + g18h 
% 562k +10-02k 
” 568A + 9:30k 
% 510k + 9-75k 
» | 5554+ 9-754 
» 502k + g-52k 
1 440h+ 5-60k 
| 4:40h + 5-85h 
» | 428h+ 5-92h 
9 3:-48h + 6-10k 
» | B75a+ 625k 
3 3:60h + 6-10k 
» | O7BA-+ 6-80h 
| O75R+ 6-52h 
% 050k + 6-68h 
of 0:98k + 6-yoh 
» | O7BA+ 6-58h 
PP 068A + 6-60h 
21 7-58k + 8 12h 
» | 7°55 + B8-00hk 
” 783k + 8.20h 
9 755k + 8-12h 
” 752k + 8-30h 
” 8-104 + 8-42h 





1 


| 
| 


1 


I 
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Ol, 


Quartermaster Steel. 


412k +5-40h | 
417k 46-27h | 
290k +6-42h | 
245k +7-15h 
292k 4+7-65h 
1-62h +7-55h 


615k +1-22h 
6-374 +1-00h 
577k +1-4oh 
S5k+1-48h 
502k +1-78h 
555k +1-40h 


{ 

| 

| 

i 

| 

8-85h +8-00k | 

8-77h 4+8-05k | 

852k +7-57h | 
8-05h +7-72k 
8-soh +7-974 
8-25h4+8-17k 

| 


2-75h+3-07h 
1:62h+3-50h 
177k +3-95h 
1-30h +4-72h 
1-554 +4-40k 
147h +4-42h | 


Ol, 


6-804 +7-70k 
6-02h +7-Bok 
5:90h +8-30hk 
5:85h +8-40hk 
602k +8-37k 
530k +8-50k 


3:70h +4-85k 
3:67h +5-00k 
4:72h +4-87h 
375k 4+5-27h 
4:07h +5-60k 
330k +5-07k 


1-80k +5-00h 
1524+ 5:25h 
060k +5-17h 
0-324 +4-82h 
042k +4-87h 
og5k+5:05h 


7-78hk +6-45h 
B-25k+7-07h 
7-Bok +6-75h 
8-624 4+6-57h 
6-75h +6-78h 
7-72h46-67h 


E. 


+0-71 


+ 0°54 | 


—0-59 
—o-48 








+175 
+ 2:09 


+0-97 | 


+1-67 
+1-47 
+ 1-04 


+ 0-04 


+0-10 | 


+1-19 
+0-87 
+0-77 
+0-58 


+ 2-25 
+ 1:62 


+1-28 | 


+113 
+1-08 
+145 


+ 1-49 
+ 1-30 
+113 
+ 2:09 
+0-60 
+ 1:09 





i Remarks, 





; 7 : 
K left, H right. 









| H left, K right. 
















K left, H right. 
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In the first of these tables, column headed E, there are as many positive as negative 
signs, and the average of the values of Eis + 0-07. The result is not materially different 
whether H be to the left and K to the right, or vice versd. This value is sensibly different 
from that obtained from the expansion experiments. 

In the second Table containing the readings of Ol, it appears that E is in every case 

ositive. ‘The mean of the first 12 valucs, when H is on the left and K on the right, 
is + 1-05; and of the second 12, when H is on the right and K on the left, the 
mean is + 1-38. In these experiments the bar may safely be assumed to have remained 
absolutely unmoved during the readings of each visit (or group of six lines), so that we 
can get the difference of readings of the two observers for each line; taking the means in 
12 lines each, we get— 








Captain Clarke, Quartermaster Steel. Position of Micrometer. 
475 hb + 7-78h 4:93 + 664k H on the left, K right. 
422k + pagh 4384 + 5:87 h K on the left, H right. 





Where each number is the mean of 48 readings. Here the difference of the personal 
equations of the two observers is— 





Left Line, Right Line. Position of Micrometer. 
+ o18h — 114k H on the'left, K right, 
+ 0-16 h — 157h K on the left, H right. 





Thus it appears that the discrepancy arises almost entirely from the manner of 
bisecting one—the right—line. The mean value of E from all these observations on Ol, 
= + 1-21 which agrees with the value derived from the expansion experiments. 

But in the case of Ol, we have found a different value. This leads us to conclude that 
a line may be read or bisected: differently at one time from another. That is to say, the 
line may have a different appearance to one or both observers at different times. This may 
be the case actually, owing to very minute particles of dust hanging about the edges of' the 
line, which are not easily dislodged. It is impossible to protect at all times the polished 
surfaces from dust, nor ought they to be cleaned oftener than is absolutely necessary. 

The lines on the Indian Bars, which bring out the greatest amount of personal error, 
are fine and some of them rather faint; the lines on O41, Ol, are dark and strong, but they 
have straight parallel edges. The parallelism of their edges is certainly of more importance 
that the fineness of the lines. In the platinum metre, for instance, the lines are excessively 
fine, but they have no sharp parallel edges, and consequently are most unfavourable for 
observation. 
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XVIII. 


DETERMINATION OF THE LENGTH OF 
THE INDIAN STANDARD 


I, 


‘The Indian Standard Bar |, has seven points on its upper surface distributed as shown 
in the diagram of Ol,, page 81. They are marked with the distinctive letters anc per H, 
thus 


es . a - 5 ~ om 


The comparisons made were the following :— 


{a-B] with Y,,  : (a-3] with [p-z] +:  [p-p] with [p-F] 


[B-E] 55 Yss . (p-e]  ,, [e-F] [p-r] ,, [c-E] 
[c-F] 45 Vos {c-F] ,, [FH] [p-c] ,, [e-v] 
(r-H] ,,) Ys [p-p] ,, [cE] [p-E] ,, [e-F] 


The observations are recorded in the usual form in the following Tables :— 


CoMmPARISONS OF THE DIFFERENT SPACES ON THE STEEL Bar WITH ONE ANOTHER, AND WITH 
THE STANDARD YarD Y,;. 





[a-3] [z-E] "Micrometer Divisions, |(4-B]~[B-B] 








| 
May 25: 16-93h + 27-58h | 44-28h + 44-63h | 27-35h 
» yj) 222BA + 21-57k | 43-23h + 43-63h | 20:95k 
‘6 ss 18-43h + 25:30k | 39-78h + 47-25k 21:35h 
= » | 19°63h + 22-gth , 29-:10h + 57-25h 9-47 h 
» 9 | 23°65 + 18-33K | 45-00h + 40-28k | 21-35h 
3 % 21-68h + 1G-73k | 42-03h + 42-98h 20:35 h 
35 5 23:65h + 16-23h 45:22h + 37-07h 21-57h 
‘s $5 24:00h + 15-87k | 37-52h + 46-22h 13°52h 
| 
| 
\ 


17:05 35°38 
22:06 k 34-29 
args hk 34°52 
34°344 |. 34-96 
arg5k | 34-52 
23-25 h 34-76 
20-84 h 33°81 
30-35% 35°00 
49:57h + 41-55h | 27-94h + 14-95k 34-17 
54002 + 37-80k | 29-:12h + 13-77k 34-17 


t+t+te¢t+ 





mn 26| 21-63h + 26-60h 
” » | 24:88 + 24:03 4 | 
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Difference of Length io 
Micrometer Divisions, 


[c-F] 


[er fo) 


[»-e] 





35°18h + 22-70k |— 
24:50h + 24:90k |— 
29-20h 4+ 21-68R |+ 
24 18h + 26-48A 1+ 
28-07 h + 21-67k |— 
2a-9gh + 25-95% j-+ 
23:20h + 23-28% [4+ 
26-18h + 20-32 14 
22-95 4+ 21-534 |— 
20:32h + 24-73hk + 
29-:90h + 14.824 j— 
23-76h + 21-864 (+ 
28-83h + 24-72hk [+ 
27-10h + 26-20k |+ 
26-45h + 26-38h ly 
23-85h + 27-23k |+ 
23-87h + 25-89k 

23-82h + 24-45h 

25-25h + 20:30k 

24:63h + 22-18h | 


71384 
6:68 
435% 
2-0gk 
7-18 
275k 
0-49 A 
4:25h 
442k 
2-84h 
594k 
3-70k 
2-60k 
0-654 
1-534 
Bek 
+ 1:66h 
+ 2 0-g5h 
+ 

+ 


32+43h + 30-082 | 
23:10h + 31-58h | 
29-42h + 26-034 | 
26-55h + 28-57k | 
25-84h + 28-85h 
25-85h + 28-70k 
28-08 h + 23-77k 
26-73h + 24-57 k 
20:73h + 25-95% 
20-47h + 27-57h 
29-72h + 20-76k 
a5-21h + 25-56k 
29:07h + 27-32k 
29:88h + 26-854 
28-goh + 27-91hk 
24:63 h + 29:10k 
24-93 + 27-55 h 
26-78h + 25-40hk 
°26-98h + 23-234 : 
27-70h + 23-03h | 


275k + 
1-40h + 
0-224 + 
2-37h + 
223h + 
292k + 
4882 + 


Ab~Yy 


PRG EDAD D ROARS EAY 
HE Aub HAGA KE 
RO’ AWDYWR ANH DO 


293k 
o-85k 























Date [cr] [rH] Mae ine eH Le- 
1865. 
May 26) 60-83h + 59:-33hk | 2g:23h + 18-63hk | 31-60h + 40-70k! 57-65 
» 9 | 62-78h + 5B-10k | 24:52h + 24-40hk| 38-262 + 33-704| 57-36 
% | Go-sgsh + 59-18h | 24:42h + 24-47h | 36-13h + 34-71k 56°47 
” | 60-87h + 60:13hk | 23:63h + 23-85h | 37-24h + 36-284 | 58-61 
9 27) 59:27h + 62-98h | 24-804 + 25-51k | 34-47h + 37-47h 57°35 
” n | 58:60hk + 63-47k | 24:48h 4+ 25-12k |) 34:12h + 38-354 57°78 
” » | 62-01h + 58-15k | 23-51h + 24:90k | 38-50hk + 33-25% 57°19 
” oo | 58-r1hk + 61-18k | 25-43h + 23-45% | 32-68h + 37-73k° = 56-14 
a9 » | 62-434 + 55-934 | 28-15h +.19-95h4 | 34:28h + 35-98h | 56-01 
” | 66-25h + 52-05h | 28-48h + 19-124 | 37-77h + 32-934 | 56°39 
Date, [B-p] {c-E] "Micrometer Diveions, |(C“E)[B-D] 





20-77h + 21-81k 
24:88 + 15:46k 
15-44h + 25-734 
a1-88h + 17-884 
25:60hk + 15-64h 


56-63h + 59°52k 
55°95 + O1-1tk 
64-03h + 55:10k 
57:97 + 60-10k 
54:10K + 62-83% 


97-40h 
80-83h 
79°47 h 
79:85h 


79-70h 





79:62h + 82-08h 
78-70h + 86.25h 
Bo-7oh + 82-374 
84-30hk + 78-52 hk 
77-03 + 83-g2k 





67:-32h + 53-68h 
63:-37h + 61-20k 
64-32h + 58-12k 
6r-15h + 61-38h 
62-23h + 59-35% 


12:30h + 29-30k 
15°33 + 25:05k 
16-38h 4+ a4-25hk 
23:15h + 17-14hk 
14-80h + 24-57% 





@Ga?2 















Date, 





48-78h + 41-38h 
46-65h + 42-97k 
45°53h + 43-48h 
49:27h + 40-614 
45:70h + 42-05% 
40-55h + 46-57 h 
43:°82h + 45-804 
45°53% + 44-58h 
47°42h + 42-20k 
46-78h + 42-52k 


[D-F] 
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[p-¥] 


Micrometer Divisions, 


Difference of Length in [D ‘ F] _— [s : D] 





22-60h + 26-67 
28-27h + 21:60k 
17-30h + 31-03k 
21-27h + 27-35k 
22:40h + 25-30k 
23-15h + 24-88h 
25°30h + 23-85k 
28-98h 4+ 20-47k 
a1-Boh + 27-28h 
2523h + 2g-17k 





[c-E] 


26-18h + 14-71k 
18-38h + 21-37h 
28-23h + 12-45k 
28-00h + 13:26k 
23°30h + 16-75k 
17-40h + 21-69h 
18-52h + 21-95h 
16-554 + 24-11k 
25°62h + 14-92k 
21-4gh + 18-35k 





Difference of Length in 
Micrometer Divisions, 





62:68h + 55-58h 
61-27h + 57-08h 
63-78 + 55-05h 


[3-c] 


47°78 h + 44-75 h 
45°71h + 47:20k 
45'15h + 44-28% 
44:28h + 45-884 
42-62h + 49-952 
43:30h + 49:32 
43:98h + 48-254 
45°53 + 46-22k 
40-55 + 44-57h 
46-52h + 44-654 


64:10h + 51-95h 
Gosh + 57°13k 
58-85 + 59:22h 
Gogh + 57:-73k 
60-85h + 56-13k 
72:35h + 48-80k 
65:47h + 58-00k 
65°57 hk + 55-55% 
71-48h + 52-07k 
59°78h + 61-47hk 


[op] 


45:08h + 41-92k 
45:08h + 41-38h 
41-43h + 44-41h 
43:10h + 43-65h 
39-:05h + 47:78 hk 
41-13h + 47-06k 
45:53 + 4152h 
43°72 + 42-78h 
47°72h + 38-12k 
46-28h + 39-50h 


3:63h 
0-05% 
417k 
105k 
rik 
4°37 
2-674 
6-03k 
2:26 ke 
171k 


—1:42h 
1-12h 
4:93h 

—o-70h 
1-72h 

—3-43h 

—1-47h 

—3-44h 

—1-50h 

—o-yoh 


t+tttt1 teh rt 


Difference of Length in 
Micrometer Divisions. 


270h + 283k 
0-63h + 582k 
3:°72h — o13k 
1-18h + 2-23h 
3:57h + 217k 
217k + 2-26k 
—1-55h + 6:73k 
1-81h + 3:44h 
17h + 6-45 
o-24h + 515k 





32°58 
31-69 
32-41 
32:87 
31-92 
31-17 
32°27 
32°43 
32°30 
31-76 





~ [v-¢] 


4-41 
5°15 
2-86 
2:72 
4°57 
3°53 
414 
419 
4:22 
4:30 
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[v-E] [e-¥] in Bierometer Divinena,|LD“E] — [E-F] 
t 

. | | | 

30 | 26-88h + 21-67h | 4q47h + 43-634 | 17-59h + 21-968 | 31-54 
os 5 2q-25h + 21-854 | 45-07h + 41-63h | n9.B2hk + 19:78h j 32-36 
| 23334 + 24-554 37-93% + 50-42k | 14-60h + 25-87: | 32:28 
oe. G 2122h + 26-72k 44-77 + 42-B2h | 23-55h 4+ 16-104 31-69 
i. 3S 21-75h + 26-B0k 43-514 + 43-42% | 21-76h + 16-624 | 30-59 
» on | 24-65h + 23-40k | 4ogoh + 45-23k | 15-754 + 21-B3h | 29-97 
» » | 2442h + 23-95k | 35-43h + 50-53k | 101k + 26.58k | 29°99 
x 99 | 23-72 + 26-00% 1 43-48h + 43-732 19-76h + 17-73h 29-88 
» 9» | 25°83h + 22-50h | 43-45h + 41-Bok 17-62h + 19-30k | 29-43 
» 99 | -25°93K + 22-30h | g8-68h + 47-07k 1275h + 24-77k 29-9" 









[a-b] Va in Micrometer INvitooy ta3]-V. 
1865. ' 

June 22] 62-48 82-52h + 81-65k | 97-63h + :102-77Kk| r5-t1hk + 21-12k 28-8y 
5 » | 62:60 73:33 + 89-85k | 88-32h + :111-63h| 14-99% + 21-78% 29-32 
a Py 62-74 79:70h + 82-23h 97°42h + 101-45hk| 17-72h + 19-22k 29°45 
9 a3 62-82 78-43h + 83-58h | 100-53h + 96-87hk| 22-10h + 13-29k 28-20 
» 23] 62-83 86-80h + 76-32k | 100-03h + 98-934%| 13-23h + 22-61k 28-58 
5 55 62-87 85-82h + 76-30k | 96-83h + 101-08k| r1-01hk 4 24-784 28-55 
3 3 63-06 74: B8h + 86-57k | 92-75h + 105-32k} 17-87h + 18-754 29-19 
* ie 63-15 83-45 +.77-57k g6-30hk + 101-07} 12-85h + 23-50h 28-99 
‘5 7 63:27 77-47h + 81-77h g8-27h + 97-72h) 20-80hk 4+ :15-95h 29°29 
» 9 | 63-33 | 77-78 + 81-05% | 98-574 + 96-95h) 20-79h + 15-90k] 24-24 




















me | mm | tomy |v, | Bosc, Ya 
1865. 3 

April 8 | 47-33 25:68h + 28-83k 24-88h + 28.284 o80h + 0-554 1-08 
” o» | 47°27 17:00h + 36-45h 16-80h + 39-:12k o-20h — 2-674 —1-g97 
3 3 47°33 23-65h + 28-72h 22-48h + 29-62k 1-I7h —o-gok Ol 
”» » | 47°35 27-57h 4+ 25-28h go-B2h 4+ 21-52k | —3-25h + 3-76h O42 
» 10] 47-85 23:-4ah + 27-45h 24-85h +25-68k | —1-4gh +1-77k 0:28 
so” 48-03 24-25h + 19-98h 26-00h +1317-22k | —1-75h 4+ 2-76k 0-81 
» 48-25 22-48h + 20-65h 22-32h + 20:07k o-16h 4 0-58h 0-59 
”» oo» 48.40 26-18 h + 13-32k 23-92h + 14-68h 2:26h —1-36k O-71 
» ll} 48-88 21-03h + 16-g0h 20:65h + 16-83h 0:38h +0-07h 0-36 
» 9» | 49:09 T512h + 22-87 15-57h +21-38k | —o-ggh + 1-4gh 0-83 

June 1] 61-04 29:83 + 35:70k 28-22h + 31-37k 161k + 4-334 474 
” x» | 61-17 29-:00h + 36:50k 28-22h + 30-72k o-78h 4+ 5-78h 524 
” o» | 61-23 32-30h + 37-382 34:02h + 29-55k | —1-72h + 7-834 4°88 
” 2| 60-83 39°83 h + 30-804 30-70h + 34-024 gizgh — 322k 469 
»  » | 60-79 35°77 +35:23R | 35-59h + 29-222 o2gh + 6-014 4:99 
» 9 | 60-76 | 36-43h + 37-40h | 37-38h + 29-27k | —og5h + 813k 5-74 
” w | 60-75 32-62h + 34-054 32-B8h + 27-33k | —0-26h + 6-72h 5:16 
” » | 60-72 35:05h + 32-30k 34-87h + 26-758 O1Bh 4 5:55% 4:57 
» 3 | 59°85 | 39-93% + 31-40k | 38.60h + 26-734 1-334 + 4674 479 
5 3 59-81 38-10hk + 33-60k 38-80h + 27-g2k | —o-7oh + 5-65% 3°98 
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Date. 


31 


” 


” 


Temp. 


61-21 
61-22 
61-28 
61-35 
61-41 
61-41 
60-79 
60-74 
60-84 
60-90 
63°33 

3°43 
6 


63-38 
63-15 
63-13 
63:09 
63-11 
63-07 
63-08 














a 1 

[ E] Y:; fa Mice Dieions. V.= [s-z] 
55:22 + 58-83k 55 63h + —o-gih 5:89 
55'67h + 58-67 5167h + 4:00h 5°58 
49:92h + 64-98k | 53:03h + — 311k 4°74 
56:72h + 57-35% 52:60h + 4: 12h 5°22 
55°68 h + 60-334 | 54-23h + 5: 145 h 6-53 
55°25 4 + 60-65% 54-23h + 1-02h 6-19 
61-27h + 53-92k 54:23h + 7-04h 5:18 
57:65 hk + 58-23h 5543 +: 2-22h + 4:53h 5°38 
62-97h +56-97k | 54-68h + 8-2g9h —o0-96k 5-83 
5815hk + 62-45k 57:05h + 1-I0oh + 507k 4°92 

RP Difference of Length lice 

[e ¥] Ys; . in Micrometer Divisions. Yos— [c-F] 
25:60h + 25:05h 25:08h + 23-93h O52hk + 112k 1-31 
25:68h + 20-65k 25-42h + 19-884 26h +0-77h 0-82 
20-52h + 26-77k 25°42h + 21-92k | —4-00h +4-85h | —0-02 
19:13h + 24:60k 20:30h +22-50h | —1-17h + 2:10k 0-75 
18-83h + 29-18h 10-88h + 35-94h 795h —6-96h 0:93 
21:92h + 24-93k 2243h +24:58h | —o-gih +0-35h| —0-13 
2143h + 28-50k 22-53h +28-03h | —1-toh +0-47hk| —o-50 
21-38h + 29-42h ar-28h + 29-48% o1oh —0-06h 0:03 
22:00h + 30-384 28-52h 4+ 24:32k | —6-52h + 6-06h | —0-35 
29:68h + 21-g0k | 26-B5h + 24-20k 2-83h —2-32k 0-40 
59:70h + 56:05k | 58-60h + 55-87% I-10h +0-18h 1-02 
54:208 + 60-13k | 57-05h + 56-50h | —2-85h + 363k 0-63 
57°85h + 59:10k 58-98h + 56-45h | —ye1gh + 2:65% 122 
58-73 + 56-75h | 57-53h + 56-73h 1:20h + 0-02h 0-97 
58-55h + 58-13h 58-18h + 57-42k 0-37h +0-71h 0-86 
58-93% + 57-80hk 58-08h + 58-08h o-85h —o0-28h 0-45 
61-58h + 56-30k 61-15h + 56-17h O4gh + 013k 0-45 
60-43h + .55-83k 62-33h + 54-13% —1g0oh + 1-70h —O-15 
60-60h + 57-48h 59:65h + 57-78h 0-95h —0-30k 0-52 
55:07 + 62-10k 55:25h + 60-67k | —o-r8h + 1-43h 1-00 











Difference of Length 






































[F- un] Vis in Micrometer Divisions. [ra] — Vis 
1865. : 

June 24] 63-53 yg-07h + 98-37k} 126-68 4+140-13k | 27-61h + 41-7Gh 55°32 
» 9 | 63°61 | g9-55h + 95-B7h| 130-62h +135:15% | 31-07h + 39-284| 56-09 
Oo 63-72 89-00h + 106-134] 130-:02h +136:32k | 41:02hk + 30-19h 50°75 
MN 63-82 92-88h + 102-03h| 129-37h +135-87h | 36-49h + 33-84h 56-06 
3 63:89 93:90h + 101-01hk} 132-00h +133-224 | 38-10 + 32:21k 56-04 
» 26] 63-72 92-43h + 101-63h| 127-23h +137:27h | 34:-80h + 35-64h 50°15 
» » | 63-77 | 96-682 + 97-0Bh| 127-02h 4+136-45h | 30-344 + 39-374) 55°58 
Bec ss 63-87 95°B5h + 96-43h| 127-98h +134-43h | 32-134 + 38-00A 55°92 
» 9 | 63-99 86-81h + 106-53hk| 129-85 +132:06k | 43-04h 4+ 25+53h| 54-04 

64-04 94:06h + g98-10k| 130-85h +131-02k | 36-794 + 32-924 ‘ 
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In order to obtain from these comparisons—160 in number—the most probable values 
of the different intervals, let y be the excess of the expansion of a yard of 1, above that of VY, 


and at 62° let 


Howe i dl 
GIna cel CCN Golde 


_ 
> 


“Ys5 + 30 + 2, 


Ys t 15+ 2, 
Yoo + s+ 24s 
Vous + 25 + 4% 
Ys + 15 + 25 
Ys + 70 + 2% 


Then we have equations of the following form :— 


[a-1} 

[a-c] 

{a-p] 

[a-e] 

. [a-F] 

[a-R] 

[as] —Y¥, = 

{p-E]}—Y, = 
(c-F} — Vis 
[F-H] — Ys 


[a- 
[3 


»] — [2 
2] — [c- 
[o-r] — [F- 
[s-p] — [c- 
-8] — fp. 
-p] — [p-F] 
-e] — [e-v] 
2] — [e-F] 


E] 
F 
H] 
| 
F] 


Ru de ea wd 


rn + (¢ — 62) ¥ + 30 
—2,+4,+ (¢-—62)y—5... 
= —2,44,+ (¢—62)y 
—4,+ m+ (6 — 62)¥y + 55.- 
22,— 4%, + 35 
—-A +R ty — 5 
— Ty 2% — 2 — 55 

t+ 43 + My — %— 35>---- 
Mmta+ ry as-. oa 
wy + 223 — ts; — 35 
B+ 28. — 13 — 5 
Uy + 2 ty — Wy $30. ee ee 


No. of Equations. 


10 
30 


10 
10 


10 


oo re eee 


oc eee 


(1) 


(2) 


The 160 equations multiplied through according to the method of least squares give 


finally— (3) 
o=+670-0042080-56y+17-96.%,4146-42.2,— 3°362, —137-272,—14-60 2, 
o=— 29:07+ 17-96y+20-0 a, + 10 2% —30 2; 
o= 4158-344 146-42y +1302, — 70%, —20a,— 602, +30 2, 
o=—100:20—--3:36y+10 % — 502%, F110 % —2045 —50 2; 
o=— 73:97 — 202, — 202% +802,— 202, —20 2; 
o=— 78-84— 137-27y —.60 2 —202s+120 *%, —50 2 
o=+138-46— 14-60y—30 2% + 302, — 50% —202%;— 50.2, +1202, 
By the solution of these equations we get 

Y = —-3009....-6. weight = 1740+07 (4) 

Y= 4+-62  L..ceeee , = 4-81 

4 = —+39 

t= +57 

a, = +84 

x, + +03 


vs — "55 
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If now we substitute these values of ya 2,.... 2; in the first seventy of equa- 
tions (2), we get the following system of errors of the comparisons of the different yards 
on fs with the yard Y,, :— 








| | 
[A-n] —Y;s| [p-z] — Ys | fer] — Ys [rH] —¥s 
+ 0-58 + 0-g0 + 0-45 + 0-77 + 0-43 — 0-50 + 0-38 
+ OL — 2:13 + og! + 0-46 — 0:07 — 0-92 — 0-41 
— 0-06 + 0-03 + 0:53 + 0-37 — 0-92 — 033 — 1-10 
+ 1-16 + 0:23 + 0-46 + o-10 — 018 — 0-56 — O44 
+ 0-78 — 0:06 + 0-77 + 1-41 — 0-01 — 0-60 — O44 
+ 0-80 + 0-42 + 1-53 + 1-16 — 1:07 — 1-01 — 0-50 
+ O10 + O13 + 0:95 + 015 — 1-26 — 1:00 + 0-05 
+ 0-28 + 0-21 + 0:37 + 0:36 — O71 — 1:60 — 0-32 
— 0-06 — 0-28 + 0:85 + 0:86 — 1-12 — 0:92 + 0:93 
— 0:03 + O12 + 0-06 — 0:06 — 0:39 — O44 — 0:02 





The substitution of yz .... 2;in the remaining ninety equations of (2), gives 
the following system of errors of the comparisons of the different subdivisions of the bar 
one with another. The first four columns appertain to the yard spaces; the fifth, sixth, 
and seventh columns to the two-feet spaces; and the last two columns to one-foot spaces :— 























(acpj— (nes) {a:r) — [ctr] (err) — (etu)j(e-p)— [e-e)|[e'e] — [os ))(u pj — [v-F)][a'c}— [ep] Joe) - [ev] 
— 1:20 | + o-25 | + 1:14) + 0:37 | + 0:72 | — 0-92 | + 0-20 | + O10 | — 1-77 
— o1r | + 0-76 | + 0:65 | + 0:08 | — 1-09 | — 0-00 | — o-69 | + 0-84 | — 2-59 
— 0:34 | + O19 | — 1:19 | — 0-81 | — 0-39 | + 0-26 | + 0:03 | — 1-45 | — 2-51 
~ 0-78 | + 0-09 | — 0-73} + 1:33 | — 1:54 1 + 0:57 | + 0-49 | — 1-59 | — 1-83 
— 0-34 | + 0-50 | — 0-2 + 0:07 | — 0:37 | + 0:37 | — 0-46 | + 0:26 | — 0-83 
— 058 | + 1:06 | — 1:35} + 9-50 | — 0-04 | + 0-09 | — 1-21 | — 0-78 | — 0-20 
+ 0:37 | + 084i | — 1:29 | — O-OY | — 1:03 | — O11 | — O11 | — O17 | — 0-22 
— 0:82 | + 0-37 =~ 035 | — lel4 — 0:83 — 1:23 + 0:05 — 012 — oll 
+ oor | — 1-70 | + 026] — 1-27 | — 5-12 + 024 | — 0:08 | — 0-09 | + 0:34 
+ oor | — 1:07 | — 034 } — 0-89 | — 1-83 + 0:20 | — 0-62 | — o-o1 | — O16 








Arranged as the errors are here, in groups, it appears that some groups are not wholly 
free from a suspicion of constant error. For instance, the two yards (B-£] [c-r] when 
compared with the Standard Yard Y;,, do not exhibit the same difference of length as when 
compared directly one with the other. 

The sum of the squares of the 160 crrors = 103-97; hence the probable error of one 
comparison 





=. 103°97 — £55 
674\/ 1G-22 + 0-556 (5) 
And the probable errors of x, and y— 


ects ah Sha ge. + 0-25 (6) 


¥ DERI. TB AG: = + 0-013 (7) 


24) 


Combining equations (1) and (4) we get for the true Jengths of the various intervale 
the following :— 


[a-B] = Ys, + 29-61 (8) 
{a-c] = $ Vis + 15°57 
[4p] =3 Ys + 5-84 
[4-8] = § Vos + 25-03 
[a-F] = § Vos + 14-45 


And for the length of the whole bar [A-n] = fs 


Is = WP Von + 70°62 + 0-25 (9) 


11429, 
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XIX. 


DETERMINATION OF THE LENGTH OF THE 


INDIAN STANDARD FOOT 
AND ITS SUBDIVISIONS. 


1. 


This bar is of the same dimensions as OF described at page 14, but is of steel. The 
lines marking the inches and smaller subdivisions are drawn on gold pins let into the bay. 
The extreme inches are subdivided into twentieths. The 13 inch-lines are marked a, 3, c,d, 
ef, gh, k,l, m,n, p. 


This bar was compared with the scale OF (entire length) 10 times at about the tem- 
perature 53°, and 20 times at the mean temperature of about 64°5. 


times; the five-inch spaces [a-f|, [6-g], were compared together to times; the four- 
inch spaces a , -/|, [e-g] were compared together 10 times; and finally the three-inch 
see [a-d], [b-e], [c-/], [¢-g], were compared together 1o times. The comparisons of 
these intervals were conducted precisely as explained in the case of OF, Section LV. 


The six-inch spaces [a- ‘ eb {g-p], were then compared amongst themselves 15 


The comparisons are given in the following Tables :— 





OF 


24-95 b+ 25-154 
23-40h+ 26-32 h 
23-92 h+ 23-27 k 
22-87 pias ae 
24:15 h+28-00k 
25-15 h+26-07 k 
25°20h+25:20k 
20:95 h+ 29-32 h 
26-25 h+24-07h 
24-77 h+ 24-87 k 


7207 h+77-50k 
70-85 h+78-524 
73-30h+76-27k 
68-87 h+79-10k 
68-20h+79:80k 
68-15 h+79-60k 
68.17 h+78-.95h 
69:10 4+ 79-65 4 
69-47 h+77-55% 
70°42 h4+77-95 

71:92 h+95+79 

75°27 h4+71-75 

71:72h+75-40 

74+52h+ 73-00 

70-27 h+ 76-37 h 
93:-72h+73-27h 
71-75 h+74-82h 
74:30h+73-:10h 
73°79 h+73:05 k 
64:17 h+83-52k 
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I. 


iF 


22-20h+4 20-92 k 
27-17 h+15-97 & 
21-65 h+21-554 
23°52h+19-:15k 
21-40h+25-75kh 
22-65 h+22-97 kh 
21-70h+23-804 
14:40 h+29-60 & 
22-45 h+4+21-80% 
24-52h+19-7Ok 


Wi15h+75-32h 
70:52 h+75-07 k 
70-97 A+ 74-27 k 
70-32h+74:304 
66-30 h+ 78-25 & 
6g: 15 h+ 74-45 hk 
69-15 h+ 73-55 h 
68-65 h+ 74-65 % 
69-07 h+ 74-57 4 
69-40 h+ 75-42 
72°47 h+ 70-40 
74:05 h+ 70-25 
67-90 h+ 75:52 
71-20 h+71-05 
69-47 h+73:3 
72-25 A+ 715 
71-65 4471-3 
71-82 h+71-5 
71-80 h+ 71-6 
63-32 A+ 81-6 


k 
k 
k 
h 
A 
h 
A 
k 
k 
kh 
k 


5 
) 
5 
7 
° 


| 3:77 k+ 10-35 


ComPaARISONS OF THE OnpnaNce STANDARD Foot wity True [npian STANDARD Foot, 


Difference of Length 
in Micrometer Divisiona ‘ 
t 


275h+ 4:23 4 


az ht 
—0-65h+ 
a7ght 
2-50h+ 
450 h+ 
6-55 h— 
Z8ohk+ ; 
O25 h+ 


o-g2h+ 
O-33h+ 
233h+ 
—1r45ht 
1-90 h+ 
—1:00 h+ 
—0-98 h+ 
O45 h+ 
ogo h+ 
1o0ozh+ 
0-55 h+ 
22 h+ 
3:82 A— 
1-32 A+ 
0:80 A+ 
47 ht 
o-10h+ 
2-48 h+ 
1-90 h+ 
0-85 A+ 


3 
™ 
7 
2 
1 
2 
2 
I 


“4 


wr O ~& bh & 
snr DO OWN KR 


RR ee me RR BR 


me eH Oe RD HDOANN Ht bw 


COAT OS AHVUUNE OF HH KORE 
PeEASGISSSSRSBESSCGASGORS 





Z—[a-g] 


Z—[y-p] 





14:85 h+15-:904 
15-B80h+15-67h 
15:82 h+16-42k 
11-97 h+15-97% 
15:92 h+13-77k 
14:55 4+14:85 2 
14:25 h+16-02 k 
14:45 h+15-92 4 
12-60 4+ 16-78 & 
14:80 h415-37 hk 
15:10 h+10-45 k 
11-004414:47 kh 
12-52h412-72k 
14-8044 9-87 h 
15-10h+410-30h 





15-85 h+14-17k 
16-32 h+14:50% 
15:17 h+14-47 k 
16-40 h+ 11-984 
13-50 h+15-85 & 
15-75 k+13-90% 
15-02 h+15-124 
15-75 h+ 15-35 4 
13:87 h+16-40h 
16-40 h+ 13-82 k 
12-52 h+12-20 4 

g72h+ 14-25% 
14:10 h4 10-87 & 
13-77 4+ 11-77h 
13:20 h412-77 4 





15:07 h+10-57h 
17-02 h+ 8-774 
15s-I5sA+1L- 45k 
16-15 A+10-42k 
12-50h+12-33k 
19:07 h+ 6-85 2% 
17:07 2+ 8.62% 
15:60 h+10-724 
13-17 h+13-15h 
16-12h+ 967k 
12-354+ gI0k 
B8-goh+i1212k 
11-20h+10-07 4 
16-10h+ 5-20k 
9:97 h+11-50k 





HH 2 
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TIT, 





fea lael %—[b-g] 


15°40 h +10-15k 
177 h +14-37 h 
13°77 h +11-45 
16-42h + g1Zk 
irioh +1419 h 
11:87 h 413-324 
10:82 h +14-37 4 
7:90h +1065 h 
832k pio kh 
6-90 h +13:35 kh 


14:17 A 413-35 
12-17 h 415-35 
12-85 kh +15-20 
13°77 & + 14-27 
12-32h +1475 
12-22 h +14:05 
W175 +1470 
8.70 h + 11:97 
8-50 h +11-25 
7:62 h 413-05 


BN OY BN OY OO 





IV. 





Z— [bf] Z— [e-g] 


5 A +10-62 4 
7h +12-82 4 
ak 997 h +11-67k 
5 1o0-7Oh 412-55 2 


8-82 h 
9: 62h 


13-40 h 
11-42 h 11-70 h 
11-70 h 


g80h +110 


+ 89 
+ 9-2 
+ gu 


10:02 h 


9-47 A +13-:10k 
13:0Zh + g52h 
1202h +11-504 
z57h +11-10hk 
10-77 h +32-324 
10-77 h +11-goh 


; 
1i52h 
| 
| 


945k +10-32k 
to-go h +11:37% 
i025 h +11-15k 
13-354 + Bak 
B.72h +12-goh 
11goh +10-15hk 


10-05 h +13:27k 
10-02 hk +1315 h 
QI5h +1445 b 
13-52 +11:004 
757k +1450 k 
11-6oh +12-10h 











z2-—[d-g] 


15°65 +14-62h 
- 15:00h 416.87 h 
13:57 2 +17:60h 
15:72 +16-00 4 
15:92 +14:00h 
14804 +1697 k 
17-37 +14:37 k 
15-55 415-724 
13:85 h 
16-78 h 


+17:40 4 
+ 15:03 4 


y. 
et 
Z—[a-d] Z— [be] Z—[ef] 
14-35% +1387 h 1Z-12h +1405 4 14:75 hk +14°57 k 
waz h +13:224 14-20h 413-47 h W525 h +15-304 
12-704 +1647 k 1217h +16-50k 12-97 h +17:30k 
reg7h +1715 k 14:60 +13-gok 16:22 h +13:00h 
13:17 kh 415:35 & 14:95 4 413-67 h 15-32 h +1405 h 
14-354 +15-07k 13-77 hk 415-25 h 13:00 hk +16-50h 
15-12h +14-05 4 14-35 hh 414-574 15:60 h +14:65 h 
15-37 hk 4-12-62k W4e52h +1g17h 15:35 kh +15+47 
13-38 415-384 12-45 hk +15-45 14:23 kh 416-33 4 
13-28 415-43 4 12-05 h +15-93 4 14°63 h +15-58 2 


a 
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Substituting the values of / and & in the last four Tables, they become— 
VI. 


Z—(dl) | Z—[9-p] 


23°91 20-41 
24°54 20°53 
23:60 21-18 
22:60 21-15 
23-38 19°77 
23-61 20-62 
24:00 20-45 
24°77 20°95 
2411 20-96 
24°06 20:53 
19-69 17-08 
19:10 16°75 
19-88 16:94 
20:30 16-95 
20:68 17-10 





VII. 
Z—{es] | 2- (6-9) 


21-92 20-34 
21-92 20-82 
22-34 20-08 


22-2 20-33 
21°56 20°13 
20-93 20:06 
21-07 20-07 
16-47 14-78 
15°73 14:71 
16-47 16-14 





VIII. 


Z — [a-e] Z—[b-f] | Z— [e-g] 


17-86 16-30 19°13 
18.56 16-47 19°53 
18.20 16-62 T7724 
18-22 16-61 18-52 
17-98 15-75 18.58 
17-95 17-34 18:46 
18-73 17-05 18-80 
18.85 17°57 19-52 
18-39 17-22 17°59 
18-06 17-16 18-88 
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Z—[a-d] Z — [b-e] Z—(ey] | “Z£-[d-g] 





22:47 21-64 23°35 24°11 
22-61 22:04 24°33 25°38 
23:24 22-84 24¢1h 24:83 
23°20 22:70 ' 23:29 25°26 
22-72 22°99 23°39 23:83 
23°43 23:11 i 23-50 25°31 
23:23 23:03 24:09 25°27 
22-29 22:85 24°55 24°gO 
22-Q1 2223 24°34 24:89 
22-87 22°29 24:06 25°33 





2. 
Let the excess of the scale IF above OF be expressed by 
IF — OF = «+ y (¢ — 62) (1) 


x being the difference of length at 62°, and y the difference of expansion of the two 
bars for 1° Fahrenheit ; then the first of the above tables supplies us with 30 equations, 
which, treated by the method of least squares, resolve themselves into 


jov— 40-15 y— 103-01 =0 (2) 
— 40:15 2 + 960-3c6y + 250-73 = 0. 
If we write A and B for the absolute terms 
u + .0:035309 A + 0-:001476 B=0 (3) 
y +0-001476 A + 0-001103 B= 0, 
which give us finally for x and y, 


= 43:27) wea eee . Reciprocal of weight = -0353 (4) 
Y = — 0/1245... eee 9 3 = ool] 


These values substituted in the equations of condition give the following system of 
errors :— 





April 18, 19, 20. | July 5, 6. July 7, 8. 
—1-12 i +0:65 —0:93 
—o-84 \ +0-08 +0-74 
+1-22 : —0-37 | + 0-04 
+ 1:07 | +0-38 $0-27 
+ 0°43 ; +0°29 —o-18 
—0-06 | 0-31 +0-31 
+0-48 i —0-54 : +0-01 
—o-61 | —1-39 —0-34 
—0-47 i 40-25 | +025 
+0:03 i +0-10 | +0-64 

| 
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_ The gam of the squares of these errors is 10-996; hence the probable error of a 
single comparison is 





10-996 
+ 0-674 4/2299 = 40.428 (5) 
and the probable errors of « and y 
Gilatty ft + 0-422 V-0353 = + 0-079 ) 
YP eww les + 0-422 Y-ool1 = 4 0-014 


We have then, at 62°, the difference in length of the two scales 
IF — OF = + 3:27 40-079; (7) 


but by equation (7) page 77, the length of OF is 
LY; — 0-36 + 0-108; 
consequently, the length of the Indian Standard Foot at 62° is 
LV + 2°91 + 0-194, (8) 


3. 


Let the values of the spaces [a-g’'], [gp], [d-4 be as follows :— 


leg]=3lap) +4, (9) 
ley] = 3 [e-p] — 4, 
[4-7] =} [ap] +e 

And referring to Table VI., let 4 [a-p] — z be the distance of the microscopes in 


the mth comparison or line, while the quantities entered in that line are a, 6, y,; then we 
have the following :— 


t+ 2% +a, =0 w+2 +8, =o —%~+%4+n =0 (10) 
Uta +a, =O t+ 2% +P, =O —u4+2 +7, =0 
@y + M5 + %s = 0 r+ %,+f,=0 — 244%; +%75=0 
in all, 45 equations. These solved give— 
jou —(a)+2(8)—(7)=0 (17) 
30.2,'+ (a) =) =6 
whence 
x —1-65...... weight = 30 (12) 


a 
Il tl 


— 147 ee eee 1 = 10 
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The sum of the squares of the errors of the equations is 8-279; hence the probable 
error of an equation is 





8.279, 
+o: 674 Ve 272 9 = t 0-366 (13) 
and the probable errors of w, and x 

. 908! 2 (14) 

MGR SELES BOT al ae 067 

+366 _ ; 

Devvveeas rare + -11¢ 

We have then for [a.g], [g-p], and [d-2] in terms of [a-p] the following, — 

[a-g] = 4 [a-p] — 1-65 + 0-067 (15) 


[g-p] =4[e-p] + 1-65 + 0-067 
[4-1] = 4 [ap] — 1-47 £016 
Again, to determine the errors of the lines ), c, d, e, f, with respect to a and g, let 
[a-6] = $ [a-g] +% (16) 
[e-c] = 2 [ag] +4, 
la-d] = [ag] +2 
[a-e] = é [a-g| +, 
fe-f] = leg) + 2% 
and proceeding as at page 48, we find ultimately from the numbers in Tables VII, 
VIM, and IX, 


90 (2, + 2) + 109-26 = 0 (17) 
go (2, — 2) + 139:32 =0 
90 (@ —#,) — 17-19 =0 
go (#, + ev) — 21-51 =0 
202,— 20:14 =0 
whence 
Dy — 1-38... 00, weight = 19 (18) 
O82 oe ees sy = 18? 
Hy t+ -Ol....... ¥ = 199 
@, = +002... aes 4) = 1,89 
By $017... 1 wee » = 1? 


Finding next the values of the z’s, and substituting in the equations of condition, we 
find the errors and the sum of their squares equal to 11-1015. Hence the probable error 
of an equation is 


a6. 6740/ tors ae = + 0-303 (19) 
whence we have finally— 
{a-b6]) = 4 [a-g|] — 1-38 + 0-074 (20) 


[a-c] = 2 [a-g] + 0-21 + 0-093 
[a-d] = # [a-g] + 1-01 + 0-068 
(a-e] = 4 (a-g] + 0-02 + 0-093 
[a-f] & [a-g] + 0-17 + 0-074 
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To obtain these intervals in terms of [«-y] we must make use of the first of 
equations (15 )— 
(a-6] = yy (@-p] — 1-65 + -075 (21) 
La-c] = 1% [a-p] — 0:34 + -09% 
[a-d] = x; [a-p] + 0-18 4+ -076 
(a-e] = yy [a-p] — 1-08 4 -103 
fa-f] = fy [a-p] ~ 1-20 + -093 
But we have seen that at the temperature 62° Fahrenheit— 
(a-p] = 4 Ves + 2-91 4 0-134 
and substituting this in equations (21) and (15)— 
[a:b] = xy Vss — 1-4) + +076 
[a-c] = ¥y Ves + 0-14 # -098 (22) 
{a-d] = 35 Yous + 0-91 4 +083 
[a-e] = fy Vo — O-1E + +122 
[a-f] = 85 Vss + 0-01 4 -108 
[a-g] = 35 Yu — 0-19 + -095 
(4-2) = a% Ys; — 0-01 4 +134 


These are the definite values of the different spaces. The errors are very small, and 
the central six-inch space on the scale [d-/], is doubtless the most precise ever laid off. 


11429, tl 
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XX. 


COMPARISONS OF 


THE OLD AND NEW INDIAN STANDARDS 


AND 


0. 


1. 


Tue old Indian Standard B, or, as it is designated in the “ Account of the 
Measurement of the Lough Foyle Base,” t,, is a bar similar in general construction to the 
Ordnance Survey Standard O,, but is not so strong: it is barely an inch in breadth, and 
only two inches in depth—supported on rollers at one-fourth and three-fourths of its length: 
it is painted white. The dots are in excellent preservation. 


This bar was compared with O, (a bar similar in every respect to O,) in 1831, by the 
late Lieutenant Murphy, R.E.; and again, in 1846, it was compared at Southampton with 
O,. Taking into account the difference of O, and O,, the results are as follows :—(See 
“ Account of the Measurement of the Lough Foyle Base,” page 96.) 


1D3Eias kas eh ees 1, = O, — -000801 inch. 
TBAG wise s ie anetee a ae I, = O, — -000865 _,, 
or, using the millionth of the yard as unit of small quantities, 
1830 ce wee ea daa I, = O, — 22-25 (1) 
1846 eos hc Betis 1, = O, — 24-03 


No direct experiments on the value of the expansion of !, have ever been made, so that 
there is some uncertainty on this point. We assume it in the comparisons now to be 
recorded, as equal to the expansion of O,. 


With respect to the expansion of O,, it appears from page 93 that it is less than the 
expansion of Ol, by 0-0446 + -0236. Now the direct experiments ou the latter bar give 
for its expansion under 1° Fahrenheit 21-5763 + -0103. Hence the expansion of Q, is 
21-532 + -026. For I, and ly we take the results of the second series of experiments, 
viz., 21-159 + -o1g and 32-759 + -o19.—(See page 216.) 

I, was compared with O, twenty-one times; I, with O, twenty times; I, was compared 
with I, ten times; and |, with I, thirteen times. Of these last, one comparison appears to 
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be in error just nine micrometer divisions, As this is a case without a parallel, it is 
assumed that one of the micrometers was read ten divisions in error, and this comparison is 
rejected in getting the mean result. 


Tables I., If., II., 1V., contain the comparisons, with the correction for temperature 
to reduce the differences of length to what they would be at 62°. 





















| 







, 


























. ‘Equivalents Cor- | 

Difference of i in rection : 
Date. Temp. I, ), Length in Micrometer | Mijlionths for | i,—I, 

Divisions, jofa Yard. | Temp. 

1865. ° | | 
June 5 | 60-16 | 123-68 h + 129-12 A| 67-72 h+74-98 k | 55-964 54:14k | 87-77 |—0-68' 87-0 
» 99 | 60-57 | 117-63 h + 128-10 hk] 72-87 h+ 63-934 | 44-76 h+64-17& | 86-87 |—-0-53. 86-34 
» » | 60-68 | 119-42 h + 122-97 k| 68-47 h+67-15 4 | 50:95 h+55-82k | 85:12 |—o-4y: 84-63 
» 6 | 60-95 | 123-30 % + 117-83 A} 69-45 h4+59-98 k| 53-85 h+57-85h | By-05 '—0-3y° 88-66 
oy 99 | 67-12 | 119-48 h + 120-18 k| 67-97 h+ 58-73 A| 51-51 A+61-45h | g0-07 |—0-33) By-74 
oy 99 | 6130} 115-42 hk + 118-77 hj 69-30 h+ 56-28 hk | 46-12 h+62-4qhk » 86-61 '—0-26: 86-35 
oy 99 | Ogg | 118-55 A + 116-13 A} 61-52 h4+ 63-88 k| 57-03 h+52-25h | 87-11 |—0-24' 86-90 
sy a9 | 61-64 | 121-68 kh + 106-05 A] 59:23 4464-51 k| 62-45 h+41-54h | 82-87 10-13: 82-74 
» 7 | 62:26 | 101-95 hk + 116-40 hj 44:25 h+65-33 | 57-70A+51-07hk | 86-70 |+0-10; 86-80 
9 | 62-38 | 103-47 h + 113-42 h| 52-92 A+56-58 hk} 50-55 h+56-84k | 85-62 |+0-14, 85-76 





Mean Temperature 61°°25. 


II. 


Difference of 
Length in Micrometer 
Divisions. 











243°37 he 
240:00 h 
235-18 h 
237-42 h 
24285 h 
24362 h 
236-10 h 
229-97 h 
225-08 h 
232-75 h 
24i-77h 
236-38 h 
234+53 4 





234:03 & 
236-00 k 
241-70 k 
237:2% h 
231-13 hk 
228-43 k 
234-38 A 
241-80 kh 
245°93 4 
237-78 k 
226-82 hk 
230-22 4 
2Zigs5k 


87-10h+ 104-45 h1156-27h + 129-58 4 
87-50h+ 103-87 hi152-50h+ 132-13 
98-43h+ 90-68h136-75h+151-02k 
102-73h+ 86-13 4134-6944 151-094 
86-goh+ 99-47 4]155-9544131-66h 
94 17h+ 89-32 hi 149-45 h-+ 139-114 
92-37 h+ 
87-98 h4 
92-97 h+ 
92-81 ht 
83-6344 
8g-:10hk+ 
78-43 h+ 


93-47 A141-99h + 148.33 h 
87-48 Alr32-1rh+158-454 
85-20 41139-9442 + 152-58 A 


87-75 hl156-10h+ 144-00h 





Mean Temperature 63°: 18. 


89-37 143-734 +145-01 Al 


85-62 k158-14h+ 141-20} 2: 
87-40 hl147-28h+4+ 142-82 4h} 2: 


Cor- 
rection 
for 
Temp. 


Ih~l, 


7-63/220-21 
8-31 
9°99 
9°99) 
— 10-44) 
— 11-90): 
— 12-46 
— 13-36): 
— 14-48): 
—15-83 
— 18-41 
19-76): 
eee 








Ir 2 





Date. 


“1865. | 
une 14 


” 


» i 
15! 
5B 
” 
» 
16 
” 
»” 
” 
17 
»” 
” 
” 
” 


” 


19 











198-70k 


214:52k 
212-63k 
213-82h 
219-92k 
221-804 
231-42hk 
226-03 k 
224-48 k 
219:20k 
222-92h 


209:57h + 
212-70h + 
202-77h + 
206-38 h + 
219-52hk + 
216-63 h + 
221-60h + 
226-10h 4 
230-88 h + 





201-:25k 
202-38 
198-832 
201-65 


198-45 h 
206-08 k 
211-22k 
204-35 h 
205-43 hk 
203-53 4 
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Ill. 


| I, 


169-18 h+149-55 4 
158-92 h+ 162-62 k 
165-40h+161-48h 
165-23 h+159-984 
167-92 h+156-10k 
161-08 h+ 162-58h 
162-92 h+ 163-08 
164-48 h+ 161-584 
160-93 h+ 163-924 
163-40 h+161-324 
170-50 h+ 168-35 h 
171-82 h+ 168-78 
164-35 h+179:12% 
165-83 4+4+180-10hk 
164:62 h+ 180-77 
168-78 h4179-824h 
190:-454+176-07k 
192-75 h+172-824 
186-28 h+179-704 











183-00 h+ 184-30 & 
184-27 h+ 187-004 





Difference of 
Length in Micrometer 
Divisions. 


24°75 hb + 51-70k 
36-43 h + 39-76h 
37°05 h + 37-35 k 
35:14h + 41-67h 
32-46 + 42-60h 
42-82h + 35-874 
36-78 k + 43-004 
30:27 h + 49-64% 
37°15 4 + 40-43 h 
34:43 4 + 4q-1tk 
43°43 h + 35-184 
35-304 + 45-74 
45:22 + 33-514 
46-88 h + 33-724 
38-15h + 39-15h 
37:-60h 
29:07 h 
23-88 h + 
35°32 h 
43:10h 
46-61 h 


= 


t+trt¢H 
WwhAME 
Ste O90 

wojeonnwe 
RO CRG x 
BNO 


Mean Temperature 63°: 56. 


Iv. 


bb 


Difference of 
Length in Micrometer 
Divisions. 





‘Equivalents 


! in 
| Millionths 
of a Yard. 
t eal 
60-99 
60-74 
59°31 
61-24. 
59°85 
62°72 
63-61 
63-73 
61-85 
62-63 
62-65 
64:62 
62-74 
64-23 
61-62 
63°45 
67-34 
61-50 
63:87 
62-17 
65-78 





Equivalents 


in 
Millionths 
of a Yard. 






























_ Cor- | 
rection 
tor 
Temp. | 


1 
t —_ 
i's Soy 


| 

| 

V wenn 
61-86 
j 61°59 
60:08 
62-03 
60-66 
63-54 
64-40 
64:52 
62-63 
; 63°41 
63°31 
| 65:24 
; 63°34 
64:82 
62°20 
63:99 
67-47 
61-63 
64:00 
62-29 
65-85 


+0:87 
+0-85 
+0:77 
+0-79 
+0-81 
+0:-82 
+079 
+079 
+0-78 
+0-78 
+0:66 
+0:-62 
+0-60 
+059 
+0°58 
+ 0-54 
4+0-13 
+0:13 
+0.13 
+0-12 
+007 








i,-O, 





261-23k 
263:63 4 
265-95 4 
273-87} 
267-43 h 
265-98 & 
269-60 k 
273:13k 
275-95 4 
274-44 h 
290-68 k 
289-58 hk 
280-53 k 
284.82 kh 
286-95h 
281-77k 


254:12h + 
260:22h + 
264:12h + 
267-15h + 
266-95h + 
263-50h + 
265-88 h + 
282-60h + 
283-53h + 
290°-70h + 
283-82h + 
281-37h 4+ 
280-88 h + 
274-03 h + 279-53 k 
274-50h + 275-70 hk 
271-53k + 281-534 


| 274.40h + 277-25 h 


126:03 h+116-12k: 
128-32 h+4116-62h 
120:00h+ 130-754 
124:77 h+123-28h 
119:63 h+129-58h 
127-28h+122-30k 
128-13 h+130°57h: 
132-88 h+ 130-302, 
126-92 h+ 139-12hk 
130-12 h+134:78h 
169-73 A+ 174-48 k 
167-98 h+179-42h 
167-97 h+178-30h' 
167-87 h+174-18k 
166-73 h+170-87 2. 
165-90 h+163-52k 
160-52h+158-35h 
155-92 h+ 159-07 
155:40h+158-50k 








153-97 A+ 159-42 kh 120-43 h4+ 117-834 


| 
138-55 h+ 345-11 k 
136-50h+147-01h 
141-50 h+135:20k, 
129°35 A+ 150-59 h 
140-59 h+137-85 & 
136-84 h+ 143-68 h 
139-02 h+139-03h 
134:07 h4+142-83h 
136-58 h+ 136-83 d 
135°76 4+ 139-66h 
112-87 h+116-20k 
115-55 4+110-16k 
122-93 4+ 102-234 
I15-g5h+110-64h 
114:644+116-082 
114-98 h4 118-254 
113-51 h4+121-182 
118-58 h+116-63h 
116-13 44+123-034 


226-14 
226-03 
220-57 
223-19 
221-95 
223:64 
221-66 
220-75 
217°96 
219°57 
182-61 
179-92 
179°46 
180-62 
183-93 
185-93 
187-10 
187-50 
190-66 








Mean Temperature 62°72. 





189-93 


197-96 
198-07 


; 
192-39 





4 11-34,195°27 
+ 9:43:195-36 
6-62193°72 
515, 109-23 
4:°49.195°15 
3°59,193°52 





a 


The mean of the quantities in the last column of ‘Table J. is 86-50, leaving the 
following errors :— 


Date. 





Pettitte + 
Ww 
- 
> 


~I 





the sum of the squares of which is 33-99. Hence the probable error of the mean is 


+ 0-674 Vv 38 = 40-415 


and therefore 


1, — 1, = 86:50 + O41 (2) 


‘The mean of the quantities in the last column of Table II. is (omitting the last com- 
parison but one, for the reason specified above) 218-58, leaving the following crrors :— 


LTP tri +i. + 


+ 





The sum of the squares of which is 13-48. Therefore the probable error of the mean is 


+ 01674.4/ Wal = + 0-216; 


consequent] 
ee 1, — 1, = 21858 + 0-22 (3) 
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The mean of the quantities in the last column of Table III. is 63.28, leaving the 
following system of errors :— 


Error, 





1:96 
0:06 


1-54 
1:08 


O-"Fl 
4:19 
1-64 
0-72 
0-98 
2°57 


+l +b +e. +44 


++ ]}+4++17 10 4 











The sum of the squares of which is 63-06. Hence the probable error of the mean is 


+ 0674 4/ age = + 0261; 





consequently 
I, — O, = 63:28 + 0°26 (4) 


Again; the mean of the quantities in the last column of Table IV. is 195-36, leaving 
the following system of errors :— 


Date. 


1865. 
June 20 


L)i+ 


+ 





The sum of the squares of which is 55:84. Therefore the probable error of the mean is 


a (55:84 _ "258: 
+ 0-674 4/, 380 + 0°258 ; 


consequently 
I; — O, = 19536 + 0-26 (5) 

The probable errors of these results should be slightly increased on account of the 
probable errors of the adopted rates of expansion. The difference, however, is doubtless 
insensible, except in the case of },, and even here the nearness of the mean of the tem- 
peratures to 62° will reduce the residual uncertainty to an insignificant amount. 
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A. 


The four results — equations (2), (3), (4), (5)—at which we have arrived are not 
independent ; that is to say, there is a relation amongst them which but for errors of 
observation should hold good. For instance, (4) — (2) and (5) — (3) give 


1, — O, = — 23-:22........... (4) — (2) 
I, — O, = =~ 23-22 ...-.. 0000. (5) — (3) 


and thus by a rare chance the four results are perfectly harmonious. 

Again, it is equally remarkable that the relation of |, and O,, here brought out, agrees 
all but precisely with the mean of the results of the comparisons between these bars in 
1831 and 1846 as shown in equations (1). 

This is all the more satisfactory when we remember that 1, has been subjected to a 
good deal of travelling, having been used in India during the interval 1831-1846, and 
subsequently sent from this country to Russia, where M. Struve compared it with several 
other geodetical standards. 


mw 
or 
oa 


XXI. 


DETERMINATION OF THE LENGTH OF THE 
RUSSIAN DOUBLE TOISE 
P. 


1. 


This bar is of wrought iron, an inch and a quarter square in section. It is an cnd- 
measure (@ dots); the terminal cylinders being of hard steel, and presenting at either end 
a small convex surface, a quarler of an inch in diameter for the contacts. The radius of 
curvature of these extreme surfaces is about 1-75 inch. The bar is contained in a wooden 
case 4-25 inches in breadth and 5 inches deep (external measurements), from which the 
ends of the bar project. The bar is supported at } and 4 of its length, not on rollers, but 
by passing through brass collars affixed to the box. One of the collars is round, the other 
square. In order to fit the circular collar, the bar is at that part ¢urned in the form of a 
cylinder. This collar is in two pieces ; the upper semicircle can be pressed down by means 
of a clamping screw, which projects through the box above, and so the bar is prevented from 
sliding longitudinally. The square collar fits the bar without play and without tightness. 
Two thermometers are let into the bar near the two points of support, they project upwards 
through the top of the box, their tubes being vertical. Each is protected by a small 
wooden case screwed to the bar box; this case has a glass front which is further covered 
when the thermometers are not being read by a (vertically) slidiug cover. ‘The whole 
length of the bar is carefully wrapped up in a cotton covering, and the space between the 
bar and its box is also entirely filled in with woollen material. ‘Thus the bar is well 
protected from sudden changes of temperature. 


In Plate X, figures 1, 2, 


aaa... . ee. is the box containing the bar. 

dd... vue. are the projecting extremities of the bar. 

CO as cand assis are the covering boxes of the thermometers ¢¢. 

OD 5 he are handles by which the box is carried. 

OB 59 Ba ets are iron plates fastened to the bottom of the box, and by which it 
rests on the supports. 

CAPE Be Ko is the clamping screw by means of which the bar is held firmly in 


the circular collar. 


In order to support the box aaa properly during the comparisons of this bar with OT, 
a plank /f was constructed of mahogany, ten feet in length and eight inches in breadth. 
This plank rests immediately (figure 1) upon the carriages gg. Towards the extremities 
of the plank it is fitted with two (vertically) sliding brass frames Ak (7 seen in detail in 
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figures 2, 3. kk are brass cylindrical rods connected by the cross pieces /? above and 
below, forming a rigid rectangle; upon the upper cross piece, which is provided with 
flanges, the bar box rests. Motion in a vertical direction is communicated to this frame 
kk Wl’ by means of the steel rod hh which has a collar i working in a brass plate screwed 
to the upper surface of the mahogany plank. The thread of a screw which is cut on the 
upper eal of kh works in the upper piece /, so that on turning the milled head h below the 
frame, kk ll’ is moved up or down, all the weight being borne by the collar i of the steel rod. 

In order to secure a vertical motion free from all shake, the steel rod is held below, 
near the milled head, by a strong bent plate of brass mm screwed to the lower surface of 
the plank. Thus it appears that when the bar-box is held upon these two sliding frames 
either end can be raised or lowered with a perfectly steady motion for either levelling or 
focusing. 

Figure 2 shows one of the microscopes for reading the thermometers. Blocks aa 
(figure 1) are fastened to the mahogany plank ; to these again plates of brass 6 (figures 1, 2) 
are screwed, but so as to admit of each in its own plane revolving round the screw which 
holds it. The microscopes ¢ are as described-at the top of page 7; the brass slides on 
to which they are fitted, slide on to the pieces 68. ‘Thus by the movement of round 
the screw which holds it, the microscope 4 can be adjusted over the thermometer tube, and 
by means of its own brass slide the microscope can be brought over the end of the 
mercurial column 0 as to get it for observation precisely in the centre of the field. 

In order to compare the Russian bar with OT it is necessary to use the contact 
apparatus. The mode of affixing it will be seen in figure 4. A strip of mahogany un, 
four inches broad, is held fast to the box aa by means of the iron rings or bands rr 
(strips of iron bent into the form of a rectangle of 5 inches by 7 inches) which have 
pncnce screws ss above; when these screws are loosed, the rings can be taken away. 

‘0 the strip mz is fixed a block 2’ which has a brass plate pp screwed to its upper surface. 
This brass plate carries the contact apparatus C. It is held down to it by three vertical 
screws wvv, of which two only appear in the drawing, as two of the three, those two nearest 
the extremity d of the bar, are in line perpendicular to the bar. These last two screws 
pass freely through slotted holes in the plate pp, and screw into a loose strip of brass ¢ 
below the plate ; a groove being cut out of the mahogany »’ to admit the piece of brass q. 
This piece being loose, when the two front screws vv are unclamped it will be seen that the 
contact piece admits of a movement in azimuth round the third screw w, the motion 
being communicated to it by means of the antagonistic screws w, of which only one 
appears in the figure. 


2 


In order to compare the bar P with two lengths of OT, three microscopes were 
erected on the stone piers, H on the left pier, A on the centre pier, and K on the right 
pier; the micrometer head of A to the left. The bar OT (in its box) was then placed on 
the carriages and brought under H and A; it (the bar) was then most carefully levelled, 
and the microscopes adjusted to perfect focus with their zeros over the terminal lines of the 
toise, the axes of the microscopes being at the same time made perfectly vertical. The toise 
was then removed (by the running of the carriages along the rail) to under A and K. The 
microscope A remaining untouched, the bar is again in this position made truly level, while 
its left line is at the same time kept m focus of the microscope A. Then K is adjusted as 
to focus and verticality over the right line of the toise. Now supposing these operations 
accurately performed, the foci of the three microscopes will be found in one horizontal plane, 
and it remains to bring them into alignment or into a vertical plane. This is done by 
stretching a very fine thread of india-rubber to its full extent, and fixing its extremities so that 

11423, KK 
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the thread is bisected by the cross-hairs of the outer microscopes H and K. While the 
thread remains in this position the middle microscope is adjusted by the movement of its 
cast-iron stand until the cross-hairs bisect the thread. 

These adjustments are then gone through a second time and perfected. 

The height of the box of the Russian bar renders it necessary to remove the middle 
microscope A before that bar can be placed under H and K. This makes it needful that 
we be certain that if the microscope A be removed from its gun metal tube or holder 
(by releasing the springs behind) and returned again to it, it will take almost exactly the 
same position it had before. Repeated trials proved satisfactorily that this could be relied 
on within five divisions or so, which is abundantly accurate. For if the microscope, or 
rather the point bisected by its cross, should be out of place as much as a thousandth of 
an inch, or 25 divisions in a transverse direction, such displacement would not produce 
any sensible error in the comparisons ; while a displacement in the direction of the bar's 
length is quite immaterial. 

Another adjustment is that the transverse wires of the micrometers, perpendicular to 
the motion of the screw, must be perpendicular to the length of the toise, or parallel to the 
transverse lines on the platinum disks. Thus in the microscopes H and K we have 
the means of adjusting to the proper position in azimuth each of the contact pieces, so 
that the transverse lines shall be perpendicular to the length of the double toise. 

It was assumed at first that the proper points of the terminal disks of the double toise 
at which the contacts should be made, were their centres ; and several comparisons were 
made before this was found to be an error. For the intentional length of the bar. is 
doubtless the distance between those tangent planes to the slightly convex disks which 
are perpendicular to the length of the bar,—or, the bar being horizontal, the vertical 
tangent planes which are also perpendicular to the bar's length. Now from the nature of 
the construction of the contact apparatus, as has been already explained, when the two 
parts are mounted together on their brass stand, the needles made precisely level, and the 
semi-cylinders at the same height, the contact of the convex surfaces is exactly half-way 
between the upper and lower horizontal surfaces of the semi-cylinders, and here the 
common tangent plane is by construction vertical. When the contact pieces are brought 
into contact with the disks of the toise, the needles being accurately levelled, and the 
contact nade at the centre of the disks, the points of contact on the semi-cylinders are 
above the mid-depth, that is, are sensibly nearer the upper than the lower horizontal 
surface of the semi-cylinders, indicating that the tangent plancs at the centres of the disks 
are not vertical, but converge (downwards), and that very nearly equally at the two 
extremities. In fact the proper point of contact on either of the disks—that is when the 
contact is precisely half-way between the upper and lower horizontal surfaces of the 
semi-cylinders—is above the centre of the disk, at the distance of about one tenth its 
diameter. As this determination is one of great importance it was considered necessary 
to have some separate and independent test, and to effect this a piece of sheet brass 
was cut out in the shape of a right-angled isosceles triangle; the edges containing the 
right angles were made perfectly straight, and the angle a perfect right angle, so far as 
could be ascertained by any mechanical tests. The brass plate pp (figure 4) was then made 
perfectly level by means of the small level of the contact apparatus, and one edge of the 
brass triangle being made to rest upon the horizontal plane, the other edge, truly vertical, 
was brought against the disk. The point of contact was precisely as indicated by the 
contact of the semi-cylinder. Further, on examining with a microscope the bright surface 
of the disks, there is, at one end unmistakeably, an appearance of wear, as though the 
contact had heen habitually at a point above the centre, and dividing the vertical diameter 
in the proportion of about four to six. ; 

There remains of course some little uncertainty as to the precise point where the 
contact should be made, but this within very narrow limits; and between these limits the 
contact was always kept, though frequently varied during the observations. 
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The observations have been made, in about equal proportions, by three observers. In 
each comparison two observers took part, the second observer B in each case also booking 
all the readings. 

The manner of making o comparison will be best understood if the operations be 
tabulated thus :— 


| Observer. Nature of Operation. 





B Reads thermometers of P sia o3% a See aie 

A,B | Adjust P under H and K by the transverse screws of carriages a) 

elevating or focus screws (h fig. 1) aie oi ve D> 

Reads H twice and K twice ... ene ass a 

Reads the thermometers again... on se ie 

Remove P from the carriages and substitute © T, adjusting it under 
H and A. 

Reads thermometers of O T ... 

Reads Hf twice and A twice See ie 

Run QO FT under A and K and adjust for observation 

Reads A twice and K twice ie ah 

Reads A twice and K twice ae bas 

Run O T under H and A and adjust for observation 

Reads H twice and A twice Tr ive 

Reads thermometers of O T ie eee ase ey 

Remove O T from carriages and substitute P, adjusting it under 
H and K “ie we igi va wae ‘at 

Dyaws back needles of the contact apparatus from contact, corrects | 
the levelling of needles, and renews the contact at each end we | 

Reads thermometers of P ask fe Nee = P 





Reads H twice and K twice .. 
Reads thermometers of P 








N.B.—P is left under the microscopes until next comparison. 


No mention is made here of the removal and replacement of the microscope A. At 
the commencement of the operations, the bar P being under the microscopes, A is of 
course away. : 

Its replacement forms part of the operation 5, immediately on the removal of P, and its 
removal forms part of the operation 14, immediately before the removal of O T from the 
carriages, 

The operations above specified occupy from 20 to 25 minutes. It will be seen that 
they involve two measurements of P, and two measurements of 2 O T. 

The subjoined table shows the readings as recorded in one comparison or visit. 


20TH DEcEMBER 1865. 12H. 40M. 





No. 39. Observers: Capt. Clarke, R.E., Corporal Compton, R.E. 


KK 2 
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We may here recount the different adjustments which require frequent renewal in order 
to exclude constant error. 


SDM Pw bp 


8. 


9. 
10. 


. The axes of revolution of the three microscopes to be vertical. 
. These axcs to be in one vertical plane. 

. The outer foci of the microscopes to be in a horizontal plane. 
. Ordnance Toise to rest symmetrically on its rollers. 


The steel needles of contact apparatus to be horizontal. 

The point of contact to be at mid-depth of semi-cylinders. 

The point of contact to be half-way between the parallel longitudinal lines of the 
contact apparatus, and so the tangent plane at the point of contact parallel 
to the transverse line on contact apparatus, or perpendicular to the bar's 
length. 

Each piece of the contact apparatus to be level transversely. 

No particle of dust to intercept contacts. 

The bars to be adjusted to sharp focus. 


These different adjustments were examined and renewed as often as practicable, so 
that from no one of them, nor any combination of them, can a constant error conceivably 


arise. 


3. 


In order to verify our received value of the interval between the lines on the contact 
apparatus, a series of measures was made precisely similar to that recorded at page 144, 
The results were as follows :— 


SEPTEMBER 8TH, 1865. 






Micrometer H. Micrometer K 





























Left Line. Right Line. Dif. Left Line. | Right Line. | Ditf. 
1350-30 | 639-63 | 710-67 | 646-33 1353°47 | 707-14 
1350-67 | 639-73 | 710-94 | 643-70 | 1352-13 | 708-43 
1350°53 639-43 711-10 644-43 1353-00 | 708-57 
1349-33 637-97 711-36 642-10 1350-67 | 708-57 
1354-90 644-00 710-90 641-00 1349-37 | 708-37 





The mean of the measures by H is 710-99, which in millionths of a yard = 565-72. 
‘The mean of the measures by K is 708-22, which in millionths of a yard = 565-65. 
‘These may be considered very satisfactory checks upon the value, 565-62 of 4, equation 


17), page 133. 
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4, 


The thermometers of the Russian bar are divided to degrecs centigrade. The scale is 
very small, 70° of the scale being exactly 3 inches in length, so that each degree is only 
7'y of aninch in length. One degree Fahrenheit on this cule would only = 3;-3 = ,!; inch, 
whilst in the thermometers used in our own bars one degree on the scale is about ! of an 
inch—more than eight times as large. This renders it necessary that the errors of the 
thermometers should be very accurately obtained, and that they should be read very often 
in the comparisons. For, according to the determination of M. Struve, at page 49 of the 
first volume of his account of the Russian Arc of Meridian, the absolute expansion of P for 
one degree centigrade is 11°253 + ‘017 millionths of its length, or which is the same thing 
26°651 millionths of a yard for each degree Fahrenheit. Consequently, an error in the 
reading of the thermometers of ,}; ofan inch on the scale would be equivalent to an error 
in the length of the bar of .*.2; 26°65 = 5°60. This serves to show how much depends on 
the accuracy of the readings of the thermometers and the determination of their errors. 

These thermometers, which are numbered 7 and 12, were compared with the standards 
3241 and 4142 both before and after the comparisons at the vicinity of the normal tempera- 
ture, and in order to show the degree of accuracy attainable in reading the thermometers 
we shall here give the results of the comparisons. The Russian thermometers were sus- 

ended in the water trough, their tubes being accurately vertical as proved by a plumb 
ine, and their bulbs at mid-depth of the water, while the standards as usual were in a 
horizontal position, In order to allow of the Russian thermometers being properly read, a 
rectangular aperture was cut in the side of the water trough, and this filled with a sheet of 
plate glass. A microscope was then mounted in a horizontal position for reading these 
thermometers: the manner of mounting the microscope was the same as in Vig. 2, Pl. X., 
described already. In order to render the observing through this microscope possible, the 
water trough was mounted upon trestles 14 inches high. The standards were read as usual 
with the long vertical microscope. It was found that the thermometers 7 und 12 could be 
read with tolerable certainty, and that an error of half a tenth of a degree in a single reading 
was scarcely probable. 

We now give the results of the observations :— 



























































| Russian. Standards. Corrections to Readings of ‘Trae Temperature, Frrors of 
Date. ee fo Ree eee | Soret 8.4 A a hae 
7 12 | 3241 | 4142 | 3241 | 4142/3241 , tl42 | r Cc ) 7 ; 12 
! ' Sens ae Pare ne 
Na PA sta Jets CaS ees ES bee a se 
1865. ° ° ° ° | ° I ° ! 2 ° 
July 17 | 15-049) 14-968) 59-013, 58-493] —-59 | —-09 | 58-423; 58-403: 58-413, 14-6744 + 9375) + 294 
yon 119-196 17:073' 63-004 62-511 —:60} —+11 }62-404, 62-401 62-403: 16-891) + +305] +182 
ony: | 17+324117-139, 63-108 62-601 na —-I1 (62-508; 62-491; 62-500) 16-944] + +380] +-195 
sy 99 [17-951] 17-845) 64-205. 63-795] —-61 | —-11 (63-655,63-685 63-670) 17-594 4-357! + °251 
vy 9: | 18+704) 18-571 65-638 65-136) —-61) —-11 iat ee 18-348) + +356! 4-223 
Oct, 8 | 15-216) 15-113, 59-369 58-853] —-59 | —-09 | 58-779] 58-763 58-771, 14-873 +343) + 240 
i yy | 16-051] 15-983) 60-971, 60-453] —-59 | —*10 60-381 40-353; 60-367 15-759 +-292| + -224] 
53 sy | 16-658) 16-510 61-855 61-370} —-60 | —-10 1 61-255| 61-270 61-262) 16-257) +-40L; +-253 
yy 93 | 17093] 17-010, 62-748 62-260] —-60 | —-11 | 62-148) 62-150) 62-149) 16-749 + 344) 1-265 
yon [17°674)17-528 63-723 63-225) —-O1 | —-11 [63-11 3) 63-115] 63-114 £7206) £2308 +-242 
1» 39 | 18-108) 18-023 64578 64-095 — 61) —-11 prone aera nets 17-764) + 344) + -259 
! 
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The second, third, fourth, and fifth columns are the means of the actual readings of the 
four thermometers ; each Jine is the mean of four comparisons, with the exception of the 
first two lines, which are each the mean of five comparisons. 

Suppose, now, as there is no sufficient evidence to the contrary, that the errors of 
thermometers 7 and 12 are constant within the range of temperature exhibited in these 
observations, and that the discrepancies in the last two columns are due to the unavoidable 
errors of observation ; then the error of thermometer 7 is—in degrees centigrade— 


+ 0°- 353 + +0007 
and the error of 12 is 
+ 0°-239 + -0064 


while the probable error of a single determination in either thermometer (represented by 
the mean of 8 readings) is about + 0-22. The mean of the two thermometers should 
then in the long run give the true temperature with a probable error of + -0046 of a 
degree centigrade. This corresponds to a probable error of + 0-22 of a millionth of a 
yard in the length of the bar. To this should be added the probable error of the mean of 
all the absolute temperatures given by the two Standard thermometers in the above 
observations; but this, being a very much smaller quantity, we neglect. 

The errors of thermometers 7 and 12 were also obtained immediately previous to the 
comparisons at 44°. 


5. 


We shall now consider the reduction of the observations. In the accompanying 
diagram 
O T 0’ T 


Zz Z, Z, 
Z,0=h TZ=-—aq : Z,0=a TZ,=k 


let the dots Z, Z, Z, be the zeros of the microscopes H A K; OT O’T’ the extremities of 
OT in its two positions. In the first position 4 and a, are the readings (reduced to the 
proper unit) of H and A; in the second position a, and & are the readings, reduced, of A 
and K. Referring to the table, page 259, 4 and & are the means of the fourth and seventh 
columns — 1000 (the reading of centre of field) reduced, a, a, are the means, reduced, of 
the fifth and sixth columns. Let also h’ k’ be the means — 1000, reduced, of the second 
and third columns. Then we have 


Z,Z,= O0T+h—-«G 
Z,2, = OT+h4+ a, : 
~.Z2,2,=20T+A+kh+0,-—4, (1) 





Again, when the bar P is under the microscopes, if /’ k’ be the reduced readings of 
H and K, then o being the value of the contact space 


Z,Z,=P+o+W+k (2) 
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Therefore taking the difference of (1) and (2) and putting T, for the length of the Ordnance 
Toise at the observed temperature 


P+to—2T=h-W+k-k +4,-—4, (3) 
which we shall write thus, since ¢ = 565-85, 


P—2T, =n — 565-85 (4) 
Let the length of the Russian bar be expressed generally by the equation ‘ 
P=a-+ 6 (t— 62) 
and the length of the Ordnance Toise by the equation 
T, = 4, +B, (#, — 62) 
then 
P—2T,=«—24a,+6 (¢ — 62) — 28, (t, — 62) (5) 


where ¢ is the temperature, reduced to Fahrenheit, of the Russian bar, and ¢, the temperature 
of the Ordnance Toise. 


For convenience in our subsequent reductions put 


a—20,= e — 312-35 (6) 
B—2P,=y (7) 
Substituting these in (5) 
P—2T,=a+y (4 — 62) + A(t — 4) — 312-35 (8) 
Subtracting (4) from (8) we get 
uty (t, — 62) + 253-50 +68 (¢-—*4,) -n=0 (9) 
Or putting, 
t,-62=f (10) 


253-50-+8(t—#,) -—n=k 
we have finally 
ttfy+tkh=o (11) 


Each comparison will supply an equation of this form, and these equations being 
treated according, to the method of least squares, the values x and y are determined, and 
thence the difference (« — 24,) of the length P— 27, when both bars are at 62°. 


6. 


The results of the different comparisons are shown in the first of the following tables 
which gives the means of the micrometer readings and the corrected means of the 
thermometer readings. : ; 

The second table contains the different steps of the reduction (which will be 
understood from the headings of the different columns) up to the values of f and & in 
equations (10). 


Nate, 





P 


Micrometer Readings. 


104-73h 
94-452 
100-85h 
102-93h 
94-6oh 
98-goh 
106-4oh 
99°23% 
96-10h 
99°75 
107-25) 
99-754 


114:43h 
110-goh 
104:08h 
128-93h 
125-43h 
127-98h 
124-35h 
116-68h 
120-654 
126-83/ 
132-20h 
125-48h 
125-13h 
127-93h 


139:60h 
140-10h 


75°25h 
63-134 
64-95h 
63-68h 
82-78h 
80-85h 
80-60h 
78-65h 
82-33h 
82-23h 


+ 


gg-B5k 


+104-48h 


+ 
+ 


96-10h 
99-08h 


+ 104:38h 


+ 
+ 
+ 


93-88 
go-B8h 
98-25% 


+ 99-38h 
+117-03h 
+ 108-33k 
+ 106-53h 


+107-85h 
+110-95h 
+ 119:00h 
+128-73h 
+129-65h4 
+122-28h 
+ 132-30hk 
+ 138-33 
+ 134-454 
+133:78h 
+130-43k 
+ 133-684 
+143-08% 
+143-83h 
128-25h +141-83h 
135:152 +144-70hk 
+139-73h 
+ 138-43h 


+ 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


87-65k 
84-93% 
76-68h 
71-534 
86-30k 
82-45h 
80-95h 
88-20k 
80-65h 


77:90k | 





Temp. 


c ! 
17-946 | 
18-039 | 
18-173 
18-137 
18-172 | 
18-258 | 
18-164 
18-219 
18-283 
17-816 | 
17-861 | 
(7-996 


16-813 
16-799 
16-808 . 
16-018 
16-061 | 
16-173 | 
15-958 | 
16-023 
16-004 
15819 i 
15°913 | 
16-007 | 
15-776 
15-834 
15:831 


15-661 | 


15-698 
15709 


6-189 : 
6-538 | 
6-641 | 
6-726 5 
6-739 | 
6-816 
6-920 | 
6-835 ' 
6-919 





6-995 | 


64:86 
64:70 


64:07 
64-39 


62-26 
62-24. 
62-25 
60-82 
60-91 
61-11 
60-72 
60:84 
60-81 
60-47 
60-64 
60-81 
60-40 
60-50 
60-50 
60-19 
60-26 
60-28 


43°14 
43°77 
43°95 
44/10 
44:13 


| 44°27 


44-46 
44°30 
44°45 
44:59 
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Micrometer Readings. 


255°70h — 38-78a 
248-55h — 30-400 
255°334 — 34-734 
257°13h — 26-48a 


254-50h 
252-48h 
256-43h 
257:23h 
250-95h 
259:88h 
262-43h 


259°70h 


274-10R 
266.53h 
267-20h 
285-43h 
282.13h 
273-88h 
283.15h 
282.23h 
270-60h 
278-50h 
290-43h 
274-65h 
287-10h 
288.43h 
284-85h 
300-00h 
301-10h 
290-05h 


226-50h 
215-03h 
209-40h 
205-30h 
218-23h 
213-60h 
218-25h 
213-95h 
215-80k 
214:20k 


Pbhridd’ rb treed 


6-40a 
30-1ou 
41-58a 
25°53¢ 


28-104 


23°'90a ; 


29°53a 
38-434 


41-084 
36:304 
40-80a 
46-434 
39°434 
32034 
52°75a 
26-584 
30°554 

2-484 
38-282 
33:00a 
33°98 
33°20a 
41-48a 
47400 
46-934 
46-300 


14°332 
13-084 

7°00a 
15:98a 
15:05a 
29934 
29:-48a 
19-65a 
27-150 
41-634 





OT 


Micrometer Readings. 


39-184 
30-90a 


| 35:48 


27-38a 

7604 
30-704 
42-530 
26-93a 


- 28-184 


27+13a 
29-434 
39°534 


43°58 
37'40a 
41-48a 
47°05@ 
39°534 
337284 
53:78 
26-154 
30-284 

2-654 
39°28a 
33°434 
34°504 
32654 
41-43a 
47°48 
48-104 
45°85@ 


14:20a 
14-804 

8-204 
15-854 
15-604 
30-384 
29-984 
20°13a 
27-034 
41-9oa 


FHHHHE HHH FEFHEHHEEH HEHE HEH HHH + FFF HHe tee tet 


260-28h 


263-30k 
253:80k 
257+58h 
256-00h 


252-30k ; 


256-70h 
252-18k 
256-58h 
270-00k 
266-95k 
261-13h 


257°50h 
266-10h 
265 68k 
275-78 
278-65 
280-73 
279-70hk 
279:50h 
291-48h 
288.73h 
276+-78h 
289.55h 
284.38 
290-53h 
289-08h 
286-83h 
a81-55h 
293954 


215:83h 
204: 50h 
203°40k 
205-45h 
226-70k 
222-18h 
214-95% 
230-65h 
223°40h 


218-88h 





Temp. 


64-22 
64°42 
64-62 
64-47 
64-66 
64:82 
64-60 
64-74 
64-81 
63°93 
64-15 
64-39 


62:13 
62-18 
62-17 
60-81 
60:96 
61-11 
60-69 
60-83 
60-85 
60-49 
60-68 
60:80 
60-37 
60-52 
60:52 
60-08 
60-19 
60-25 


42:94 
43°72 
43°99 
44°19 
44:19 
44:40 
44°58 
44°36 
44:54 
44°73 
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243-69 9-81 |+0-01!+0-27 1:20 10-08 
UAB Fp 11-16 |-+0-03|+0-80) — 1:63 11-96 
2h 23 9-27 |—0-02/—0-53| — 3-48 8-74 
24215 11+35 j—0:02|—0-53! — 1-48) 10-82 
24478 8-72 | 40-11} +293) — 1-92 11:65 
243°15 10:35 |+0-07;+1-87} — 1-81) 12-22 
242:99 10:51 Fe-03) 10-90 — 175 11-31 


» | I4g-17h + 0-43 a + 155-87h 
28 | 161-97h + 0-52a + 141-30h 
n» | 160-50h—0 55a + 145-70k 
” 156-60 — 0-05 a + 147-254 
29 | 164-854 + o-08a + 142-13k 
i 161-50hk + 1:17 @ + 141-82h 
» | 149-95 — o-45a + 155-524 


222-57 | 30-93 ; +0-20/+ 5-33} —19-06 | 36-26 
218-39 35-11 |4-0-05/4+1-33| —18-28 36g 
217-56 35°94 |—0-04]—1-07| —18-01 34-87 
219-49 34:01 |—0-09|—2-40] —17-81 31-61 
220-56 32-94 |—0-06;— 1-60] —17-81 31-34 
» | 132-754 + 0-45a + 139-73h | 217-76 | 35-74 |—0-13/— 3-46) —17:60) 32-28 
59 137°65hk + 0-50@ + 134:00k | 217-14 36-36 |—0-12/— 3-20] —17-42 33°16 
20 | 135-30h + o-48a + 142-454 | 221-99 31-51 |—0-06)— 1-60} —17-64 29°91 
” 133-474 — 0-124 + 142-75h | 220-07 33°43 |—0-09]—2-40| —17-46| 31-03 


” 131-97h + 0-274 + 140-984 217-92 | +35-58 |—0-14/—3°73| —17-27 | +31-85 


16) 151:25h —0-13 a + 128-18 
[8 | 151-902 + 1-72a + 119:574 
9 144°45h + 1-204 + 126-724 
» | 141-62 — 0-134 + 133-:92h 
19 | 135-452 + 0-554 + 140-40hk 


II. 
Difference of Length ia | 253-50 | 
Date. Micrometer Divisions, { a | —n -4 pee f A 
t ' ! 
= == ~ SO a he 
1865. | | 

Sept. 12] 150-97h + o-goa + 100-43h | 248-73 | -+ 4:77 +0-08:+2-13) + 2:22. + 6-go 
7 154-:10h + 0-50a + 158-82h | 25005: 3°45 F0-051+ 1°33| + ag2] 4-78 
iS 154°48h +0-75a + 157-70hk | 249-75 | 3-75 '+0-09 42-40) + 2-62 6-15 
13 | 154:20h + o-goa + 158-50hk | 250-34 | 3:16 |4+0-181 4 4-80| + 2-47 7:96 
» 159:90h + 1-204 + 151-62h | 249-74 | 3°76. 40-05) 41-331 + 2-66 | 5:09 
i 153°58h + 0-604 + 158-42k | 24.943 | 4:07 + 0-04) + 1-07] + 2-82 S14 
14 | 150-03 + 0-954 + 165-82k | 252-93 0-57 1+0-10}+2-67| + 2-60 3:24 
” 158-00h + 1-404 + 153:93k | 250:31 , 3+19 '4+0-05|+ 1-33] + 2-74 4°52 
154-85 + 0-082 + 157-20k | 248-86 |; 4°64 +0-10)+2-67] + 2-81 7-3 
15 | 160-139h + 3-23@ + 152-974 | 253-39 | O11 | +014) + 3-73] + 1-93 | 3:By 
» | 155-184 —o-10a + 158-62 | 250-04! 3-461 0-00; 0-00} + 2:15] 3-46 
”» 159-:95h + 1:1oa + 154:60h | 252-04 1-46! 0-00; o-oo] + 2°39 | 1-46 
23 | 159:-67h + 2-504 + 149-65 h | 249°51 3°99 +$0:13)+3-46 + ey | 745 
”» 155°63h 4+ 10a + 155-15hk | 249-04 4°46 |+0-06;+1-60} + 0-18 6-06 
» | 163-124 + 0:68 a + 146-68 h | 247°74 5:76 | +.0-08] 4+ 2-13] + 0-17 7:89 
25 | 156-50h + 0-624 + 147-05k | 242-70 10:80 |+0-01}+ 0-27] — 1-19 11-07 
” 156-70h + 0-10@ + 149-00k | 243-81 9:69 |—0-05)—1+33] — 1-04 8.36 
» 145-90h + 1-25a + 158-454 | 244-11 | 9-39) 0:00] 0-00] — 0-89 9°39 
26 | 158-Boh | 1-03a + 147-4ok | 245-29! 8-21 ]40-03;+0-80] — 1-31 9-01 
‘ 165°554 — 0-434 + 141-17k | 243:97 | 9°53 jeeron Poa? — bl7 9:80 
” 149°95 hk —0:27@ + 157-0Zh j 244-41 9-09 |—0-04!—1-07] — 1515 8-02 
27) 151-67h +017@+ 154-95h | 244-64 8-86 |—0-02'—0-53] — 1:51 8-33 
» | 158-234 + 1-00a + 146-354 243-97 9°53 |—0-04;—1-07] — 1-32 8-46 

\ 

| 

| 

















11423. LL 
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It is unnecessary to write down the equations of condition as they are obtained at a 
glance from the last two columns of the second table. The final equations in x and y 
are— 


4or— 168-gooy+ 559:22 =0 (12) 
— 168-90 2 + 3288-987 y — 5929-10 = 0 
or putting A and B for the absolute terms— 
z+ -03192190 A + -001639291 B= 0 (13) 
¥ + 00163929 A + -000388228 B=o 
whence 
w=—8-13...... Reciprocal of weight = -031922 (14) 
y= + 1-385 3 » = -000388 
Substituting these values in the equations of condition we get the following system of 
errors :-— 











Date. Error. Date. Error. Date. Error. Date. Error, 
{ 
1865. 1865. 1865. 1865: 

Sept. 12) + 1-84 | Sept. 15 | —1-69 ] Sept. 26! —1-70] Dec. 16] +1-73 
” ” 0-00 ” ” — 3°36 ” 27, -1 89 ” 18 + 2-99 
” ” +1 65 ” 23 | — 0°50 ” » | — 1:50 ” ” + 1-79 
» 1B} + 3-25 yo | TB » on | #089 » oy | TI 
” » | +064 »”» ” +o-o1 ” 28 | + 1:57 ” 19 | — 1-46 
” ” + 0-92 ” 25 + 1-29 ” ” — 144 » ” — 0:33 
» lt] — 1-29 ” » —1ai ” » | +064 %9 x» | + 0-90 
” ” + 0-19 ” ” + 0-04 » 29 | + 0-86 ” 20 | — 2-65 
” ” + 3:07 ” 26 — 0:93 ” oy + 1-58 ” ” — 1-28 
” 15 a 1-62 BE ” + 0:05 ” ” + 0-76 ”» ” — 0:20 

















The sum of the squares of these errors is 99-19, consequently the probable error 
of a single comparison is 


+ 0-674 0/ 98-19 = 4 1.089 (15) 
and the probable errors of 2 and y 
Be weenyne a + 1-089 V-03192 = 40-195 (16) 
GP xvhuwew + 1-089 W-000388 = + 0-021 


combining equations (6) and (14) we have for the relative lengths of P and T, when they 
are both at the temperature of 62° 


P—2T, =a — 24, = — 320-48 (17) 
But taking into account the probable error of « the precise result we have obtained is 
P=27T, —o + 245-37 + 0-195 (18) 


We have seen that the probable errors of the determinations of the corrections to be 
applied to the Russian thermometers correspond to a probable error in the length of the 
bar of + 0-22. Also the probable error of + is +-108; hence 

P—2T = — y20-48 bv (22) F (108) F C15F (19) 
or 


P = 2T, — 320-48 + ov318 (20) 
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7. 


We may now express P in terms of Y,,, for from equation (16), page 144, 
2T, = (4:26335024 + ‘o000v083) Y,, 
whence 
P = 4-26302976 Y,, 

To get the probable error of this result we must remember that the probable errors of 
27, and of « are connected and not independent, and we must proceed as at pages 134, 
135. 
The expression for 2 T, — o is found to be 
I 6 ”y ” 2 6 
133P y+ 23 5, + 2a, +22; — aA, + Goa b(at5)—Fm- 2a, — 573 

L I 2 
+ Pa 5 07 —Zat 22, + 432, 

The following table contains the arrangement of this formula in its independent parts 

and the corresponding probable errors: 











No. of Partial 
independent 2T.-¢ Probable 
Operations. Errors. 

473 05 
I 300 7 + °058 
2 >t 
2 _ a ty + 22, + °O7+ 
4 + ‘094 
— 2% — Toye t Tym Tt 
3 3 578 6 7 
4 — 22, + °196 
473 474 d 
5 600" + 600 ba or "088 
158 . 
pitas 368 
6 Zar + GS be, + 
7 2A + °128 
8 -— A + °107 





To these it remains to add the probable error of x, equation (16), and that resulting 
from the comparisons of the Russian thermometers. Thus the square of the probable error 
of P in terms of Y,, is 


(058)* + (074)* + (094) + (196) + (088)° + (368)* + (128)? + (107)? + (195)? 
+ (220)? = (560)? 
Therefore, finally, P and Y,, being both at the temperature of 62° Fahrenheit 
P = (426302976 + *00000056) Y,, (21) 
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XXIT. 


FINAL RESULTS. 


1. 


TEN FEET STANDARD BARS. 


Between the comparisons made amongst the five bars O,, OL, Ig, ly, I,, there exist 
relations such as make their absolute lengths mutually dependent, for Ol, and I, have both 
been compared with Y,;; O, has been compared with O,, with I, and with I, ; I, has been 
compared with 1, and4,. The differences are as follow :— 


Ol, — 38 Ys = 21-08 0. page 92 (1) 
Ig — 8 Vos = 70°62 wae 5 241 
Or- OQ, = 18-38 ...... » 93 
Is — OO, = 63-28 ...2 yy 254 
kh— OO, = 195-36 ..... 4, 254 
Ip — fp = 86-50 .... » 253 
I I, = 218-58 ...... 5) 253 
Now, let the most probable lengths of the bars be,— 
O1=YY+-2, (2) 
b= YV¥t+e2, 
O,=¥WY+ 2, 


= wY+ae, 
L = Lo Y + vs; 


then these values substituted in equation (1) give the following— 


t— 21-08 =0 (3) 
2,— 7o-62=0 

1) —4,— 18-38 =0 

dy — Uy — 63-28 =0 


2, — %, — 195-36 = 0 
t,—%,— 86-50=0 
ty — t; — 219-58 =o 
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Solving by the method of least squares, we get— 


22, — 2%, — 39°46=0 (4) 
32, —- 2 — U — 220-40 = 0 
—U- mM +34 4, + 277:02 =o 
— %wH+2zy— ww 413-94 =0 
- — t+ 27, + 305-08 =o 
The values of 2), 2,, 23, t,, Zy Which satisfy these equations, are— 
w= + 22-32 (5) 
t,= + 69-38 
f=+ 5:17 
2, = + 200-84 
tT; = + 17-43 
And the residual errors of equations (3) are-~ 
+ 1-24 — 1-23 + 0:31 (6) 
— 1-24 + 0.93 — 0-31 
+ 0°31 


These errors are greater than we should have been led to expect from the probable 
errors of the seven quantities exhibited in equations (1) (for these probable errors see 
the pages referred to). The inference is, that in some, or perhaps all, of the different 
series of comparisons—seven in number—expressed in these equations, an unknown source 
of error, constant or inconstant, has existed. 


The sum of the squares of the errors (6) is 5-74133 hence the probable error of oue 


equation is— 
+ 0-674 4/ 5-743 = {14 
7— 


and for 7, .... 25 the resulting probable errors are— 


ortye ne Breigy/ tt = 40-98 (7) 
15 
Ug. esrevty ces a4 £114) /H4 = £ 10 
Dogri Noise + 114, /21 = + 1-35 
15 
Ug a ene es : 20 1-32 
U's +1 4V : + 


But the number of supernumerary equations here is altogether too small to give reliable 
probable errors to the results. We therefore only adopt these last numbers (7) as 
approximate, and with this reserve state the final lengths as follows :— 


270 


Ordnance Intermediate Standard ... Ol, = (3.33335565 + - 00000098) Y,, 
Ordnance Survey Standard........... O, = (3.33333850 + -00000110) Y,, 
Indian (Steel) Standard ........064. Js = (3-33340271 + 00000098) Y,, 
Indian (Bronze) Standard........... ly = (3-33353417 + -00000133) Y,, 
Old Indian Standard B............. Is = (333331590 + -00000132) Y,, 


2. 


THE TOISE. 


The unit of length in which the greater part of the European Geodetical Measurements 
are expressed is the Toise, the actual standard being the bar known as the Toise of Peru. 
This standard was constructed in 1735 for the measurement of the Arc of Peru by MM. 
Bouguer and de la Condamine.* It is a flat bar of polished iron, 1-5t inch in width, and o. 4 
inch in thickness, notched at the ends, as in the figure below, which represents the Toise in 


a | 
See 


yoo? 








le 





€ 





plan (cartailed). The length is measured from the face a c to the face b be. “The projec- 
tions a d, b f, serve to protect the surfaces ac, be, from accidents. The temperature at 
which this bar represents the Toise is— 


13°-00 Reaum™ = 16°-25 Cent? = 61°-25 Fahr'. 
The coefficient of its expansion has never been determined by direct observation. 


* “Nous avions emporté avec nous, en 1735, une reégle de fer poli, de dix-sept lignes de Jargour sur quatre 
lignes ct demie @épnisseur. M. Godin, aidé d’un artiste habile, avoit mis toute son attention 2 ajuster 
la longueur de cette régle yur celle de la Toise étalon, qui a été fixée en 1668 au pied de l’escalier du grand 
Chitelet do Paris. Je prévis quo cct ancien étalon, fait assez grossitrement, et ailleurs exposé aux 
choes, aux injures de Vair, 2 la rouille, au contact de toutes les mesures qui y sont présentées, et i la 
malignité de tout mal-intentionné, ne seroit guére propre 2 vérifier dans la suite Ja ‘Toise qui alloit servir 4 la 
* mesure de la Terre, et devenir l’original auquel les autres devoieut étre comparées, I! me parut donc 
trés-nécessaire en emportant une Toise bien vérifiée, d’en laisser 1 Paris une autre de méme matiére et de 
méme forme, & laquelle on piit avoir recours s'il arrivoit quelqu’uccident 4 la notre pendant un si long voyage. 
Je me chargeai d’office du soin d’en faire faire unc toute pareillo. Cette seconde Toise fut construite par le 
méme ouvricr, et avec les mémes précautions que Ja premitre. Les deux Toises furent comparées ensemble 
dans une de nos assemblées, et l'une des deux resta en dépdt 4 PAcadémie; c’est lu méme qui a été depuis 
portée cn Lapponie par M. de Maupertuis, et qui a été employée A toutes les opérations des Académiciens 
envoyés au cercle polaire . . . . . . . le degré 13 au dessus de 0; et c’est précisément 
celui que le thermométre de M. de Reaumur marquoit i Paris en 1735, lorsque hotre Toise de fer fut 
étalouncée sur celle du Chatelet par M. Godin.—Mesure des Trois premiers Degrés du Méridien dans ? Hémi- 
sphere Austral, par M. de la Condamine ; & Paris, 1751, pp. 75, 85. 

“ La Toise du Pérou et celle du nerd ou du cerele polaire sont pareilles entre elles. Ce sont des régles plates 
de fer poli, dont la largeur totale est de 17 4 18 lignes, et Vépaisseur de 4 lignes environ; leur longueur d’un 
* edté est de 2 pouces 2 peu prés de plus de 6 pieds ; elles sont coupées & chaque bout sur une largeur de 8a9 
lignes, et c’est la distance entre les vives arétes de ccs entailles quia été prise pour la longueur de la toise: 
les deux talons excédant d’environ un pouce i chaque extrémité, servent a garantir les arétes des entailles do 
tout choc. . . . . Ces deux toises ont été faites en 1735 par Langlois ; celle du Pérou, 
sous Ja direction de Godin; : Ta seconde, sous la direction de Lacondamine, qui avoit alors le deasein de la laisser 
en dépot i i Académie, pour avoir un modele de celle qu’on emportoit au Pérou, et y avoir recours en cas qu'il 
arrivat quelque accident 4 In premiére.”—Base du Systéme Métrique Décimal ; tome troisiéme, p. 405. 
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3. 


The two direct copies of the Toise of Peru with which we are concerned were made by 
Fortin, of Paris; one in 1821 for M. Struve, the other in 1823 for M. Bessel. We shall 
here denote these bars by i, and fy. The authority of the former rests on the following 
certificate of the Bureau des Longitudes, signed by Arago :— 


“ Je sousigné, membre de I’Institut ct du bureau des longitudes, 
“ certifie avoir comparé la ‘loise en fer construite par Fortin et 
destinée 4 Monsieur Struve, ala Toise du Pérou, qui est con- 
servée dans les archives de 'Observatoire Royal. Les deux 
toises m’ont paru parfaitement égales ; le comparateur dont je 
me suis servi m’auroit fait connoitre une différence de la 
deuxcenticme partie @un millimetre. 
“ Paris, le 14 Novembre 1821. Araco.” 


This copy is preserved in the Observatory of Dorpat. 


ac 
“ 


The authority of Bessel’s Toise is stated in the following certificate :— 


“ Le 31”° Aowit 1823, nous avons comparé, Mir. Zanrtuaxy et 
“moi, la toise en fer que Afr. Forrry a construite pour 
“ Mr, Bessex de Konigsberg, a]'étalon en fer de l’Observatoire 
* connu sous le nom de Toise du Pérou. Jl nous a semblé 
‘ que la Régle de Mr. Bessex est plus courte que l’étalon de 
« PObservatoire de +s}, de ligne (de un douze cent soixante- 
‘ dix-huitiéme de ligne). 


FL Ansco. ZAWRTUANN. 


This copy is preserved in the Observatory of Kénigsberg. It appears to be too short 
by o!-00078, or as it has gencrally been taken o'- 00080. 
The Toise of Peru at 16°-25 C., being 864’. 0000, we have, at the same temperature— 


F, = 864-00000 (1) 
F,, = 863-99920 


4. 


The Standard to which all geodetical measuring apparatus in Russia are referred is a 
bar two toises in length, @ beuts, designated N. Its length was ascertained by means of the 
toise F, and an auxiliary toise H, whose length was also obtained from F,. These com- 

arisons are given at pp. Lxxv, Lxxvi, of the Introduction to M. Struve's account of the 

ussian “ Arc of Meridian of 25° 20’ between the Danube and the Northern Ocean.” Two 
of the toise bars compared at Southampton, viz., the Russian P and the Prussian T,) have 
been compared with WN. Of the first of these Struve remarks :—“ P a été confectionne a 
“* Patelier de ’Observatoire central en 1850, pour accompagner le nouvel appareil, destiné 4 
“« la mesure des deux bases les plus septentrionales. En effect P a servi, en 1850, pour la 
‘* mesure de la base d’Alten au Finmarken norvégien, et en 1851, pour la mesure de la 
*“* base d’Ofver-Tornea, en Laponie. En 1852, cet étalon a été envoyé en Bessarabie pour 
“ étre employé a la mesure de Ja base de Taschbunar, Ja plus méridionale de toutes. La 
““ méme année, 1852, cet étalon a été remis entre les mains du général Wrontschenko 





272 


* pour servir a la mesure des différentes bases des eee géodésiques de la Russie méti- 
« dionale, entreprises de la part du Dépot topographique. I] se trouve a l’époque actuelle, 
1859, entre les mains du colonel Wassiliew, dirigeant les opérations trigonométriques 
“« qui longent le Wolga,” p. txxvi. This bar P, then, which has been compared at South- 
ampton, is one of great importance. 

Of the Prussian toise, which M. Struve calls B’, as being a copy of Bessel’s toise, he 
remarks :—‘t Le Gouvernement Prussien envoya 4 Poulkova, en 1852, une copie B’ de la 
‘« toise de Observatoire de Kénigsberg B, eployée par Bessel dans ses experiences du 
“ pendule et dans sa mesure de degrés, toise qui depuis a servi d’unité pour toutes les 
“ opérations géodésiques de Prusse. Cette copie B’, en fer avec des boutons saillants en 
“ acier poli, est presque exactement ¢gale a la dite toise de Bessel 8, la différence étant 
“ B — B’ = 0-000!19, d’aprés Vinscription gravée sur BY. Ce B’ a été directement 
“ comparé 4 WN, a l'aide d'une toise auxiliare H . ... .. . Lacomparaison a été effectuce 
“en déterminant alternativement B’ — H et N — (B’ + H).” 

The following table contains the results of the comparisons of these bars by M. Struve, 
taken from page txxut of the work named above :— 










| Erreur probuble de la 

‘ longueur, en unités de Ja 

cinquidme décimale 
et relative a : 


| 
| Longueur exprimée en ‘l'empérature 
| lignes de la ‘Toise de | de I’étalon 


Nom de I’étalon. ae : A Se 
ae ae Fertin, celle-ci ayant Ja | détermind¢, 














température + 13°70 R.| Réaum. | - m = 
; ; | N 1 Yortin, 
| 
| ie 4 
1. Etalon primitif & bouts... ... cece NO 1728-01249 | 13-0 ° GO 
2. Copied bouts.........-.0005 ~-NW=P 1727°99440 ‘8 1g 
g. Copie 4 bouts de la toise de Bessel... .. iy | 863:99914 5 10 





3. 


The Prussian and Belgian toises, Nos. 10 and 11, were compared in 1852 by General 
Baeyer with Bessel’s tcise. The comparisons will be found in the work entitled “ Compce 
“ rendu des Opérations de la Commission instituée pur M. le Ministre de la Guerre, pour 
“ étalonner les régles qui ont été employées .... 4+. d la mesure des bases géodésiques 
“ belges.” Bruxelles 1855. The results, page 49, are 


t u 
Toise No. 10 = 863-850674 + 0:0091284 ¢ (2) 
Toise No. 11 = 863-850213 + 0-0091560 ¢ 
\nere ¢is the temperature Centigrade. For ¢ = 16°-25, which is the same as 13° Reaumur 
or 61°-25 Fahrenheit, 
t 1 
Toise No. 10 = 863-999011 + 0000109 (3) 
Toise No. 11 = 863-998998 + 0-000119 
General Bacyer expresses his results thus, page 36:—‘' Mesurée avec la toise de 
* Bessel, la copie No. 10 est Ggale 4 863'- 99901 avecl'erreur probable + o’-co011. Struve 
‘sa mesuré la longueur de cette copie a l'aide de la toise russe de Fortin, et il Va trouvée 
« égale 4'863'. 99914, avec Terreur probable + o'-ooo10. Dot il suit que la toise de 
* Bessel, mesurée avec la toise russe, égale 863'-99933, tandis que le certificat de cette 
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méme toise lui assizne une longueur de 863'-99920. La dilférence est donc de o’-09913, 
avec l’erreur probable + 0'-00015. 

“La toise No. 11 est précis¢ment gale au No. 10. Sa longueur est donc, d'aprés la 
toise russe, de 863'-99914, avec l’erreur probable + o'-o0016. Sa détermination d'apré-s 
la toise de Bessel comporte erreur probable + o!-oo012. 

‘La toise russe est donc de 0'-00013 plus longue que celle de Kénigsberg. Cette 
belle coincidence prouve que Jes comparaisons des diverses toises ont été faites avec une 
grande précision, et ne Jaissent rien a désirer au point de vue des opérations 
géodésiques.” 

The results in equation (2) were obtained on the assumption of Bessel’s toise being 
represented by the equation 


a 


a. 


-~ 


F, = 863'-841161 + 0'-0097255¢ (4) 


where ¢ is the temperature Centigrade. This rate of expansion was deterinined by Bessel 
himself bétwcen the years 1835 and 1837. An carlier investigation of the expansion of the 
same bar lead him to the result 


F, = 863'-835384 + o'-o100811 ¢ (5) 
from either formula when ¢ = 16°-25, F, = 863-99920. 


6. 


From the comparisons of the Prussian, Belgian, and Russian toises with the Ordnance 
toise (T,, T,, and P with T,) given in sections xt, xu, xxt, of the present work, we have 


To = Tr — 154-32 B15 ee ee eee page 134 
Ti = Try — 156-104 -27.......- » 150 
P =2T, — 320-48 + -31-....... »» 266 


all the bars being at the temperature of 62° Fahrenheit. It will be necessary to reduce 
these equations to what they would be if all the bars were at 61°-25 instead of 62°-00. 
There is no difficulty in this, and indeed the differences of length at the lower temperature 
have a slightly smaller probable error in each case, though the difference is scarcely 
sensible. For the temperature 61°-25 the above equations become 

Tro = To — 15452 & 0-15 (6) 

Ty = Ty — 156-33 + 0-27 

P =27T, — 321-52 0-31 

Such are the differences of length of the Prussian, Belgian, and Russian bars as 

compared with the Ordnance toise at Southampton, at the temperature of 


13° Reaumur = 16°-25 Centigrade = 61°-25 Fahrenheit. 
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7. 


The continental comparisons which we have referred to above, give the following 
equations—io_ which we use the letter © to signify the length of the toise, that is the Toise 


of Peru at 13° R. 


2am 


2 To 


a a9 


_ 


oO 


+ 


Il 


il 


Now 1'-00 = 


Il 


T 


T — 0:00080 ! 


t 


2 F, + 0-01249 + 0-00070 


N — 0-01809 + 0-00019 


N — 0-01421 -— 0-00020 


F,, — 0-00019 + 0-0001! 


F, — 0:00020 + 0-00012 


Il 


\| 


€ 


_— 1:97 


st 30-814 1-73 


C 
F. 
N — 44:63 + 0-47 
N 
F. 


— 35:06 + 0-49 
p— 0:47 40-27 
F,— 0:49 + 0-30 
TT. — 154°52 £O-15 
T, — 156-33 40:27 


27, — 321-52 + 0°31 


(7) 


1, U = 2467-03 millionths of a yard. Making this substitution in 
equations (7) and adding to them equations (6) we have the following system : 


(8) 


These equations trace the connection between the Ordnance toise and the Toise of 


Peru through the intervention of six other bars. 


F 


AAA V!20. 
I 


Now let 
= T+. 
T+, 
2T4 2, 
2T+4, 
Tis, 
f+ 2, 
= €+., 


I 


(9) 
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Substituting these in (8) they become 


T - = 
+ 1-97= 
ty—227,- 308: = 


Mmw— tt 44:63 = 
22,—- %+ 35-06 = 
Zei—- fF OFT = 
Zu—- + O49 = 
T,— 4 + 154-52 = 
ym 4 + 156-33 
r,— 227, + 321-52 


000000000 0 


(10) 


We now solve these equations by the method of least squares ; but without attempting 
to assign weights, we shall ascertain the values of 2, 2, 5 vv’; % 7, which give the sum 


of the squares of the errors a minimum. The resulting equations are— 


+ 52, — 22; + 61:62=0 
+ 32 — ts 2s + Ilo0l1=0o0 

— 22, + 3% — 2, — 24, — 110-50 =0 
— 234 22, — 22, + 366-15 =o 

— wy — 22; + 62; — 4, ++ 225-11 =0 

— 2 +22,— wv, + 156-82 =0 

— 24, —- 43—- %+ 67, — 953-89 = 0 


Putting A, A, A,... A, for the absolute terms of these equations, we get— 
2962,+200A,+ 96 A.+352 Ast 336 Ay+160 A;+128 Aj4+160 A;=0 
2964,+ 96 A\+200 A,+240A;+ 256A,4+136 A,+168 A,+136 A;=o0 
296z5+ 352 A, +240 A,+880 A,+ 840 A,+400 A,;+ 320 A,+400 A;=0 
2962,+ 336 A,+256 A,+840 A,+1044 A,+402 A;+ 366 A,+476 A;=0 
2962+ 160 A,+136 A,+400 A;+ 402 A,+239 A;+169 A,+202 A;=o0 
2962,+128 A,+168 A,+320 A,+ 366 A,+-169 A;+335 A, +206 A;,=0 
2962,+ 160 A, +136 A,+400 Ay+ 476 A,+202 A;+206 A;+276 A;=o0 


from which the actual values of 2,....- v, are found to be— 
1=—- 0:07 34S 2:05 
I,='— 1-90 t= — 2-65 
ty= + 30-65 = + 153-42 
t= — 14°33 


MM 2 


(11) 


(12) 


(13) 
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8. 


We have now by the solution of ten equations containing seven unknown quantities, — 
these equations expressing the results of ten series of comparisons between seven bars of 
one or two toiscs in length amongst themselves and the Toise of Peru,—obtained the 
difference in length between that Standard and the Ordnance ‘Poise at 61°-25 Fahrenheit. 
By equations (g) and (13) we have— 


To = © + 153-42 (14) 
In order to estimate the probable error of this result, we must substitute the values 
just obtained of 2, ... «7; in equations (10), and we get the following system of errors :— 














Apparent Errors expressed in parts 

of the Yard and 'Toise. 

Comparisons. iets ES A 
eee; ~| & 
1ovov00 | 864 
itech Bla ree 

Struve’s Toise with Toise of Peru; by Arago ... 0... aee cee vee | 007 — 0-00003 
Bessel’s ‘l'vise with Toise of Peru; by Arago and Zahrtmann ... ... +0-07 +0:00003 
Russian Normal Bar with Struve’s Toise; by Struve... 1... 6. oe —0:03 —0-00001 
Russian Normal Bar with its first copy P; by Struve  ... 0 .. oes —0-35 —0:00014 
Prussian ‘Toise, No. 10, with Russian Normal Bar; by Struve...... +0-31 + 0:00013 
Prussian Toise, No. 10, with Bessel’s Toise ; by General Baeyer —... + 0-32 +0-00013 
Belgian Toise, No. 11, with Bessel’s Toise ; by General Baeyer ...  ... 0-25 —0:00010 
Prussian Toise with Ordnance Toise, at Southampton Ba ee | sete mets —0-95 —0:-00039 
Belgian Toise with Ordnance Toise, at Southampton... 14.0 eee ee +0-26 +0-00010 
Russian Bar P with Ordnance Toise, at Southampton... we +0:35 | +0-00014 





It appears from this Table that the discrepancies among the different series of 
comparisons specified therein are remarkably small; the largest not amounting to the 
millionth part of a yard. Five of them are greater, and five less, than + 0-30. 


From the last of the equations (12) we gather that the weight of the determination 
of 2, is somewhat greater than unity ; that is to say, our resulting value of T, has at least 
as much weight as if it had been directly compared with the Toise of Peru. This is on 
the supposition of all the ten series of comparison being cqually good: and we further get 
for the probable error of the value of T,, something less than + 0-30. But the number of 
equations is not sufficiently large to admit of much precision, and we shall adopt + 0 50 as 
a quantity which the probable error of our result does not exceed. Hence— 


At.6i°- 25. F osoe cae T, = T + 153-42 + 0°30 (15) 
At page 144 we find that both bars being at 62°-00 Fahrenheit, T, = 2-13167512 Yi53 
at 61°-25, we easily find from the data, pages 142, 143, 
T, = (2-13167584 + 0-00000021) Y,; (16) 
‘Taking the expansion of Y,, as 6.5145, (see pages go and 227) the difference of length 


of Y,, at 62°-00 and of the same bar at 61°-25 is 4-886: putting, therefore, in the last 
equation Y,, — 4-886 in place of Y,, we have— 


T, = (2-13166543 + 600000021) Y;, (17) 
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where T, is at the temperature 61°-25 Fahr‘. and Y,, at the temperature 62°-00. This 
equation combined with (15) gives finally for the Toise of Peru, 


@ = (213151201 + o-ovo000s+) Y,, (18) 


9. 


The corresponding values of the other toises resulting from the values of 7, «7, ...« 2's 
equations (13) are as in the first column of the following Table :— 


| 
i Values resulting | ystue assigned | 


| 
| 
| 
\ 


ane ' Value assigued Value assigned Temp’ 
Toise. ' from the Solut : 8) P 
oles of Equations (8). by M. Arago. by M. Struve. [by General Bueyer., of Bar. 


Fi 863-99997 864-00000 

Fi 863:99923 

N 1728-01242 1728-01249 

P | 1727-99419 1727-99440 

Tie | 863:99917 | ws 863-99914 | 863-g9901 
Th 863-99893 baceeeass 863-99900 





10. 


There remains yet another determination of the value of the Toise in terms of the 
Yard,—that resulting from the comparison of the Indian Standard B (which we have 
called 1,) with a double Zoise a traits. V'rom these comparisons which were made between 
the years 1847 and 1850 by M. Struve, at Poulkova, he arrived at the result that at 


62°-oo0 Fahr‘. the length of the Indian Bar was 
F. 
1, = 1351-14398 Ga) 


the toise of Fortin being at its normal temperature of 61°-25 Fahr'. From this we get— 


6 
BO Se 


Fe = 7351-14398 


We have shown that the length of I, is 3- 33331590 Yjs, both bars being at 62°, hence 
F, = © = 2-13151595 Yss 
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This value of the toise is 3-94 millionths of a yard greater than that we have found from 
the comparisons of the Ordnance toise with the Russian, Prussian, and Belgian toises. 
The stated probable error of Struve’s determination of the length of |, with reference to his 
normal bar N is + o'-00044 or + 1-09 millionths of a yard, which is about the same as 
our estimated probable error of !, with respect to Y,; The difference 3-94 is a small 
quantity when we consider the intricacy of the operations necessary to obtain the ratio of 
thetoise and yard. We shal] make no further use of this value of © ; merely regarding it 
as an entirely independent corroboration of the result stated in equation (18). 


i. 
THE METRE. 


The metre is by definition 443-296 “lignes” of the Toise of Peru.* Putting then ffl 
for the length of the metre 


— 443296 (19) 
a 864000 © 


Substituting the value of © from (18), we get the length of The Metre 
fA = (1.09362355 + 0-00000028) Ys (20) 


12. 
From the observations recorded in Section IX. for the determination of the length of 
the Ordnance metre, it has been shown that its length is 
1-09375344 Vis 
both bars being at 62° Fahrenheit. But if both bars be at 61°-25, we get 
1-09375378 Vis 





* “ Nous avons trouvé par cette méthode ct pur des calculs toujours faits par différens calculateurs, que la 
comparaison de l’are intercepté entre Dunkerque et Montjouy, ct are mesuré au Pérou, donne pour /’apla- 
tissement de la terre ghy ee ee ee ee ee D’aprés cette donnée nous avons calculé et toujours 
par différentes méthodes le quart du méridien en employant l’are intercepté entre Dunkerque et Montjouy, 
et il en résulte que le quart du méridien est de 5130740 demi-modules ou de 2565379 modules, quantité dont 
la dix millioniéme partie est 0° 513074 demi-modules ou 0° 256537 modules. Nous sommes donc d’avis, et voila 
en deux mots le résumé de tout notre travail, que, pour tirer de l’opération qui vient d’étre faite en France et 
on Espagne, le résultat le plus naturel et le plus vrai pour l’unité de mesure, il conviendra d’établir cette unité 
nommeée meéére, et qui est la dix millioni¢éme partic du quart du méridien, de 0256537 module; ce qui puisque 
le module est, comme nous l’avons dit au commencement de cc mémoire, la doublo toise, revient, selon les 
ancicnnes mesures, & 3 pieds 11'296 lignes, en employant la toise du Pérou, 4 13 degrés du thermomtetre a 
mercure divisé en 80 parties.” 

“« La Commission, en suivant l’esprit du systtme métrique proposé par I’ Académie et adopté par Ia lui, a choisi 
la température de la glace fondante, ou ce que nous nommons Je zéro de nos thermométres; température con- 
‘ stante, C'est done & cette température que étalon de platine a été tendu égal d 443!- 296 de Ja toiso du 
‘ Pérou, cette toise étant supposée & 164°, comme ila été dit ci-dessus."—Base du Systéme Métrique Décinal, 
Tom. iii., pp. 432, 433, 642. 


a 


279 


for the length of OM. Now the length of Y,, at 61°-25 is less than the length of the 
same bar at 62° by 4-886: putting therefore in the last equation, Y¥,, — 4-886 instead of 
Yi. we get 


1-09374844 Ys (21) 
as the length of OM at 61°-25, while y,; is at its normal temperature of 62°-00. 


Also from equations (5), page 172, we tind that both bars being at 61°. 25, the Royal 
Society's Platinum Metre exceeds the Ordnance mctre by 9-98, that is, its length is 


1-09375842 Y;; 


It would appear from the description given in the Base du Systeme Métrique Décimal, 
that the platinum bars which were to represent the metre at the temperature of melting ice, 
(0°-00 C. = 0°-00 R. = 32°-00 F.), were laid off from the Toise of Peru at 13° Reaumur, 
allowance being made for the contraction of the bars, according to the rate of expansion of 
platinum as ascertained by Borda. At page 326, tom. iii., Borda states his results thus: 
that the expansion of platinum for one degree of the thermometer of Reaumur is y3455- 
According to this the correction to the length of the platinum metres at 16°.25 C. = 13° R. 
would be— 
13 
92800 
which in parts of the yard =0-0001 5320. 


Nothing is known as to the construction of the particular platinum metre we are 
considering ; but it can only be assumed as most probable that it was constructed in the 
manner described, allowance being made for its expansion under 13° Reaumur. We must 
therefore deduct from the length of the Royal Society’s metre at 13° R., 0-00015320, 
which leaves 


1+09360522 Y;, 


Now according to M. Arago’s verification of this bar it is less than a metre by 17-59 
thousandth parts of a millimetre, that is by 19-24 millionths of a yard. Hence, finally, 
adding this quantity, we get the value of The Metre as deduced from the Royal Society's 
Platinum Metre— 


MM = 1-09362446 Yu 
No probable error can -be assigned, as there is no way of estimating the accuracy of 
M. Arago’s measurement. 


Comparing this with the value obtained through the toise, equation (20), we find the 
difference is only 0-91 millionths of a yard, an agreement equally remarkable and 
satisfactory. 


13. 


We shall now for convenience bring together all our results in the following table; 
taking the value of Y,; from equations (24) page 162. 
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APPENDIX. 





FIGURE OF THE EARTH. 


The semiaxes of the spheroid resulting from the investigation of the Figure of the Earth in the 
Account of the Principal Triangulation of Great Britain and Irelund are expressed in feet of the 
Ordnance Survey ten-feet Standard Bar O,. They are moreover dependent on a numerical ratio of 
this bar to the Toise of Peru deduced from Mr. Baily’s comparison of the platinum metre (a traits) of 
the Royal Society with certain division lincs on the Royal Astronomical Society’s tubular scale, 
combined with comparisons by the late Lt. Murphy, R.E., between this last scale and the ten-feet 
Standard O,, and another series of comparisons of O, with ©,. From these different comparisons the 
lengths of the metre and toise were concluded to be— 


Metre = 3-28087463 feet of O, 
Toise = 6-39454378 feet of O, 


the second of these numbers being simply computed from the first by the legally defined ratio 
(443296 : 864000) of the metre and toise. 


Although this determination of the length of the toise had a considerable d@ priori probable error 
as depending entirely upon observations on a bar so difficult to observe as the platinum metre, still it 
happens to be exceedingly near the truth, for the true length of the toise is now known with 
remarkable precision, the Belgian, Prussian, and Russian Standards giving almost the same result, as 
will be seen from the following table :— 





Length in Lines of the Toise of Peru at | 











Geodetic Standards j 13° R. = 16°25 C. = 61°25 F. Length as determined at 
at | according to Southampton in feet 
13° R. = 16°25 C. = 61°25 FL - of the Standard Yard. 
| M. Struve. | General Baeyer. 
Russian double toise .... 1727°99440, fee esas | 12+ 78902289 
Prussian toise.......... 863-99914 863-9990) G+ 39453018 
Belgian toise .......... | wesc ee eeee 863 -g9900 6*30452475 





Whence the following entirely independent values of the toise in English feet :— 


ist, Through the Russian Standard............ tetennees 6-39453216 feet. 
and. 7m Prussian __s,, teasensseeseseecssees 6°39453703 5, 
3rd. i Belgian =, seeseecsscaeeees seoee 6939453215 


By combining the different comparisons made both in England and on the Continent on these 
bars, by the method of least squares, the final value of Taz Torsze is— 


6- 39453348 feet : log = 0- 8058088656 


from which the greatest divergence of the three separate results above is only half a millionth of a 
toise, a difference corresponding to ten feet in the earth’s radius. 


The length of Tz: Mz7rez deduced from the above by the fixed ratio of the metre and toise is — 
328086933 feet : log = 0-5159889356 


11423. O00 


282 


The length of the Ordnance Standard O, at 62°-00 F. in feet of the Standard Yard is— 
10-00001151 feet. 


The data of the problem of the Figure of the Earth are as follow, to commence with the French 
are from Formentera to Dunkirk :— 


Distance of Parallels Distance of Parallels 


Stations, Astronomical Latitudes. in Toises, in Standard Feet. 





Formentera 

Montjouy 

Barcelona 

Carcassonne ! : 1657287 °93 
Pantheon : : 3710827 +13 
Dunkirk . 4509790 B4 





The latitude of Formentera, as here given, is taken from the observations of M. Biot recorded and 
computed in the 3rd volume of his “ Traité Elémentuire @Astronomie physique,’ sce page 509. With 
respect to the latitude of the Pantheon, the mean of 4532 observations gave 48° 50’ 48’.86 (“ Buse du 
Systeme Métrique Décimal ;” ii, 413): this station is according to Delambre’s geodetical connection, 
560-99 toises or 35”-38 north of the south face of the Imperial Observatory in Paris. In the eighth 
volume of “ Anniles de Observatoire Imperial de Purvis,” page 317, we find several recent and 
closely agreeing determinations of the latitude of the south face of the Observatory, of which the mean 
is 48° 50’ 11-71, Adding 35-38 to this would give 48° 50' 47"-og for the latitude of the Pantheon ; 
instead therefore of simply using the observed latitude of the Pantheon, we use the mean between 
this and the transferred latitude of the Observatory, viz., 48° 50’ 47-98. The latitude of Dunkirk 
is that obtained from Ramsden’s Zenith Sector; it agrees very closely with M. Leverrier’s new 
determination (Annales, &c., viii, p. 256) 51° 2' 8”-go, 

The distance of the parallels of Dunkirk and Greenwich, deduced from the recent extension of the 
triangulation of England into France in 1862, is 161407-3 feet (of Q,) which is 3-9 feet greater than 
the distance deduced from Captain Kater’s triangulation, and 3-2 feet less than the distance calculated 
by Delambre from General Roy’s triangulation. This agreement of three entirely independent 
operations is highly satisfactory. The following table shows the data of the English are with the 
distances of parallels in standard fect from Formentera :— 


















Distance of Varallels Distance of Parallels 
Stations. Astronomical Latitudes. in Feet of O, from Formentera 
from Greenwich. in Standard Feet. 


Formentera ...... oi iA ea ih) oaetesitid 6 | aneaatvideane 
Greenwich....... 51 28 38-30 | terete 4971198°3 
Arbury ......... 52 13 26°59 272639'0 *4943837°6 
Cliftont.......... 53 27 29°50 7228643 5394063°4 
Kellie Law ...... 56 14 53°60 17420214 6413221°7 
Stirling ......... 57 27 49°12 2186122°5 6857323°3 
Saxavord........ 60 49 37°25 3415618-5 8086820-7 


The latitude assigned in this table to Saxavord is not the directly observed latitude, which is 
60° 49’ 38"-58, for there are here a cluster of three points whose latitudes are astronomically 
determined, and if we transfer, by means of the geodetic connection, the latitude of Gerth of Scaw to 
Saxavord we get 60° 49’ 36"-59, and if we similarly transfer the latitude of Baltw we get 
60° 4y' 36-46. The mean of these three is that entered in the above table. 
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For the Indian Are, in Longitude 77° 40’, we have the following data: 
i 


Stations. Astronomical Latitudes. Distance of Parallels Distance of Parallels 


in feet of @,. in Standard Feet. 





Putchapolliam,... : 


1029173" 102Q174° 
1756500- 1756562- 
2518373° 2518376- 
3591784: 3591788: 
4097324: 4097329" 
5794689 - 5794995 - 
7755827 ° 7755835" 


Cn 
ONTA WBA ONO 


Dodagoontah 
Namthabad 
Daumergida 
Takalkhera 
Kalianpur 
Kaliana 


w 





The data of the Russian Arc, (Long. 26° 40’,) taken from M. Struve’s work are as below: 


Distance of Parallels Distance of Parallels 


ions. tronomical Latitudes, in Standard I" 
Stations Astronomical Latitudes in Toises. in Stan Feet, 





Storo Nekrassowka.... | 
Wodolui,..........0, | 96415°136 

Ssuprunkowzi : 194973" 124 1246762* 
Kremenetz ‘ 271724" 510 | I737551° 
Belin ......... eee doe 6 382943 ° 521 2448745" 
Nemesch : 5317431042 3400312" 
637483 "921 4076412" 
744764484 4702421" 
: 842 303° 102 5386135" 
Kilpi-maki....... TK : i 988016 ' 669 6317905" 
Tornea... [ 1170810'973 7486789" 
Stuor-oivi 1334032°877 8530517" 
1447786783 9257921" 





Distance of Parallels Distance of Parallels 


Stations. Astronomical Latitudes. in Feet of Q,. jn Standard Feet. 


Heerenlogement Berg . 
Royal Observatory .... 
Zwart Kop 
Cape Point 


Distance of Parallels Distance of Parallels 
in Toises. in Standard Feet. 


Stations, Astronomical Latitudes. 


Tarqui -—3 4 32°068 $6 . 
Cotchesqui o 2 31°387 176875°5 1131036°3 





00 2 
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There is no necessity here to explain the manner of applying the method of least squares to the 
Figure of the Earth. Let the polar semiaxis be 


20855500 (1) 


and supposing the earth to be an ellipsoid, let* 
n =< + (v + woos 2m + Zsin 2 w) sin 10” (2) 


where 7 is the ratio of the difference of the equatorial (in longitude w east of Greenwich) and 
polar semiaxes to their sum. Let a, @, x, x, x, be the corrections to the observed latitudes of the 
southern points of the five arcs, then the corrections to the latitudes of the other points will be as 
follow :— 


Formentera.,..... Pasa meee 


se ws +e was i x, 
Montjouy..... cs. cece ee enee — 0°822 + o'g71iw — o'2217u — O'221;7W — 0700392 + a, 
Barcelona ........ce scene © = 4°179 + 0°9770u — 0'2235u — 0°2235w — 0'00392 + 2 
Carcassonne ........6..6405 — 6118 4 1°6375«u — o'4502¥ — O* 4501 — o'007Qz2 + a, 
Pantheon...........eeeeeee — 7°831 + 3°6647%u — 1°52920 — 1°5290w — 0'0267z + 2, 
Dunkirk ..........ce eee — 6°554 + °4'4529u — 2'1o45v — 2"IO42w — 0'0367z + 2, 
Greenwich .............04. — 4°536 + 4'6120u — 2°23100 — 2°23070 — 0°0389z + a, 
ALDUPY> ig S566 ee siete eS — 4°157 + 4°8808u — 2°4528v — 2°4524~0 — o'04282 + 2, 
Clifton ...... cee eee ee eee — 7°863 + 5°3248% — 2°B410v — 2°8405w — o'04Q6z + x, 
Kellic Law .............08 — 6°518 + 6°3294u — 3°8165v — 3°8159W — 0°0666z + x, 
Stirling ......... eictame ees — 6'1g1 + 6°7671u — 4128320 — 4°2825w — o'0748z + x, 
Saxavord .............. cee = 3°99L + 7'9782u — §5°7009v — §5°7000W — o'Ogg52 + x, 
Punne............. sepmalade Te ie aud vs vee T5 
Putchapolliam.............. — 29°7393 + L'o2ztiu + 0'9078u — o'B25ow + 0°37892 + ay 
Dodagoontah.............6. + 4°634 + 1774260 + 1°51670 — 1°3783u + 0°6330z + a, 
Namthobad........ bE eseevets © = 1217 4+ 2*4Q980u + 2°12080 — 1'9273w + oO BB5Iz + ay 
Daumergida ........ ceeeeee 0°544 + 3°5622u + 2°Qo16v — 2°6368u 4 I'21092 4+ m% 
Tokol Khera............... + 2°94f + 4°6579u + 3°6076u — 3°2784w + 1°5056z + 2a 
Kalianpur .......... Sin desceave:t — 3°110 + 5°7455 + 4°1966v — 3°8137w 4 I°7514z + ay 
Kaliana...... sec eeceee eee) | 19523 + 7°6864u + 4°93240 — 4°48230 + 2°0585z + ay 
Staro Nekrassowka ......... awe uae ee nae ees 2's 
Wodolui........ ec cee ee eee + 4:008 + 0°6086u — 0°3283v — o'1g60ow — 0'2633z + ay 
Ssuprunkowzi............05 + 5°379 + 1°2306u — 0°71770 — 0'4286 — 0°57572 + ay 
Kremenetz .,....,.2...000- + 07498 + 1°7148u — 1°0588v — 0'6323w~ — 0°84932 + 25 
Belin ..... Sinks Fie Sinareiesya' es + 2°770 + 2°4162u — 1°6100v — o'g614w — 1°29142 + 23 
Nemesch ....... eee eeeeee + 2°376 + 3°3544u — 2°4526u — 1°4646w — 1°9673z 4+ as 
Jacobstadt.............0-5- + 4°810 4+ 4°0206u — 3°1224v — 1°8646w — 2°5045z + 25 
Dorpat .........c cece e eee + 1'060 + 4°6966u — 3°86157 — 2°3059w — 3°09742 + ay 
Hogland........... 00. e eee + 2°119 + 5'j1lou — 4°5830v — 2°7368w — 3°6761z + xy 
Kilpi-maki ................ + 1°2907 4- 6°2286% — 5°7464v — 3°43150 — 4'60932 + wy 
TOP ReG sso 0's. dckeere a awe «eee oss + 6°528 + 7°3793% — 7°34120 — 4°3838%~ — 5-8B8852 + ay 
Stour-oivi ........ ee eee + 1°261 4+ 84065 — 8°885rv ~~ §°3058w — 7'12692 + a5 
Fuglenes.................. + 2°783 4+ g*1223% ~—10°'02060 — 5°9839w — 8'03772 + 2s 
North End ................ . aes aes eee so see a 
Hecrenlogement Berg ....... + 0°303 + 0°8032% 4+ 0°1672v + 0°1335w + 0'1006z + 2, 
Royal Observatory ..,....... — 0°755 + I'stoqu + O'24710 4+ O'1Q74w +4 O'1487z + &, 
Zwart Kop ........... seeee 0832 4 1°6156u 4 0°25340 + O'2024% 4+ OT 15252 4 xy 
Cape Point ................ — 0°322 + 1°6608u 4 o'2557v + 0°2042m + O°15397 + 
SPAN Qube tec wih eed wane ce ae wes ae see ses Xs 
Cotchesqui ................ + 0°582 + 1°1224% + 1°0952n — 100610 — 0°40652 + x, 





* Memoirs of the Royal Astronomical Society, vol. xxix, page 30, 


The sum of the squares of these 40 corrections being made a minimum, we get the following 
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equations for w v w z after having eliminated a, w, x, z, Ley 


o= 
o= 
o= 
° 


o oOo 0 90 


+ 
+ 


33°0215 + 
14-1070 — 
16-9976 — 
49223 — 


228-0293 — 136-2457u — 147-5770 — 82-7288z 
13624576 + 188-62120 + 95-Q509W + 114-74732 


147°5770U + 95-g50gu + 100-0405 + 


56-49992 


82-7288u + 1144-74730 + 56-4999 -+ 88-5808 
writing A BC D for the absolute terms in these equations, they become on elimination, 


=u + 0-103665 A 


=v — 015079 A 


= w + 0158926 A 


=z + 0:014982A 


— 0-015079B + 0-158926C + o-014y82 D 


+ 


0:033558B — 0034271 C — 0-035694 D 
0034271 B + 0:263234C + 0-024921 D 
0035694 B + 0-024921C +4 0-055623 D 


Substituting here the values of A B C D, we get— 


uU 


v 


w 


2 


+ 0:9932 
— 0°5309 
+ 13455 
+ 08128 


These values being substituted in equations (1), (2), give— 


Polar semiaxis = 


Equatorial semiaxis = 


iv 


20853429 feet. 


20923161 


+ 3189 cos 2(@ — 15°34’) 


0:001669176 + +00007621 cos 3 (@ — 15°34’) 


ELEMENTS OF THE FIGURE Of THE EARTH. 


o 


(3) 


(4) 


(5) 





Semiaxes. 








Feet. 


< 





‘ | 
Major semiaxis = a, of equator (long. 15°-34’ E.) | 20926350 ! 


Minor semiaxis = 


Polar semiaxis = ec, 


ame 


b, of equator (long. 105°-34’ E.) 20919972 
Nee tesicate ean tes 20853429 | 


1 a—b 





Length in 


Toise. 


Metres. 


32725373 | 63782940 
3271540°1 | 6376350°-4 


3261133'8 


I 





eo 285°97 


~ 913738 ee «3260%5 


: 
| 
| 
| 


| 


6356068.1 





The length of the meridian quadrant passing through Paris, is - 


and the minimum quadrant, in longitude 105° 34’ is . 


10001 472-5 metres, 


10000024:5 metres 
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The corrections to the latitudes of the 40 Astronomical Stations computed from the above values 
of uw v wz are as in the following Table :— 


Stations. Corrections, Stations. Corrections. 


w , 


Formentera +2°7389 Staro Nekrassowka . —3°3105 


Montjouy +2°6977 Wodolui +0°9985 
Barcelona —0° 6549 Ssupruokowzi +2°6272 
Carcassonne —2°1257 Kremenetz —2:0882 
Pantheon ms —2°7193 i | +0°3709 
Dunkirk ........ : —1°'1360 +0°1297 
Greenwich +0°9353 +2°6062 
+1°3976 , —1°1557 
Clifton —2°1881 —0'1535 
Kellie Law —0'6546 —1'1397 
Stirling 0° 2395 +3°7599 
Saxavord.......... +1'9489 19142 








—0'7310 
Punne..........0. | OT 3454 
Putchapolliam yy North End ...... os —1'3127 
Dodagoontah +3°8740 
Namthabad 26812 Royal Observatory .. —0'3123 
Zwart Kop ..... eee +1° 3856 


Cape Point +0° 2789 


Heerenlogement Berg —0°0393 


Daumergida —0* 3676 
Takal Khera +2°1190 
Kalianpur —3'6854 Tarqui +0'2818 
Kaliana +1°8351 Cotchesqui —o'2818 





The sum of the squares of these corrections is 138+3020: hence the probable error of a single 


latitude determination is 
+ O°6744 / 138-3020 _ + 1-423 


49-9 
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SPUEROID OF REVOLUTION. 


. AE in the first two of the equations (3) we made w = 0, 3 = 0, the values of « and v reaulting 
from those two equations would determine the Spheroid of Revolution best representing the geodetic 
measurements. In this case we get . 


oO = u + 0-0077151A + 0:0055773B 
© =v + 0-0055773 A + 0-0093270B 
or, 


“= + 018172 


v= + 0:06177 


And from these values there result 







Length ip 
Semiaxes. — 
Feet. | ‘Toises. | 





Equatorial semiaxis = « | 20926062 | 3272492 -3 | 63782064 








Polar semiaxis = 6 | 20855121 | 3261398-4 | 6356583 -8 
5 _ 293-98 
a 294°98 


In this figure, however, the sum of the squares of the latitude corrections is 153-9939 agninst 
138-3020 in the figure of three unequal axes. 





LONDON: 


Lrinted by Grorce E. Erne and Witiiam Srortiswoops, 
Trinters to the Queen’s most Excellent Majesty. 


For Her Majesty’s Stationery Office. 
[2247—750—6/66.] 
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